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Abstract

Traditionally, an election consists of a candidate set and a voter set, and each voter completely ranks
all candidates from first to last. Depending on the voters’ rankings, a voting rule determines the
winner or the winners of the election. Apart from winner determination, there are further problems
related to voting which are usually formulated as decision problems. For instance, in bribery we
ask whether an external agent can make a candidate a winner of the given election by changing at
most a certain number of voters’ votes.

In this thesis, we generalize the assumption of complete information and regard nine different
partial information models in total (some of them are already known). We study the complexity
of the problems necessary winner [117], possible winner [117], necessary bribery, and possible
bribery in the voting rules k-Approval and k-Veto.

Moreover, we consider another model of incomplete information. In contrast to the models
previously mentioned, lottery-based voting is based on the assumption that the votes are given as
complete rankings, but a lottery draws at random a voter subset of fixed and predetermined size to
which a voting rule is applied afterward. Once more, we investigate the complexity for variants
of necessary and possible winner as well as necessary and possible bribery. Besides, we consider
a counting problem asking how many subelections of a certain size exist such that a designated
candidate wins the election.

We further regard two voting rules frequently used in practice—Plurality with Runoff and
Veto with Runoff. We explore the complexity of bribery and several control problems such as con-
trol by adding, deleting, and replacing candidates and/or voters. For several problems, we assume
that there is full information.

Last but not least, we attend to group identification. On the one hand, we determine the com-
plexity for group bribery as well as three different destructive group control variants in group identi-
fication. On the other hand, we consider partial information in group identification and, in particular,
we study the problems possibly qualified individuals and necessarily qualified individuals as well
as variations of these problems where each individual must qualify exactly k individuals.
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Zusammenfassung

Gewohnlich besteht eine Wahl aus einer Kandidatenmenge sowie einer Wihlermenge, wobei jeder
Wihler alle Kandidaten vom ersten bis zum letzten Rang einreiht. Abhédngig von den Rankings der
Wihler bestimmt eine Wahlregel den oder die Gewinner der Wahl. Neben der Gewinnerbestim-
mung gibt es weitere Probleme beziiglich Wahlen, welche traditionell als Entscheidungsprobleme
formuliert werden. Im Bestechungsproblem stellt sich beispielsweise die Frage, ob ein externer
Agent einen Kandidaten zum Gewinner der Wahl machen kann, wenn hdchstens eine gewisse An-
zahl an Wihlerstimmen geédndert wird.

In dieser Arbeit verallgemeinern wir die Annahme vollstindiger Information und betrachten
insgesamt neun verschiedene Modelle partieller Information (manche dieser Modelle sind schon
bekannt). Wir untersuchen die Komplexitit fiir die Probleme Necessary Winner, [117], Possible
Winner [117], Necessary Bribery und Possible Bribery fiir die Wahlregeln k-Approval und k-Veto.

Wir betrachten auBlerdem ein weiteres Modell unvollstindiger Information. Im Gegen-
satz zu den vorher genannten Modellen basiert lotteriebasiertes Wihlen auf der Annahme,
dass die Wihlerstimmen zwar als vollstindige Rankings gegeben sind, aber ein Lotterie eine
Wihlerteilmenge fester vorgegebener Grofe zufdllig auslost, auf welche anschlieBend eine
Wahlregel angewandt wird. Erneut untersuchen wir unter anderem die Komplexitit fiir Vari-
anten der Probleme Necessary und Possible Winner sowie Necessary und Possible Bribery.
Uberdies betrachten wir ein Zihlproblem, bei dem sich die Frage stellt, auf wie viele verschiedene
Moglichkeiten die Lotterie eine feste Anzahl an Wihlern auslosen kann, so dass ein designierter
Kandidat ein Wahlgewinner ist.

