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Abstract

The aim of this thesis is to develop an approach which evades the most fundamental short coming
of space-time adaptive processing (STAP): its need for training data. STAP is the state-of-the-
art approach for conducting ground moving target indication (GMTI). Among other things, an
extensive amount of research was conducted in the recent decades to reduce its computational
complexity or the required amount of training data. However, non has been done to avoid it
completely. In doing so and using measurement data from the current cell under test (CUT)
alone, most short comings can be avoided as there are: clutter residuals from not sufficiently
suppressed clutter contributions and target masking or self-nulling. This is advantageous in case
of heterogeneous busy environments e.g. urban areas. This work presents the first approach
to do so for which compressive sensing (CS) and affine rank minimization (ARM) techniques are
used. By exploiting the correlated nature of GMTI clutter signals a low rank matrix can be formed
from the measurement matrix corresponding to the CUT. This is done by focusing the clutter ridge
in the angle-Doppler domain a.k.a. radar scene. Moving targets sparsely present in the radar
scene are invariant with respect to the focus operation i. e. they remain sparse. The focused radar
scene therefore renders to be the sum of a low rank and a sparse matrix which can be separated
by use of an compressed robust principal component analysis (CRPCA) approach. The aim after
separation is the low rank matrix to contain all clutter contributions and the sparse matrix to
hold all moving targets. As a prerequisite for this to work, however, the so called rank sparsity
incoherence condition must be met. Among other things this means that the low rank matrix
must not contain spiky entries. This is not fulfilled as the clutter ridge by its very nature is spiky.
To mitigate this issue a model based projection filter is applied onto the measurement data as a
preconditioning step. The required parameters of the model projection filter are estimated during
the clutter focused operation. Depending on the quality of the estimated parameters, all clutter
energy is suppressed in the preconditioning step resulting the low rank matrix to be empty. In
case the preconditioning step is not able to suppress all clutter contributions, the clutter residuals
are usually of non spiky nature allowing to apply the aforementioned CRPCA separation. In
summary, this is a three step approach for which an auto-clutter focus (ACF) algorithm, a model
based projection filter, and an CRPCA based separation model are presented in this work. With
them it is possible to separate strictly static from moving targets. As such effects like internal
clutter motion are not covered and are subject to future research. The approach is evaluated
thoroughly by use of a simulation model. As mentioned before this work is based on CS and
ARM techniques. Most standard methods from the literature, however, do not consider the
practical needs of radar signal processing e.qg. they suffer from restrictions to real numbers,
slow convergence rate, low reconstruction performance, or knowledge of unknown parameters
like the precise number of sparse entries or the exact rank of a low rank matrix. Therefore,
various CS and ARM algorithms are combined and extended in this work to comprise a set of
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high performative CS, ARM, and CRPCA algorithms which do not suffer the aforementioned
restrictions. In summary, the work presented here represents a completely new approach to
solving the GMTI problem. Nevertheless, as GMTI renders to be a complex task further research
is needed with regard to a practical application.
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Zusammenfassung

Das Ziel dieser Arbeit ist es, einen Ansatz zu entwickeln, der die grundlegendste Schwachstel-
le von space-time adaptive processing (STAP) vermeidet: die Notwendigkeit von Trainingsdaten.
STAP ist der modernste Ansatz zur Detektion von sich relativ zur Erdoberflache bewegenden
Zielen, besser bekannt als ground moving target indication (GMTI). In den letzten Jahrzehnten
wurde unter anderem viel geforscht, um die Komplexitat der Berechnungen oder die erforderli-
che Menge an Trainingsdaten fir STAP zu verringern. Es wurde jedoch nichts unternommen, um
sie vollstandig zu vermeiden. Auf diese Weise und bei Verwendung von Messdaten der cell under
test (CUT) alleine, ist es jedoch maglich die gréBten Nachteile von STAP zu vermeiden. Diese wa-
ren: Clutter-Residuale von nicht ausreichend unterdrickten Clutter-Beitragen und Zielmaskierung.
Dies ist vor allem in heterogenen und stark frequentierten Umgebungen, z.B. in stadtischen
Gebieten, von Vorteil. In dieser Arbeit wird ein erster Ansatz vorgestellt, bei dem compressive
sensing (CS) und affine rank minimization (ARM) Techniken zum Einsatz kommen. Durch Aus-
nutzung der starken Korrelation von GMTI Clutter-Signalen, wird aus der Messmatrix einer CUT
eine Matrix niedrigen Ranges geformt. Dies erfolgt durch Fokussierung der sogenannten Clutter-
Ridge in der Winkel-Doppler-Domane bzw. Radarszene. Bewegtziele, die in der Radarszene nur
sparlich vorhanden sind, sind gegentber der Fokussierungsoperation unveranderlich, d.h. sie
bleiben sparlich. Die fokussierte Radarszene kann daher als Summe einer dinn besetzen Matrix
und einer Matrix niedrigen Ranges formuliert werden, welche mittels eines compressed robust
principal component analysis (CRPCA) Ansatzes separiert werden kénnen. Nach der Separation
sollen alle Cluttersignalanteile in der Matrix niedrigen Ranges und alle Bewegtziele in der dinn
besetzen Matrix enthalten sein. Eine Voraussetzung dafr ist jedoch die sogenannte Rank-Sparsity-
Inkoharenzbedingung. Unter anderem bedeutet dies, dass die Matrix niedrigen Ranges ansatzwei-
se homogen in ihrer Amplitude verteilt sein muss. Diese Voraussetzung ist jedoch nicht gegeben,
da die Clutter-Ridge als solche groBe Amplituden im Vergleich zu ihren Nebenzipfel aufweist.
Um dieses Problem zu entscharfen, wird ein modellbasiertes Projektionsfilter als Vorstufe auf die
Messdaten angewendet. Die daflr benétigten Parameter werden wahrend des Fokussierungspro-
zesses geschatzt. Je nach Qualitat der geschatzten Parameter wird die gesamte Clutterenergie
bereits im Vorkonditionierungsschritt unterdriickt, was dazu fuhrt, dass die niederrangige Matrix
nahezu leer ist. Falls die Vorkonditionierung nicht in der Lage ist, alle Clutter-Beitrage zu unter-
drtcken, sind die Clutter-Reste in der Regel jedoch nicht mehr heterogen verteilt, so dass die oben
beschriebene Separation mittels CRPCA angewendet werden kann. In Summe handelt es sich um
einen dreistufigen Ansatz, fir den in dieser Arbeit ein auto-clutter focus (ACF)-Algorithmus, ein
modellbasierter Projektionsfilter und ein CRPCA-basiertes Trennmodell vorgestellt werden. Damit
ist es moglich, rein statische von bewegten Zielen zu trennen. Andere Effekte wie z.B. Clutte-
reigenbewegungen werden jedoch nicht erfasst und sind Gegenstand kunftiger Forschung. Der
Ansatz wird mit Hilfe eines Simulationsmodells grtndlich evaluiert. Wie bereits erwahnt, basiert
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diese Arbeit auf CS- und ARM-Techniken. Die meisten Standardmethoden aus der Literatur be-
rlcksichtigen jedoch nicht die praktischen Bedurfnisse der Radarsignalverarbeitung, z.B. leiden
sie unter der Beschrankung auf reelle Zahlen, einer langsamen Konvergenzrate, einer geringen
Rekonstruktionsleistung oder der Kenntnis unbekannter Parameter, wie der genauen Anzahl der
Eintrdge in der dinn besetzten Matrix oder des exakten Rangs der niederrangigen Matrix. Daher
werden in dieser Arbeit verschiedene CS- und ARM-Algorithmen kombiniert und erweitert, um
eine Reihe leistungsfahiger CS-, ARM- und CRPCA-Algorithmen zu schaffen, die nicht unter den
oben genannten Einschrankungen leiden. Die hier vorgestellte Arbeit stellt einen véllig neuen
Ansatz zur Lésung des GMTI-Problems dar. Da sich GMTI jedoch als komplexe Aufgabe erweist,
sind weitere Forschungen im Hinblick auf eine praktische Anwendung erforderlich.
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1. Introduction

The flooding in the western part of Germany in the year 2021 were devastating. Heavy local rain
showers with extreme intensity of 1501/m? per minute caused small streams to swell into raging
floods. Thousands of houses were flooded and entire streets were washed away. The highway
A1 near Erftstadt was washed out and became impassable. The telecommunications network
collapsed, leaving many localities cut off from the outside world. Organizing and coordinating
emergency services in such a situation renders to be a challenging task. In order to get such situ-
ations under control, an up-to-date situation report is required. Among the many possibilities to
obtain such, ground moving target indication (GMTI) is a convenient approach to help acquiring
situational awareness.

The aim of GMTI is to detect targets moving relative to the earth surface and to estimate their
positions, velocities, and moving directions. Like many other developments in the field of radar
technology, GMTI was first used for military purpose. It allows to build up situational awareness
of a region i. e. it answers questions such as: Are there moving entities? Where? How fast? How
many? When did it start? From where did they come and where are they going? This type of
information is not only of interest for military purposes but also for civilian traffic applications e. g.
monitoring of shipping routes or building up situational awareness in case of natural disasters
like flooding or earth quakes. Which directions are survivors heading, which roads are still usable
or where are aid convoys progressing? Among the many possibilities to acquire it, GMTI has
its own particular advantages. Compared to alternative sensors like cameras, infra-red sensors,
light detection and ranging (LIDAR), ground personnel with global positioning system (GPS) and
communication equipment etc., radar is not affected by rain or fog and is able to cover wide areas
providing real time updates. Since it is self illuminating it also works at night and can be quickly
deployed anywhere. However, there is no free lunch. These benefits are accompanied with high
technical effort as for GMTI a fully coherent multichannel air- or spaceborne radar front end along
with a high performance processing back end is required. The resulting high costs explain the
initially purely military driven application and development of GMTI. The technological progress
and the involved miniaturization and cost reduction, however, also allows for civil applications and
developments. Especially recent advancements in 5G communication equipment benefit radar
development. Full digital front ends become a mass product allowing for an increased number of
available channels in GMTI systems. What used to be the question of how to run GMTI with as
few channels as possible will soon be the question of what to better with so many channels that
will be available. Technically, GMTI includes the case of a stationary radar, yet commonly, GMTI
is conducted from moving platforms like airplanes, drones, or satellites. The principal challenge
of GMTI therefore is to find targets which are moving relative to the earth surface, where in
turn the earth surface itself is also moving relative to the air- or spaceborne radar system. The
undesired radar echoes of the earth surface, also called clutter, as well as the moving targets
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render to be of non stationary nature with respect to the radar system. The key question now is,
how to suppress the undesired moving signal part from the desired one? The signal processing
state-of-the-art approach used to do so undoubtedly is space-time adaptive processing (STAP).
Initially developed in 1968 it still is a very active research topic. In its very essence, STAP forms an
optimal filter to suppress all clutter contributions from the received signal by use of training data.
Every signal component contained within the training data will be filtered out. In order for the
STAP approach to work, there are the following requirements to the training data:

e sufficient data is available
e same clutter signal structure or statistic as the cell under test (CUT)
® no moving target within training data.

Violating the first two prerequisites results in non sufficiently suppressed clutter signals called clut-
ter residuals. A violation of the latter requirement results in target masking or target self nulling
as the STAP filter gets trained to also suppress moving target signal components. In case all re-
quirements can be fulfilled, STAP is an optimal approach to use. It does not need any information
about the measurement process e.g. any information about the antenna configuration, pulse
repetition frequency (PRF), antenna beam width, radar velocity and orientation etc. Everything
is learned from the training data at hand. The big question now is where to get it? There is
no other alternative than to take it from surrounding range gates of the CUT and to hope it
will meet all aforementioned requirements. The success of this approach certainly depends on
the deployment area. In regions of homogeneous landscape e.g. big fields, grasslands, steppes,
deserts, sea etc. enough training data certainly will be available. However, when it comes to
heterogeneous regions e.q. if land-sea junctions, mountains, big buildings, or wanes are present
it is likely that the first two stated requirements cannot be fulfilled. The research efforts con-
ducted in the recent decades try to mitigate the results of violated requirements. The primary
objective was to reduce the amount of required training data. The main reason this was done,
however, was not to robustify STAP regarding heterogeneous clutter environments. Rather, the
mathematically optimal form of STAP requires a large number of training data. A direct con-
sequence is a very high computational burden. Since processing power was historically rather
limited, much effort was done to develop sub optimal STAP approaches with the aim to reduce it.
As a result a plethora of algorithms emerged ranging from training data independent methods
like most notably Post-Doppler-STAP to data dependent methods e.g. sub space methods. The
interested reader may refer to [1] for a good overview. Some more sophisticated approaches
incorporate knowledge of the measurement process. An interesting approach is the space-time
autoregressive (STAR) algorithm which models the measurement process as an auto-regressive
one. This can be done since clutter measurements are of correlated nature. By super imposing a
multidimensional finite impulse response (FIR) filter structure on the sample process the number
of required training data can be reduced dramatically. Another example is Kronecker-STAP which
exploits the fact that the clutter covariance matrix is of low rank nature and can be formulated
by use of a Kronecker product. This again reduces the required number of training samples.
Nevertheless, a common necessity among all approaches is the need for training data. As such,
the consequences when violating the accompanying requirements are still present. A common
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procedure when conducting research is to apply every newly emerging signal processing frame-
work onto old problems and to look if any improvement is achievable. In this very manner the
approaches presented in this work were developed. The signal processing framework at hand is
compressive sensing (CS) and affine rank minimization (ARM) developed in 2004. From a linear
algebra point of view, CS and ARM allow to find unique solutions to under determined linear
equation systems given they are either of sparse or low rank nature. Another point of view is that
CS and ARM try to directly find the inverse image corresponding to a linear mapping rather than
using a pseudo-inverse mapping. CS and ARM are formulated as optimization problems, where
in case of CS the number of non zero entries within the solution a.k.a. sparsity and in case of
ARM the rank of the solution is minimized. The traditionally used minimum least-square solution
renders to be the Moore-Penrose pseudo-inverse. CS and ARM techniques are applied with great
successes in many fields e.g. image processing, hyperspectral imaging, control engineering, radar
signal processing, etc. The interested reader may refer to [1] for a collective overview. Beside CS
and ARM, another extremely popular signal processing framework must of course be mentioned,
namely neural networks and their variants. Researchers everywhere try to solve every problem
what so ever by use of neural networks. Their charm consists of the fact that there is no need
to have any understanding of the problem to be solved. The neural network approach solves the
problem on its own, nearly no expertize is needed from the creator. The only thing left to do is to
select the architecture of the network e.g. how many layers, convolutional layers, fully connected
layers, which type of activation function etc. Quiet frankly, even this procedure renders to be of
trial and error nature as up to now no real knowledge of how these networks internally work is
available. The only but most striking requirement is to posses enough training data which covers
every possible manifestation occurring in the deployed environment. At its core, a neural network
is be a multidimensional non linear function. In case a rectified linear unit (ReLU) function is used
as activation function, it is a piecewise linear function. The shape of this function is formed by
fitting it to the training data and its corresponding desired output values a.k.a training. Neural
networks are highly flexible and able to adapt to many input- output relations. They are celebrat-
ing unbelievable successes in areas where sufficient training data is available. In case of image,
audio, and video processing overwhelmingly big data sets are available. Other areas are well
controllable e.g. in the field of control engineering, machine monitoring, or medical diagnosis.
Unfortunately, large data sets are not available in the field of GMTI, nor is the environment well
controlled. A pure GMTI-neural network (NN) approach therefore seems questionable. An inter-
esting approach, however, is deep unfolding. The idea behind this approach is that it is possible
to unroll an iterative algorithm with a fixed number of iterations, e.g. one that solves a CS or
ARM problem, into layers similar to a NN. The individual layers are connected by a number of
trainable parameters. In case of gradient descent algorithms, those parameters might be regular-
ization coefficients or step sizes. These can now be trained by the NN approach to be optimal
in every former iteration step or now layer rather than be constant and hand trimmed or set by
pessimistic boundaries given by e.g. Lipschitz constants. The deep unfolding approach combines
the benefits of both worlds, the modeling of the measurement process as well as trainable recon-
struction algorithms. This seems to be a promising research direction for future GMTI approaches.
Needless to say, being able to start with deep unfolding some adequate measurement process
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model needs to be found. In this work, an attempt is made to evade STAPs fundamental problem:
the need for training data. The key idea in this work is to exploit the correlated nature of the
clutter signal to form a low rank matrix. This is done by focusing the so called clutter ridge in
the angle-Doppler domain, also called radar scene within this work, for which an auto-clutter
focus (ACF) algorithm was developed. Sparse moving targets in the radar scene are invariant
with respect to the focus operations i.e. they stay sparse. The focused scene can therefore be
modeled as the sum of a sparse and a low rank matrix, where the sparse matrix holds all moving
targets and the low rank matrix all clutter contributions. This sum may now be separated by use
of an compressed robust principal component analysis (CRPCA) approach. Unfortunately, this is
not possible directly. For a successful separation to work, the so called rank sparsity incoherence
condition must be fulfilled. Among other things this means that the low rank matrix must not
contain spiky entries. The clutter ridge, however, is by its very nature extremely spiky. Therefore,
an intermediate preconditioning step is introduced. Using a model based projection filter a major
part of the clutter energy is filtered out before the separation is performed. In the best case,
all clutter energy is reduced in the preconditioning step. If clutter residuals occur, those remain
to be of non spiky nature and as such may be separated by use of the CRPCA approach. The
approaches will be evaluated extensively by use of numerical simulations. The aforementioned
approaches build upon CS, ARM, and CRPCA algorithms. However, common algorithms from
the literature are not do not consider the practical needs of radar signal processing e.g. they
suffer from restrictions to real numbers, slow convergence rate, low reconstruction performance,
or knowledge of unknown parameters like the precise number of sparse entries or the exact rank
of a low-rank matrix.
The major contributions of this work to radar signal processing therefore are:

e combine and extend CS and ARM algorithms to comprise a set of high performative CS,
ARM, and CRPCA algorithms

e development of an ACF algorithm, a model based projection filter, and an CRPCA based
separation approach to separate static from moving targets.

A more detailed list of the developed contributions can be found in the conclusions.

The approaches developed in this work are illustrated and evaluated by means of a simulation
model assuming a uniform linear array (ULA) and a flat earth scenario. Further corresponding
simulation parameters are listed in Tab 1.0.1. They corresponds to a common airborne GMTI
system.

This work is organized as follows: in the following Chapter 2, the radar signal model and
rigorous justifications for the usually assumed simplifications applied in the GMTI case are derived.
Furthermore, STAP is introduced in brevity. Chapter 3 to 5 presents brief introductions of the
CS, ARM, and robust principal component analysis (RPCA) approaches. Chapter 6 presents the
improved CS, ARM, and RPCA algorithms. Chapter 7 presents the application of CS and ARM
algorithms onto GMTI. Finally, Chapter 8 concludes this work with a summary, conclusion, and
an outlook.
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Parameter Symbol Value
# transmit (TX) Channels Nix 1
# receive (RX) Channels Ny 32
# Pulses N, 64
Wave Form - LFM chirp
Center Frequency fe 10 GHz
Bandwidth by 15 MHz
PRF Ip 3kHz
Element Antenna Pattern Gix (@), Gix (1) | cos-Pattern
Element antenna beam width (ABW) ABW 10°
Maximum Target Velocity Vg, max 55m/s
Maximum Platform Velocity Up max 130m/s
Platform Height hp 10 km
Minimum Slant Range T'min 10km
Maximum Slant Range T'max 100 km

Table 1.0.1.: Air-borne GMTI scenario parameters.

5[255

Fraunhofer FHR






2. Fundamentals of Ground Moving Target
Indication

All subsequent signal models of e.g. clutter or target signals are modeled as a superposition
of general point targets. The specification from a point to a target or clutter signal is usually
done by imposing additional parameters e.g. some random reflectivity coefficient etc. Hence,
it is convenient to first introduce a general radar point target signal model which is done in
Section 2.1. The specification to clutter signals is presented in Section 2.2, which shows some
valuable insights into the nature of clutter signals. These come in handy when a dictionary for
clutter signals is set up in Chapter 7. With known signal models for targets and clutter, the space-
time adaptive processing (STAP) approach and the need for a 2D processing in space and time
is presented in Section 2.3. Finally, Section 2.3.5 elaborates on the limitations on STAP which
motivates the new approaches presented in this work.

2.1. Radar System Description

In this section the radar signal models used for ground moving target indication (GMTI) processing
are derived briefly. These models are valid only for given assumptions which usually hold for the
GMTI case e.qg. that targets do not move considerably during the measurement process'. In
order to be able to tell if a signal model for a given assumption is valid, a general non-relativistic
description for a radar signal corresponding to an arbitrarily moving target is introduced at first.
Thereafter, common approximations considerably simplifying the general signal description are
presented which eventually yield the signal models applied in the GMTI case. It is assumed that
the reader is familiar with common radar processing steps e.g. a matched filter (MF), ambiguity
functions etc. as these are used throughout this work. In case more details of these steps are
desired, the interested reader may refer to excellent text books e. g. [2].

The general radar transmit and receive scheme is shown in Fig. 2.1.1, for which all signals are
defined as complex signals as this allows for short mathematical manipulations. The intended
transmit (TX) signal sy is of arbitrary choice but taken to be symmetrically centered at zero Hz.
It undergoes a sequence of common filter and amplification steps denoted by the base band
transfer function Hy, 1, followed by an up conversion into the pass band or radio frequency (RF)
band, respectively. The conversion process is not discussed in detail here. The interested reader
may look into quadrature modulation or any other sophisticated conversion scheme [3]. Instead,
the up conversion is modeled by ideal mixers i. e. no side bands else than the desired pass band
emerge. Therefore, the signal is subject to a simple frequency shift of w. and phase offset ¢,,.

'This means the targets appear quasi-static during one pulse and do not move considerably during one coherent
processing interval (CPI). This is commonly known as stop-and-go approximation.