Ferner betrachten wir zwei hiufig in der Praxis verwendete Wahlregeln, Pluralitat und Veto
jeweils mit Stichwahl. Wir erforschen die Komplexitit von Bestechung sowie mehrerer Kon-
trollprobleme wie Kontrolle durch Hinzufiigen, Loschen und Ersetzen von Kandidaten und/oder
Wéihlern. Fiir simtliche Probleme nehmen wir an, dass volle Information vorliegt.

SchlieBlich widmen wir uns der Gruppenidentifikation. Wir bestimmen einerseits die Kom-
plexitit fiir Gruppenbestechung sowie drei verschiedene Arten destruktiver Gruppenkontrolle. An-
dererseits betrachten wir Gruppenidentifikation unter partieller Information und untersuchen ins-
besondere die Probleme Possibly Qualified Individuals und Necessarily Qualified Individuals sowie
Varianten dieser Probleme, bei denen jedes Individuum genau & Individuen qualifizieren muss.
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Chapter 1

Introduction

Voting applies to many situations in everyday life whensoever individual preferences are aggregated
in order to reach a collective decision. This embraces decisions such as which restaurant to go to,
which film to watch, or which holiday destination to choose. All these examples share the common
goal that a ranking over the possible alternatives should be determined or at least a consensus should
be reached. The actual group decision depends on the underlying voting rule or social choice func-
tion. Consider further a setting where a group tries to determine which group members are qualified
for a given task and which ones not. The actual decision frequently depends on the way the group
members evaluate each other. Voting also turns out to be a useful tool in the design of recommender
systems [93], planning [62], mechanism design [61], ranking algorithms [51], collaborative filter-
ing [137], similarity search [75], location planning [10], or machine learning [166], just to name a
few. Of course, voting applies to political elections as well, e.g., when a president or a coalition of
different governing parties is elected, or when voters vote for a bill.

Voting theory itself, but also similar streams of research—such as fair division [153], group
identification [110], or judgment aggregation [17]—are unified under the more and more upcoming
area of research called Computational Social Choice or COMSOC, for short. COMSOC is an in-
terdisciplinary and heterogeneous field somewhere located between political sciences, economics,
computer science, mathematics, game theory, and philosophy. This list makes no claim to be com-
plete.

In computer science applications, we deal with huge data volumes. Therefore, it makes sense to
study the computational properties and especially the computational complexity of various problems
related to voting.

Without going further into detail, an election (C,V') consists of a set C of candidates, a set V
of voters, and each voter canonically ranks the candidates from first to last. Given an election, a
voting rule determines the winner or the winners, depending on the context. One of the most basic
problems in voting theory is the Winner problem [15] which asks whether or not a distinguished
candidate is a winner of a given election. In practice, computing the winners of an election should
be a computationally easy task, even for large elections. This actually seems to be the case for most
voting rules used in practice. Unfortunately, there exist some different ways to tamper with the out-
come of an election. One such problem is Bribery [79] where an external agent—the briber—alters
some voters’ votes in order to make a certain candidate win the election or to prevent a despised can-
didate from winning. Another way to influence an election is given by Electoral Control [16]. This



2 CHAPTER 1. INTRODUCTION

diction covers many different problems. By way of example, in Control by Adding Voters an external
agent—the chair—adds some new voters to a given election in order to reach his goal. In Control
by Deleting Voters, the chair deletes some voters from the election. One can define Control by
Adding Candidates and Control by Deleting Candidates analogously to control by adding/deleting
voters in a sense that the chair adds and deletes candidates (instead of voters), respectively. Control
and bribery have many real-world applications. So control by adding or deleting voters applies to
decreasing or increasing the voting age, voter encouragement, organizing get-out-the-vote drives,
voter suppression, or withdrawing the voting right from some voters or voter groups. By contrast,
candidate control models scenarios such as introducing spoiler candidates, candidate suppression, or
representing new candidates. Bribery is self-explanatory and displays scenarios where a malicious
agent pays money to some voters in order to change their votes. Variations of bribery and some
related problems also apply to lobbying or campaign management [25, 35, 77, 150]. The standard
bribery model (with unit prices) is further tailored to situations where an external agent tries to find
out how many voters have to be bribed or convinced to change their votes. A third class of strategic
behavior in elections is given by Manipulation [14, 38] which is not subject of this thesis. Loosely
speaking, in manipulation one or more voters—the manipulators—coordinate their votes and sub-
mit possibly dishonest ballots in order to make a given candidate win or to prevent that candidate
from winning an election. As an example, consider two-party systems in political elections where
there are two big parties and several small parties without any chance of winning. Although many
voters actually favor a small party, they give their votes to one of the two big parties.