Fraunhofer FHR 7|255



2. Fundamentals of Ground Moving Target Indication Fraunhofer FHR

Stx St tx
—™ Hb,tx Hr,tx 4"< é‘t
X
we + ¢up L\
We + ¢dn ff
Srx Sr,rx e
- Hb,rx Hr,rx 4—< Esc

Figure 2.1.1.: General radar transmit and receive scheme.

Further common filter and amplification steps in the pass band are represented by the transfer
function H, tx. At this point, if desired, physically real signals are obtained from the analytic band
pass signal s, tx by taking its real part. The electromagnetic (EM) wave éiy transmitted by the TX
antenna and the scattered wave e received by the receive (RX) antenna are described in more
detail in Section 2.1.1. In a similar manner to the transmit scheme, the received signal s x is
amplified and filtered described by the transfer functions H, ,x and Hy, ,x and down converted by
an ideal mixer, for which a different phase offset ¢q, is possible. The final received signal usable
for signal processing is denoted as s,. Interestingly, it cannot be expected to be centered around
zero Hz due to possible target motion induced Doppler shifts.

Unlike what is presented in many text books, the received signal s,x cannot generally be de-
scribed as a time-delayed echo of the intended transmitted signal s¢x. Next to the obvious influ-
ence of the TX and RX paths, also the target parameters have a major influence on the received
signal form. In the following section, the general non-relativistic radar process for an arbitrarily
moving point target is presented. In Section 2.1.3, common approximations and their validity
are discussed. Finally, Section 2.1.4 discusses the space-time signal model required for GMTI
applications.

2.1.1. The General Non-Relativistic Radar Process

The general radar setup for one TX and RX antenna pair is depicted in Fig. 2.1.2, where z, y,
and z denote the coordinate axes in the antenna reference frame. In principle, an EM wave
emitted from a TX antenna located at position ¢ gets scattered from a point target located at
position 7 and received by an RX antenna located at position p. The location of the point target is

commonly described in the spherical coordinates [r © ﬁ}T with respect to the antenna frame,
where r = ||7]| denotes the range, ¢ € [—m,7) the azimuthal, and ¥ € [0, 7] the polar angle.
The velocity vectors @, and #; indicate the platform and target velocity, however, relative to the
earth surface fixed reference frame. In the antenna frame the resulting velocity vector is therefore
Uy — U Furthermore, 6 and ¢ denote the angles between the line of sight (LOS) vector @ and the
antenna z and y axis. The LOS vector can be expressed in the antenna coordinates as

sin () cos (¢)
="
,

= |sin () sin (¢)
cos (1)

8|255 Fraunhofer FHR
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Antenna center

Figure 2.1.2.: General radar geometry in the antenna reference frame.

or likewise as

cos (6) u
U= |cos(¢)| = |v
cos (1) w

For the assumed flat earth GMTI case, # a.k.a. cone angle and its directional cosine u are of
special interest which will be explained in more detail in Section 2.2. Furthermore,

denote the target location with respect to the TX and RX antenna positions and

- T'tx
Utx = —
Ttx
- T'rx
Urxy = —
Trx

the corresponding LOS vectors with 7y = ||7ix|| and rex = ||7]|-

In the following, a general description of the emerging radar signal is derived. For this, the
radar is assumed to be stationary while the target is moving. To begin with, it is necessary
to recognize that the transmit and receive process need to be considered separately. During the
transmit process, the point target experiences a phase modulated version of the transmitted radar
signal induced by the point targets motion. This is known as the Doppler effect for a stationary
source and a moving receiver which is the point target in this case. During the receive process, the
point target appears as a moving source radiating a wave whose phase was determined by the
first Doppler effect. The radiated wave is again subject to a motion induced phase modulation.
This is known as the Doppler effect corresponding to a moving source and a stationary receiver.
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Hence, the Doppler effect occurs twice, once for transmit and once for the receive process. This
physical fact is ignored by most radar signal derivations which only consider one time delayed
signal.

The determination of an arbitrary radar signal is done conveniently by decomposing it into
its harmonic components and synthesize them at the points of interest. Unfortunately, due to
motion induced phase variation i. e. a time dependent Doppler effect, no closed form solution for
the finally received signal can be given as will be seen later. Nevertheless, well known results can
be derived from them for common assumptions made e.g. stop and go conditions etc. which
will be presented later. To the contrary of other derivations directly arriving at these simplified
results, statements can be made when these are permissible.

The time sequence of the transmit and receive process is illustrated in Fig. 2.1.3. Let ¢’, ¢/,
and ¢ denote the corresponding times at which the EM wave was transmitted by the TX antenna,
scattered at the point target, and finally received by the RX antenna.

~

T~ Target ////”'
- e —--"
étx gsc
t" t t
| | [
{ { {
Tex () Tex ()

Figure 2.1.3.: General time sequence of the scatter process.

Furthermore, let

/
nx(t’):t’—t”:M 2.1.1)
co
be the transmit delay,
/
T () =t — = (t) (2.1.2)
co
the receive delay, and
T (t') = Trx (t/) + Tix (t’) (2.1.3)

be the total round trip delay time (RTDT) [4]. Note, that these inherently depend on the distances
to the point target at ¢/, the scatter point in time. Next, let the transmit signal be a burst of
consecutive pulses defined as

Np—1
Stx (t”) = Z Stxnp (t” — nptp) , (2.1.4)

np=0

where N, denotes the number of pulses emitted within a CPI, ¢, the pulse repetition interval (PRI),
and

Stxony (€) = rect (x/T}) aexon, () elPtx.np () (2.1.5)

the n,-th pulse wave form with T}, denoting the pulse length, an, () an amplitude and
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Px,n, () @ corresponding phase modulation. Furthermore, sy, () is taken to be a band lim-
ited base band signal of bandwidth b,.. The derivation of the received radar signal is considerably
easier if the signals are treated by use of their harmonics. Assuming the radar system is linear
with respect to s (¢”), this can be achieved by use of the inverse Fourier transform (IFT) as

by

six(t”) = o / Stx (wp) ejwbt”dwb,

—7by

where wp, = 27}, is the angular base band frequency and Siy (wy) is the Fourier transform (FT)
of (2.1.4). Hence, the radar signal can be calculated by a superposition of its complex harmonic
signal components

Shx (", wh) = Stx (wp) 0" (2.1.6)

Following the typical transmit processing scheme as depicted in Fig. 2.1.1, sp, 1 (t”, wyp,) is subject
to a sequence of filtering, amplification, and mixing stages before being emitted via the TX
antenna?. This process can be summarized as

St tx (t”, Wb) = Cup (wb) Sb,tx (t”, Wb) ej(th”—’—(buP)a (2.1.7)
where
Cup (wb) = Hb,tx (wb) Hr,tx (wb + wc)

denotes an up conversion coefficient? reflecting any magnitude and phase modification corre-
sponding to the harmonic component wy,. The latter term in (2.1.7) is a frequency shift from
the base band up into the RF range with w. being the center angular frequency and ¢, a corre-
sponding phase offset which typically depends on the local oscillator (LO) phase offset. The up
conversion process is assumed to be ideal i.e. all emerging side bands else than the desired RF
band are filtered out [3]. Substituting (2.1.6) into (2.1.7) yields another form of the RF signal

Srtx (tllv Wr) = Gr tx (wr) e'j(wrt//+¢‘lp)7 (21 8)
where
Gy tx (Wr) = Cup (Wr - WC) Stx (wr - wc)

and
wr:wb—{—wc (219)

is the angular radar signal frequency. As defined before, this signal is radiated via the TX antenna
with respect to ¢”. Among other evanescent components it emits a transverse electromagnetic

ZNote that a complex signal cannot be transmitted via a physical antenna. The formulation as complex analytic band
pass signal, however, allows for a convenient short notation. The physically emitted real signal is Re {stx (¢, wb)}-
3The up conversion coefficient Cy, (wi,) cannot be interpreted as a classical transfer function since the frequency
shift renders the transmit chain as a linear time variant system. Transfer functions, however, can only be defined on
linear time invariant systems, hence no impulse response function can be identified with Cyp, (wb). Nevertheless, it
is still possible to identify a harmonic sinusoidal in the base band to its corresponding harmonic in the RF band via

Cup (wb) = Hp ix (wb) Hrtx (wb + we) and an additional frequency shift.
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(TEM) spherical wave

-

Eox (T, wr) = ay (&, wy) dpxel ! R FN o (2.1.10)

where the unit vector iy denotes an arbitrary polarization direction in the spherical coordinates
v and ¥, k; = wr/co the wave number, and

Ay (f, wr) — Or,tx (WY)H.?’)’( (Uma Wr)

a complex wave amplitude. Within ay, (Z,w;), & denotes any point in space with respect to the
phase center of the TX antenna and g (4., w:) € C an antenna gain coefficient representing the
effect of the antenna on the harmonic component with respect to the radar frequency and the
pointing direction given by the LOS vector i, = Z/ ||Z||. From the definition of the antenna gain,
gix (U, wy) can be implicitly identified as

_ 4 .
Gix (uwir) = 5 ‘gtx (uxawr)‘Qa (211 1)

2w

where 7, = \/m ~ 1207 Q is the free space impedance. A derivation of (2.1.11) can be
found in the Appendix A.2.1. Notice the factor 27y, which accounts for the translation from
a (voltage) signal into an EM wave quantity. Notice further, that g (@, w;) already accounts
for mutual coupling effects e.g. the coupling between the TX and RX antenna, the influence
of the antenna mounting gear, the (earth) ground, or the impact of a radome.* For a distance
of ||Z|| > dg, where dg is the Fraunhofer distance, the TEM wave éix (Z,t,w;) is the governing
component of the generated waves. For electrically large antennas common for radar applications
i.e. D > 2.5\, with D denoting the largest aperture size of the antenna and A\, = 27r¢y/w;, the
radar wave length, the Fraunhofer distance is defined as dr = 2D?/), [5]. In case of ||Z| < dF,
near field effects occur which can not be described sufficiently via (2.1.10). Within this work only
far fields are considered. The transmitted wave form can be synthesized by

&> Wetmhr

G (2.17) = / (T, cop) ! lED IO g, (2.1.12)
We—Tby
- we+Thy
P =L,
= ;—Xem‘”’ y (Z,wp) € e0 @ du, (2.1.13)
Y
We—1by
7 7 o 1EL
= Mg (t” — Hx”) e”’c(t ‘?)ﬂ‘ﬁup, (2.1.14)
1zl co

where s;, (") is a modified version of s (t”) due to the TX path and antenna transfer coefficients
Cup (wp) and gix (i, wy). Notice, that (2.1.14) is only valid in case & denotes a time independent
location®. Unfortunately, this condition is not given in case of an arbitrary moving target.

With respect to ¢/, the TEM wave éi (%, t’) arrives at the point targets position given by 7 (¢)

“*This accounts for more effects than the commonly assumed uncoupled antenna gain. As a consequence Gy in
(2.1.11) must also include coupling effects.
>QOtherwise there is no Fourier pair available allowing for a closed form time signal.

12]255 Fraunhofer FHR



Fraunhofer FHR 2. Fundamentals of Ground Moving Target Indication

relative to the TX antenna reference frame. For a single harmonic frequency the field at the target
is
Cix (th (t/) t Wr) = Ow (ﬁcx (t/) 7Wr) thej(wrt/_krrtx(t/))ﬂ%p~ (2.1.15)

Since the location 7 (') is time dependent, (2.1.14) can not be exploited directly. Furthermore,
a motion induced phase modulation gives rise to the aforementioned Doppler effect. For the
harmonic component w,, the emerging angular frequency at the point targets position at time ¢’
can be calculated by

0

wee (1) = a0 8 (Eix (Fox () 1 )
0
= 35 (wet’ = ke (') + Pup)

i — ke (e (1) 27 () — )
= wy — krUrtx (t,)

= oux(t)wr, (2.1.16)

where ¥ (') — ¥}, denotes the targets velocity vector with respect to the antenna reference frame
and vy () the radial velocity component with respect to iy (t'). For sake of readability, the
dependencies ws. on t' is omitted in the further text. Note, that (2.1.16) renders to be the
Doppler frequency for a stationary source (here the TX antenna) and moving receiver (the point
target) with the scaling factor

a(t) = (1 — vrtx(t')/c[)) ) (2.1.17)

This modulated harmonic component gets scattered by the point target. The corresponding
spherical wave is a new wave oscillating with wg.. It can be described in a similar manner to
(2.1.10) as

é’sc (fsm t, Wsc) = Qsc (fsm wsc) ;scej(wsct*kscllfscH)+j¢up+j¢tx’ (2.1 .18)

where the origin of Z. is at the point targets position at scatter time ¢/, ks = wsc/co is the
corresponding wave number and ¢, remains constant. In addition, a constant phase term ¢
is introduced which which is necessary to adjust the phase position of the wave according to the
physical boundary conditions. At the point targets position i.e. ||Zs| = 0 at scatter time t =
Tix (t'), the total phase of (2.1.18) must be ¢y, as this was the phase of the wave at transmission
time. Thus, the constant phase offset results to

bix = —wseTix (1) - (2.1.19)

Furthermore,

Ay (rtxv Wsc/atx) (077 (utxa Ugy. y Wsc) Z.tx)

Qsc (fsmwsc) = Hf H
sc

denotes the complex wave amplitude with o, € C being a reflection coefficient depending on

the incident direction iy at scatter time ¢/, the scatter direction .. = Zs./ ||Zs||, the observed
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angular frequency wq. and the polarization direction of the incident wave . It can be identified
implicitly from the radar equation as

2
) (2.1.20)

Oy = |Of (utm Ugse y Wse th)

where o, denotes the targets radar cross section (RCS) [2]. Finally,
;sc = Ry (UtXa ﬁmsca Wsc, ;cx) : ;tx

is the polarization direction of the reflected wave with Ry, € R3*3 denoting a rotation matrix
describing the reflective behavior of the point target.

With respect to ¢, the scattered wave €y (Zsc, t,wse) is Observed by the RX antenna located at
position —7«(t') relative to the point targets reference frame at ¢’ i.e. at the scattered waves
origin. The time dependent motion again causes a phase modulation giving rise to the afore-
mentioned second Doppler effect. The observed angular Doppler frequency at the RX antennas
position at time ¢ is

_9
ot

0
= ot (wse ()t = kseTrx(t') + Pup + d1x)

0 rex(t) )

Wr,rx (t,) arg (gsc (*Frx(t,)a t, Wsc))

= —we(t) [t =
athC( ) Co

ot
/ /
= Wr aatX(t ) t + Wse (t/) a@i

ot
e
= Coartx(t)att +Wsc<t)at

/ /
:%wzof%ﬂﬂo

ax (t)co
Artx (t/) t/> 7

ax(t)eo

= an(t)ont?) (1-

where a,x(t') denotes the radial acceleration with respect to iy,

2 o) = (o) = (A Y

1 Or(t) -1
(14 =
< + Co ot )

1

1 + vrrx(t/)

co
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by using (2.1.2)° and v« (#') is the radial velocity component with respect to i, at #'. Due to
better readability, the dependence of w,,x on ¢’ is dropped in the following notation. For the
remainder of this work we assume gracefully, that the radial acceleration is negligible i. e.