Such strategic attacks on elections are undesirable and consequently should be impossible or at
least improbable. Unfortunately, control or bribery are possible for many voting rules (cf. [ 146, 28]).
Moreover, the famous theorem by Gibbard and Satterthwaite [94, 149] states that manipulation is
possible for almost all common voting rules when there are at least three candidates. The seminal
papers by Bartholdi et al. [13, 14, 16] suggest that NP-completeness of such problems, formulated
as decision problems, provides a (worst-case) barrier against manipulative attacks. For instance, in
case it is computationally hard to decide whether or not bribery of a given voting rule is possible at
all, the voting rule offers a certain protection against bribery. Conversely, if the bribery problem is
computationally easy, the voting rule is far from being bribery-proof. Many problems for frequently
used voting rules have been shown to be easy so far [146, 28]. However, this holds for the canonical
assumption that all voters provide complete rankings over all candidates. This in turn does not
appear to be realistic in practice. Intuitively, a briber or a chair faces a more difficult problem when
the votes are incomplete.

Accordingly, we focus on partial information models in voting. In particular, we study bribery
under partial information and examine which impact partial information has on the complexity of
bribery, compared to the standard model of full information. We merely consider the constructive
variants of bribery asking whether the briber can make a distinguished candidate win the election.
Note that the destructive versions are similarly defined, but the briber’s goal is to prevent a given
candidate from winning. Our analysis is further restricted to two families of voting rules, namely
k-Approval and k-Veto (k € N). These voting rules belong to the family of scoring rules defined in a
way that voters assign points to candidates according to a fixed scheme—a scoring vector—and the
candidates with the highest score are the winners (there may be one or more winning candidates).
In k-Approval, each voter assigns one point to his k most favorite candidates and zero points to the
remaining ones. Similarly, in k-Veto each voter gives zero points to his k least favorite candidates,



and one point to the remaining ones. These voting rules possibly belong to the most important
and prominent voting rules and have many applications in practice. Especially the rule 1-Approval
(aka Plurality) is a basic rule often used when some people try to reach a decision, based on their
favorite alternatives, and the alternative with the most first places wins. Moreover, both classes are
closed families and enable us to achieve dichotomy results, that is, we can partition N into two
subsets N; and N, containing all k with easy and hard bribery problem, respectively. We do not
study manipulation for several reasons. Firstly, bribery and control belong to external influences on
elections, whereas manipulation corresponds to internal influences. Note that a briber and a chair
actually influence and modify an election, whereas in manipulation some voters just misreport their
preferences and vote strategically, but submit feasible ballots. Hence, in manipulation there is no
illegal or illegitimate behavior in a strong sense although a good voting rule should impede or even
preclude reporting dishonest preferences. Last but not least, recently after us, Dey et al. [46] studied
manipulation under a setting of partial information where each vote is given as a partial order over
the candidates.

This partial orders model—we refer to this model as Pairwise Comparisons or PC, for short, in
this thesis—is one of the nine models studied by us. Intuitively, each voter specifies his preferences
over some pairs of distinct candidates, for other pairs of different candidates it is unknown whether
a voter prefers the one or the other. PC can be regarded as the standard partial information model in
voting so far. Konczak and Lang [117] were the first who allowed votes to be partial orders instead
of complete rankings. They defined the possible/necessary winner problems which ask whether
the incomplete votes in an election can be extended to complete rankings such that a distinguished
candidate wins for at least one (possible winner) or for all (necessary winner) extensions, respec-
tively. According to [20, 21, 167], necessary winner under partial orders is computationally easy
for all scoring rules, whereas possible winner is only easy for 1-Veto (aka Veto), 1-Approval (aka
Plurality), some equivalent scoring rules reachable by positive-affine transformations (cf. Chapter 3
for more details), and constant scoring rules (where each candidate is trivially a winner receiving
the same score from each voter). For all other non-constant scoring rules, possible winner under
partial orders is hard.