Artx (t/)

t < 1.
aux () co

In this case, the observed angular Doppler frequency at the RX antennas position becomes

Wr rx (t') = Qi () wse () (2.1.21)
= Qprx (t)wr. (2.1.22)

Note, that (2.1.21) renders to be the Doppler modulation for the case of a moving source (here
the point target) and a stationary receiver (the RX antenna) with a scaling factor of

1

1 + Urrx(t/) ’

co

() = (2.1.23)

The combined Doppler modulation shows a factor of

/ ) , 1-— Urtzio(t,) Co — Urtx (t/) 2.1.24
Oétrx(t ) = atx(t )arx(t) - 1+ verx(t) Co + Vrrx (t/). 2124

€o

The wave observed by the RX antenna can be formulated in a similar manner as the wave scat-
tered by the point target. Doing so yields

€rx (07 t, Wr,rx) = Ggc (’fscv Wr,rx/arx) ;scejwr’r)(t—i_jd)llp—i_jd)tx+j¢rxa (2.1.25)

where the constant phase term ¢,y is introduced to adjust the phase position of the wave accord-
ing to the physical boundary conditions. At the receive time ¢t = 7 (¢'), the total phase of (2.1.25)
must be ¢yp, as this was the phase of the wave at transmission time (any phase offset due to the
scatter process is covered by ag.). Thus, the constant phase offset results to

Grx = —Wse (arx(t/)Trx (t,) + (arx(t/) - 1) Ttx (t/)) .
The signal received by the antenna is

Srirx (t, Wr,rx) = Gy oy (Wr,rx) eWrext+idup+idextides (2.1.26)

where

ar rx (wr,rx) = Qgc (_'Frx> wr,rx/arx) Orx (Urxa Wr rx, ;sc)

is a complex amplitude with g, € C being an RX antenna gain coefficient representing the
effect of the antenna on the received signal with respect to frequency, direction, and polarization
of the impinging wave. Note, that the RX antenna observers the angular frequency wy,x =

o, —1 . .
®The form 2t = (2L) ™" s valid as long as 2% # 0.
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arxwse, hence, any frequency dependency corresponds to wy ,x. The complex amplitude g, can
be identified implicitly as

N - 4 2 2
Grx (uxywr,rm lsc) = ()\)277‘”

r,Irx

2
: (2.1.27)

9rx (uxa Wr rx, Zsc)

where the additional factor of 47 /A2 accounts for the antenna cross section. A derivation of

r,rx

(2.1.27) can be found in the Appendix A.2.1. Notice the factor 27, which accounts for the trans-
lation from an EM wave into a (voltage) signal quantity. Also, g, readily accounts for coupling
effects just as gx. The received signal (2.1.26) is subject to a sequence of filtering, amplification,
and mixing stages before being sampled by a digitizer. This process can be summarized as

Sb,rx (ta wr,rx) = Sr;rx (t7 Wr,rx) Cdn (Wr,rx) e_j(th+¢dn)y (21 28)
where

Cdn (wr,rx) = Hb,rx (Wr,rx - wc) Hr,rx (wr,rx)

denotes a down conversion coefficient reflecting any magnitude and phase modification corre-
sponding to the instantaneous angular frequency of the harmonic component w; rx. The observed
frequency in the base band shall be denoted as

Whrx = Wrrx — We (2.1.29)

= QurxWh + (trx — 1)we, (2.1.30)

where (2.1.9) and (2.1.22) was used. The final received and down converted signal can thus be

given as

Sh,rx (t7 wb,rx) = Gb,rx (Wb,rx) eJWb’rXt+j¢up+j¢tx+j¢rx+j¢c7 (21 3 1)

where
¢c = ¢up - den (21 32)

is a constant phase offset caused by the LO signal and

ab,rx (Wb,rx) = Qr,rx (ﬁrXa Wh,rx + We, isc) Can (Wb,rx + wc) .

The final received signal again is the superposition of all received harmonic components. Due to
the Doppler modulations, the transmitted frequency band [—7b,, 7b,] gets modified to

Wb,rx,min(t/) = (atrx(t,) - 1)0-)0 - 71'brOétrx(t/)

Wb,rx,max(t,) = (atrx(t,) - 1)WC + Wbratrx(t/)a

where (2.1.30) was used. Therefore, the superposition is of the form

Wh,rx,max

Srx (t) =~ / Sb,rx (tv wb,rx) dwb,rx = Qrx (t) ei¢rx(t)7 (21 33)

Wh, rx,min
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where a,, (t) € R denotes the received amplitude and ei?=(®) the received phase history. Like in
the TX case, due to the time dependent delay 7« (¢), there is no closed form solution available
to (2.1.33).

Summarizing the above derivation, the received signal s.x (t) may completely differ from the
original transmitted signal s (¢) due to the in general time dependent motion induced phase
modulations. Even worse, no closed form solution can be given for the received signal form.
Recall, that the frequency modulation factors aix and a,y, as well as the amplitudes as. and
ar rx directly depend on ¢ and thus are time dependent quantities. This means for every fixed
point in time ¢, the integral (2.1.33) needs to be evaluated individually. Since the integral form is
rather non informative, additional assumptions regarding the point target are introduced which
allow for a dramatic simplification of the general scheme presented here. This is the topic of the
following sections. Before that, however, the subject of relativistic Doppler should be elaborated
in more detail.

2.1.2. On the Relativistic Doppler Effect

In this Section a few words on the relativistic Doppler effect shall be mentioned. For a single
transmit frequency wy, the received frequency according to the derivation in the latter chapter is

Wrrx = OitrxWr

— g QT Ut (2.1.34)
co + Urrx

where (2.1.22) was used. Quiet interestingly and although no relativistic considerations were
made, (2.1.34) already turns out to be the exact form of the relativistic Doppler shift for constant
radial velocities. The reason therefore is, that emerging time dilatation effects corresponding to
the transmit and receive process cancel each other out. More specifically, the relativistic time
dilation needs to be considered by use of the Lorentz factor two times. In the TX case, where
the target is moving, the clock at the point target is time dilated with respect to the clock resting
at the radar i.e. is slower. The point target will therefore observe the same phase history in a
shorter period of time and hence measure the increased Doppler frequency [6]

tgt
Ws(g;; = WscVtxs

where wi8" denotes ws, measured in the targets reference frame and

€0
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is the corresponding Lorentz factor. In the contrary RX case, the point target emits a wave with

angular frequency wi" which in the reference frame of the stationary radar is observed as

tgt

Y
r,rx,rel 1+ % Yo
= o, 0 Ut T (2.1.36)
Co + Vrrx Yrx
where
. 1
Trx = T N

4
is the Lorentz factor in the RX case. In the constant radial velocity scenario, the radial velocities
are such that v,x = fv.x (see Section 2.1.3), hence the Lorentz factors cancel each other and
Wr rx,rel = Wr,rx-

For the sake of completeness, it shall be mentioned, that in the literature the relativistic Doppler
effect is derived in a different way, namely by using two times the stationary source model [6].
At first the radar acts likewise as a stationary source for the TX case but in the RX case, the
scattering point target is taken to be a stationary source with the radar moving. The result is
called non-relativistic Doppler frequency, which results to

_— (1 . ”“’ﬁ”") . (2.1.37)

To account for relativist time dilation, (2.1.37) must be extended by the Lorentz factor two times
yielding [6]

Wr,rxrel = Wy ry Vex Vs (2.1.38)

which after short manipulation yields the same form as in (2.1.36). However, the derivation given
in (2.1.38) disregards the effect of relativistic aberration i. e. the directions from and to the target
in the radar resting frame do not coincide with the directions in the target resting frame i.e.
ury # —u® and u # —urs'. These effects considerably complicate the derivation but finally
cancel each other yielding (2.1.38) to be the final result. Nevertheless, the derivation appears

patchy. In case the TX and RX antenna are identical, (2.1.36) reduces to the famous equation

cy — Ur 2y
Wr,rx,rel = Wr =wr|1~— .
co + vr co + Ur

2.1.3. Common Approximations

Several approximations allow for a closed form radar signal model. Those are presented in the
following.
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Calibration and Reflectivity

As discussed in Section 2.1.1, the received signal s, (t) depends on many individual parameters
cluttering the signal model. However, assuming the radar system to be calibrated and the target
to behave somewhat nicely, the signal model becomes easier to handle. Calibration addresses
two aspects:

e The radar TX and RX paths including the antennas shall be independent with respect to
wy in the desired bands. In this case, the transit and receive wave forms s (t) and sy (t)
remain unchanged by the radar channels.

e Mutual electromagnetic coupling phenomena shall be corrected for as there is the mutual
influence of all antennas to each other, the antenna mounting gear, the earth ground,
or a radome. Commonly, these phenomena are frequency dependent and as such the
correction for mutual coupling can be combined with correcting for the dependence of w;
of the TX and RX paths at the same time. If the calibration is conducted successfully, the
radar appears transparent regarding the transmitted and received EM waves &, and é.
i.e. the waves can be sampled in space and time without changing their shape due to the
presence of the radar.

A convenient description of the mutual coupling and as such for a practical calibration can be
done for the final signal model presented in Section 2.1.4 only. However, in order to ease the
following approximations, it is assumed that the radar system is already calibrated. This is valid
since the radar measurement process and the calibration procedure are linear operations and
as such can be interchanged. Hence, the radar can be assumed to be transparent to the EM
waves. The theoretical calibration procedure, which establishes a baseline of what a practical
calibration can achieve, is discussed in the following. Assume a non moving point target for
which no Doppler modulation occurs. In this case the transmission factor for the TX path for a
single angular frequency w, and fixed transmit LOS vectors iy is

Cu I X _)X7 T
Conte (Wrs i) = p (W) G (i, r) (2.1.39)

T'tx

The distance ry is not frequency dependent and thus not subject to the calibration proce-
dure. The transmit path coefficient Cy,, (wy) comprises all amplification steps before transmission.
Therefore, it is reasonable to identify Cl;, (w,) after calibration with /Py, where Py is the final
transmit signal power. For this to make sense and to be able to introduce meaningful absolute co-
efficients describing the radar signal after calibration, the energy of a transmitted pulse sy, (t)
is usually normed without loss of generality to

Tp/g

/ [ty ()] dt = 1. (2.1.40)

_Tp/g

wy) after calibration can be substituted

In a similar manner, the active antenna coefficients g (tx,
for a fixed LOS vector iy by a real gain coefficient g (tx) € R. Likewise, the transmission factor
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for the RX path is

. Qr (utX7 Urx, Wr, btx .
Cp,rx (Wry Utxy Urx, th) = r Orx <urX7 Wr, Rsc : th) C'dn (Wr) . (21 41)
TX

The targets reflectivity coefficient a, (ﬁtx, Ursy Wrs th) and polarization rotation

R, <ﬁtx, Urxy Wr, th> dependencies are usually not calibrated for. Most often, they are unknown
and thus are modeled as random variables (RVs), e.g. in case of GMTI land clutter o, may
be a, ~ CN (0,0,) [1]. If information about o, and Ry is known, this can be exploited e.g.
by use of matched illumination [7]. Regarding the calibration process, it is commonly assumed
that a, and Ry are independent with respect to w,, thus do not change the wave form. Any
discrepancies regarding this assumption are accounted to the RV model. The active antenna
coefficients g, (ﬁrx,wr, R (") ?tx) after calibration can again be substituted by a real gain co-
efficients gx(i:x) € R, where the dependence on the polarization direction ise = Reso OF T 1S
pulled into the RV a; too. This of course assumes, that all RX antennas are polarized in the same
direction (which is usually the case). Finally, the receive path coefficient Cyy, (w;) comprises all am-
plification steps required to achieve some reasonable noise figure [4]. It is therefore reasonable,
to identify Cqy, (w;) after calibration with some mean gain coefficient gq, € R. Combining the
aforementioned identities, the calibration factor

V Ptxgdngtx(ﬁtx)grx(ﬁrx)
C’up (wr> Can (wr) Gtx (ﬁtm wr) Irx <ﬁrxa wr, R () : ;tx>

Ceal (Wr) = (2.1.42)

can be defined for a single TX/RX pair. Applying this calibration factor onto the path factors ¢;, i«
and ¢p 1« Yyields due to the normalization (2.1.40) a calibrated received amplitude

Lcal (PtX7 Oy, Ttxy T'rxy Utxs urx) = Cp,tx (wra utx) Cp,rx (wn Utxy Urx,y Z‘tx) Ccal (wr)

_ Qr Egdngtx (ﬁtx)grx (ﬁrx)
TtxTrx

) (2.1.43)

This means applying cca) (wr) onto the transmit signal harmonics s, (¢, wp) defined in (2.1.6),
the received signal becomes

Sy (1) = TearSix(t — 7)o AT Hide
in case of a non moving point target. The calibrated receive amplitude z., determines, in con-
junction with the noise figure of the RX path and the Friis formula, the final signal to noise ratio

(SNR) [4]. In case the target is moving, Doppler modulation occurs causing an extension of the
frequency range. If (2.1.42) accounts for this extended frequency range, (2.1.43) holds too.

As mentioned before, the radar signal process described in Section 2.1.1 is linear and as such
the calibration factor (2.1.42) can be drawn into the transmit signal whose signal form as a result
gets modulated by the motion of the target only and never more by the transfer functions of
the TX and RX paths and antennas. This comes in handy in the approximations described in the
following. From this point forward, the radar system is assumed to be calibrated.
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Target Induced Phase Modulation

A moving target observes a modulated transmit wave form induced by its own motion. Because
of this motion, unfortunately, it is not possible to obtain a closed form solution for the scattered
and received fields. Nevertheless, the period of time during which the point target is able to
modify the transmit wave form is restricted by the illumination time, which in turn is inherently
restricted by the pulse duration T},. If the targets motion during the illumination time is somewhat
limited, the wave forms can be considered unaltered. This allows for a dramatically simplification
of the received radar signal description. In this section, two measures regarding the modulation
impact are presented which allow to decide whether the impact is negligible or not.