In this thesis, we study necessary bribery and possible bribery, defined as combinations of stan-
dard bribery with necessary/possible winner. These problems hence generalize bribery under full
information as well as necessary/possible winner. As pointed out, we study these problems (1) in a
constructive setting, (2) for nine different partial information models, and (3) for the voting rules k-
Approval and k-Veto by either showing that a problem formulated as a decision problem is NP-hard
(that is, computationally hard in the worst-case) or belongs to P (that is, the problem can be decided
in polynomial time).

Different questions encouraged us to perform an extensive complexity study. Firstly, we check
whether partial information increases the complexity of some/all/most problems. For example,
since possible winner is only easy for Plurality and Veto under partial orders, we know that possi-
ble bribery under partial orders can be easy at all merely for these two rules and is computationally
hard for k-Approval and k-Veto, k > 2. Accordingly, we check whether possible bribery becomes
hard for Plurality and Veto, too. Secondly, partial orders has been the standard model up to now,
but this structure seems to be very general and possibly too general in some contexts. Therefore,
Conitzer et al. [39] proposed a general partial information model allowing any structure of partial
information. In their setting, votes are given as partial profiles and the information set of a partial
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profile contains all complete voter profiles that do not contradict the given partial profile. Opposed
to the partial orders model, their model in turn is hold as general as possible. In contrast to Conitzer
et al. [39], we regard the partial orders model as well as other and more special ways to display
partial information, revisiting some other structures that have been proposed or studied in literature
meanwhile. For instance, voters may rank only their favorite candidates, only their least favorite
candidates, or both. Such votes are known under the name top-truncated orders, bottom-truncated
orders, and doubly-truncated orders, respectively [18]. Likewise, one may consider an election with
complete information (or with almost complete information), and suddenly new voters or candidates
join the election about whom nothing is known. Such structures have been proposed in [117]. Be-
sides, Chevaleyre et al. [33] studied the possible winner problem for the case where new candidates
join a given election. Moreover, voters may be indifferent between some candidates or some alter-
natives may be just incomparable to each other. All in all, we define three new models and regard
and formalize six other models already proposed or studied in literature. We provide a complete
picture over these nine structures, point out their interrelationships (some models are special cases
of other models, other models are incomparable to each other), and examine whether the complex-
ity for a given problem differs between the models, that is, there are models for which a problem
is easy, and for the remaining models, the same problem is hard. Another intriguing question is
whether the two families k-Approval and k-Veto offer the same or similar protection against bribery
under partial information, that is, whether for both voting rule families about the same amount of
additional hardness arises when the votes are partial. We further provide the complexities for the
possible and necessary winner problem for k-Approval and k-Veto under all models, except for two
cases which are still open. Studying problems related to possible/necessary winner appeared to us
as a natural first step towards examining strategic behavior in voting under uncertainty the more so
as we follow the largest part of literature as well as these two approaches can be interpreted as opti-
mistic and pessimistic approaches. Nevertheless, considering more refined ways to deal with partial
information seems to be promising. So one could study probabilistic approaches (see e.g., [7]),
perform quantitative analyses (under given statistical data, is a candidate rather a winner or rather
not?), or define other, more fine-grained criteria to estimate the winner(s) of an incomplete election
(one such approach is preference elicitation, cf. [159]).

There is yet another way to model incompleteness in voting. In lot-based voting [160], the
votes are given as complete rankings, but there is a lottery that arbitrarily draws a fixed number of
votes. To this random selection of votes, a voting rule is applied to determine the winner of the
subelection. Such randomized voting rules have already had a long tradition. By way of example,
the doge in Venice was elected by such a voting protocol. Accordingly, there also exists the name
Venetian Elections. In huge political elections as well as in small polls within institutions, it may
occur that the number of voters showing up at the election is more or less known, but not which
voters. Secondly, lot-based voting applies to elections where a fixed number of representatives
are drawn at random who submit their votes. For example, consider a commission of fixed size
that shall vote upon a given proposal, but the commission’s members are not known in advance.
Lot-based voting further applies to elections where only a small sample is actually accounted for.
We again study variations of possible/necessary winner for k-Approval and k-Veto asking whether
a distinguished candidate wins for at least one/all subelections consisting of K voters. Besides,
we consider the problem Evaluation (proposed in [160] for lot-based voting rules and studied for
some other voting rules). In evaluation, we ask whether or not a candidate wins with a probability



greater than a certain threshold. Additionally, we investigate a counting version of possible winner
(how many subelections do exist such that a candidate ¢ wins?), necessary bribery, and possible
bribery (can the briber bribe some voters such that ¢ wins with probability one/greater than zero?).
Once again, we provide a complexity study and check whether the additional step—drawing some
voters at random—increases the computational complexity compared to the standard setting and
thus impedes strategic behavior.

Where we introduce strategic behavior in elections under incomplete information on the one
hand, there have yet been various open problems under full information for some voting rules on
the other hand. Such unsolved questions have existed in bribery, Replacement Control [17, 123],
Multimode Control by Adding/Deleting Voters [81], and Multimode Control by Adding/Deleting
Candidates [81] for Plurality with Runoff and Veto with Runoff (for formal definitions, we refer
to Chapter 2). Once again, our focus lies on the constructive variants of these problems. In multi-
mode control by adding/deleting voters, the chair adds some new voters and deletes some previous
voters. Likewise, multimode control by adding/deleting candidates is defined. In replacement con-
trol, the chair either replaces some voters with other voters (Control by Replacing Voters) or some
candidates with other candidates (Control by Replacing Candidates). These two problems are de-
fined in a similar manner to multimode control, but in replacement control the number of deleted
voters/candidates must be equal to the number of added voters/candidates.

Basically, both voting rules are defined analougsly to their counterparts without a runoff stage—
Plurality and Veto. In a first step, the candidates’ scores are determined. After this, the two best
candidates compete against each other in the runoff (possibly, there may be ties and a tie-breaking
rule must decide which candidates move to runoff). The runoff stage offers a certain additional
quality check. Note that in Plurality or Veto, a candidate less preferred to each other candidate by
a majority of voters may still be the unique winner. Such a candidate is also called the Condorcet
loser. E.g., consider a Plurality election where two voters rank candidate c first and 20 other voters
rank ¢ last, while each of twenty other candidates is ranked first by exactly one of these voters.
Verify that c¢ is the unique Plurality winner with two points, but 20 of 22 voters regard ¢ as the
worst possible outcome of the election. The Plurality with Runoff rule never selects ¢ as a winner,
as ¢ reaches the runoff, but loses against the other candidate in the runoff, regardless of which other
candidate follows c to the runoff.

Variants of the voting rule Plurality with Runoff are often used in political elections (such as the
presidential election in France), sometimes in multistage versions. Veto with Runoff and slightly
modified variants of this rule are known from competitions of any kind (e.g. sports competitions)
over several rounds where in each round one or more candidates are ruled out. Or consider a
situation where a group tries to reach a decision and the group members agree to restrict themselves
to the two best alternatives in a sense that they make as few voters as possible totally dissatisfied,
that is, the two alternatives worth considering have the fewest vetoes among all alternatives.

We consider yet another setting related to voting, called group identification. Recall the example
with a situation where a group of individuals try to determine which group members are qualified
for a given task and which ones not. In a sense, group identification is a model related to voting
where the sets of voters and candidates coincide (and are called individuals) and none of them
provides a ranking over the other individuals, but has a binary opinion about all individuals including
himself. Besides, the model of group identification premises that each individual is honest and has
no incentive to misrepresent his opinion about all individuals (nevertheless, such settings would be
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interesting for future research). Formally, N is a set of » individuals, and for each two individuals
a and d' it holds that either a qualifies or disqualifies a’. A profile ¢ is a mapping describing for
each pair (a,d’) of individuals whether a qualifies or disqualifies @’. Last but not least, a social
rule determines a subset of N which we refer to as socially qualified individuals. Depending on the
evaluations of the individuals in N, the number of socially qualified individuals may be arbitrary.

The model of group identification has been studied in economics [47, 48, 134, 147]. The social
rules considered in this thesis are consent rules and the two procedural rules denoted by consensus-
start-respecting rule and liberal-start-respecting rule. These rules have been extensively investi-
gated in the literature [47, 130, 147]. The question whether or not an individual is socially qualified
depends on his self-evaluation as well as on the evaluation of other individuals. For some social
rules, a negative self-evaluation of an individual may even lead to his social disqualification. Like-
wise, a possible self-evaluation may directly imply or at least facilitate the social qualification of an
individual.

Group identification applies to many different contexts. It is suitable in situations where a group
of individuals shall decide who in this group has a certain identity and who not [111]. Moreover,
the model applies to scenarios where a group of people try to find out who in this group is suitable
for a given task. Assume for instance that in a university department a group of faculty members
elect who in this group should become the dean for the next period of time. Or consider a set of
automated agents or robots that must collaborate to perform a given task. For some economical
reasons, merely few agents should execute the task. In such cases, a joint decision must be reached
of which agents should perform the job. Note that such settings where automated agents collaborate
become more and more important in times of Industry 4.0.

Finally, group identification can reflect group-dynamic behavior or group structures. In this con-
text, campaign management, lobbying, or strategic behavior in general appear to be worth studying.
While group identification had been studied concerning some axiomatic properties or from the soci-
ological point out view, Yang and Dimitrov [171] initiated the study on the complexity of strategic
influences in form of constructive control by adding, deleting, and partitioning individuals. This
inspired us to continue this emerging research and study destructive control as well as constructive
and destructive bribery.

Furthermore, we deviate from the canonical setting with complete information. Previous works
on group identification premise that an external agent knows for each pair (a,a’) of individuals
whether a qualifies or disqualifies @’. Or, equivalently speaking, a complete profile is given. In
practice, this does not appear to be realistic. Suppose for example that an agent or a company
wishes to forecast the outcome of a social rule, but not all the information is accessible, which
seems a reasonable assumption especially when the group is large. Therefore, we study the effect of
partial profiles and investigate the complexity of the two problems Necessarily Qualified Individuals
and Possibly Qualified Individuals (NQI and PQI, for short). Intuitively, a partial profile over the
individuals in N is defined in a way that an individual a qualifies an individual @', disqualifies @', or
it is unknown whether a qualifies or disqualifies a’. Analogously to partial preferences in elections,
a profile ¢ extends a partial profile ¢ when ¢ is a complete profile not contradicting the partial
profile. The NQI (PQI) problem asks whether or not a subset S of individuals is qualified under
social rule f for every complete profile ¢ (at least one profile ¢) extending the partial profile ¢. We
examine the complexity for both problems and various social rules under two assumptions. Under
the first assumption, each individual may qualify an arbitrary number of individuals, whereas under



the second assumption, every individual qualifies exactly k individuals (with k € N).

Organization

This thesis is organized as follows. While Part I deals with voting with a focus on partial informa-
tion, Part II is about group identification.

In Chapter 2, we provide some preliminaries in mathematics, complexity theory, and graph
theory. Finally, we give a short introduction to voting theory.

Chapter 3 is about voting under partial information. In a first step, we define nine partial in-
formation models. We fu