For the following derivations the radar system is assumed to be calibrated. As discussed in
Section 2.1.3, some partial TX path calibration factor can be defined as

V Ptxgtx (ﬁtx)

C'up (wr) Jtx (ﬁtm Wr)

Ccal,tx (Wr) =

which corrects for any impact of the radars TX path onto the signal form i.e. cancels any fre-
quency dependency. The calibrated field at the point targets position 7« (') at scatter time ¢ can
be given by use of (2.1.12) as

we+mhy
_ S 1 S
Ctx,cal (Ttx (t,) vtl) = o / Ceal,tx (wr) €tx (Ttx (t/) ' Wr) dw;y
wWe—7by
- Wc+7rbr
TixT : N ot
_ tx 2t;c,cal Stx (Wr o Wc) e*JoJthx(t )GJWrt eJ%Pdwr
we—7by
- by
Utx T : ’ ’ . . N ,
= el gt )it [ () e
—7by
Ttx T : ’ / ; i /
_ Ux 22;{,0&1 ejwc(t —Tex (t ))+J¢[1pf_1 {Stx (wb) e—Jwacx(t )} ’ (2.1.44)
where
% Ptxgtx (utx)
Ttxcal = — v
Ttx (t )

is some calibrated amplitude and F~! {-} denotes the inverse Fourier transform. Now, as men-
tioned in Section 2.1.1, there does not exist a Fourier pair to obtain a closed form solution to
2.1.44 due to the time dependent delay term exp (—jwpTix (¢')). Nevertheless, if the modulation
is limited such that the shape of the RF wave form is somewhat preserved, i.e. the point target
does not move considerably during the time the pulse hits the target, 7 () can be assumed
constant. This comes in very handy as subsequent signal models can be derived in closed form.
As such, if the variation of 7y (¢') in (2.1.44) is limited during the illumination time i. e.

Aty () wp = %})’ |7ex (1) — 7 ()| < ™01 (2.1.45)

with ;01 being e. g. 1/10, the effective delay can be assumed constant with respect to ¢'. Within
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(2.1.45), t; denotes any point in time in the period of illumination. In general, however, just like
for ¢/, the illumination period cannot be given in closed form. A worst case approximation can be
given by assuming a maximum radial velocity vytx max Which is constant during the illumination
period. In this case, the illumination period in the source time frame T3, i.e. in the radar time
frame, can be calculated as

src __ src
Theo + Urtx,maxﬂLm = Codj x

_
_ Urtx,max °
1 -

src
— ilitx —

Due to time dilation, the clock at the moving point target is slower. Hence, the illumination period
experienced by the point target Tflgt is reduced by the Lorentz factor i defined in (2.1.35) to
‘?I‘C
Ttgt — il,tx
il,tx Vex

=T, / 20 i’ Urtx,max ‘ (2.1.46)
0 — Urtx,max

The worst case distance occurring in (2.1.45) thus becomes’

tgt
TiLtXUrtx,max

5 (2.1.47)

‘Ttx (til) — Ttx (t,)| =
Therefor, by combining (2.1.45), (2.1.46), and (2.1.47) we can deduce that as long as the pulse

A co— v
Tp < “YtolAb 0 rtx,max’ (21 48)
Urtx,max \/ €0 + Vrtx,max

the delay term exp (—jwpTix (t')) in (2.1.44) can be approximated to be constant. In this case the
calibrated field at the point targets position (2.1.44) has the closed form solution

duration is smaller than

- P 7] T : / / :
éltx,cal (7?tx (t') ,t/) _ Z-tX\/ txJtx /(Utx) Stx (t/ — T (t/)) ejwc(t —Tex (t ))+J¢>up. (2'1 .49)
T'tx (t )

A second more reasonable error measure as (2.1.48) may be a correlation loss (CL) between the
time dependent form €, ca1 and the assumed time independent solution €}, ..;- Assuming the

point target moves at vytx,max during Ty, the CL is

tgt
71ﬂ}txvrtx,rnax >
Y

2.1
260 ( 50)

CLtX - Rstxstx (

where Rg, .. () denotes the auto correlation of siy. In case of a linear frequency modulation
(LFM) chirp wave form, the CL is

brT'tgt Urtx,max
Cth,chirp —A <Urtx,max> sine ( il,tx “rtx,ma A <Urtx,max> (2.1.51)

2¢o 2co 2co

’Recall that ¢’ denotes the center of the pulse.
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with A(z) denoting the triangular function. A derivation of (2.1.50) and (2.1.51) can be found in
the Appendix A.2.2. Recall now from Section 2.1.1, that the scattered wave is reflected with a
modulated frequency, which now can be given for the whole transmit signal uniformly as

W, =

’ 8arg {gtx,cal (FtX (t/) ’t/)} (%.)C (t, — Ttx (t,)) Urtx (t/)
= —we (1 )
s¢ 875’ at/ ( Co )
= g (t)we. (2.1.52)

In the following, the receive process is elaborated. Recall now from Section 2.1.1, that the
scattered wave oscillates with w!.. Recognize further, that the signal shape experienced by the
point target is unaltered, thus the calibrated scattered wave can be formulated as

— i \/P 7] 'L_[ (87 . ’_ — . .
o (o) = T RIS (¢ (1) ol Hulcl) i,

where the reflection coefficient o, was assumed to be frequency independent and

(Z%x = _wécTtX (t/)

in similar manner to (2.1.19). The receive process works the same way as the transmit process. If
condition (2.1.46) and (2.1.50) are likewise fulfilled as

’Ytol)\b €0 — Urrx,max

T, <

VUrrx,max co + Urrx,max

and -
Ti]:grxvrrx,max >
?

CLix = Rsthtx ( 20

the signal received by the RX antenna is

; _ VPG () 0 1)) eIt et +Hidup it +Hidk
St rx,cal (t) = 7 n tx (t — T (t )) el%r,rx x rx
o Tix (1) Tox ()

The corresponding observed angular frequency can be found in similar manner to (2.1.52) as

!
r,rx

= ap ()W) (2.1.53)

Sc

= () we. (2.1.54)

w

and
Py = —whe (Oérx(t/)TrX (t') + (arx(t’) — 1) Tix (t’)) .

The final down converted signal thus becomes

si),rxpal (t) = TcalStx (t - T (t/)) eijt+j¢c+j¢gX+j¢:x, (2.1.55)
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where

o
WD = Wy px — We

= we (atrx(t/) — 1)
(o)
Co + Vrrx (t )
Urtx (t,) + Urrx (t/)

— 2.1,
“ Co + Vrrx (t,) ( 56)

is the residual offset to the center frequency and is commonly referred to as Doppler frequency.
In case vy (') < ¢, (2.1.56) becomes

Urtx (t/) + Vrrx (t/)

wp 2 —We (2.1.57)
o
and in the monostatic case oy (¢
wop &, 2 () (2.1.58)
Co

Round Trip Delay Time for Constant Radial Velocities

The special case of a target moving with constant speed in a radial direction with respect to the TX
and RX antennas allows for a closed form of the RTDT 7 (¢'). Hence, the special case of constant
radial velocity yields valuable insights into the radar signal for which it is elaborated here.

We assume a point target to moves with constant speed and 7y (¢) and 7 (¢) to be collinear
such that the radial velocities are constant t00.8 In this case, vpix = (iy, T; — Up) = Fuy as well
as vy = (Unx, s — Up) = £uyy depending on the location of the point target. If p = ¢ then
Urtx = Urrx = (U, Ty — Tp) = vy With vy in case the point targets moves away from the radar.
Note, that v, is related to the antenna reference frame and @; and @}, to the earth surface fixed
reference frame. For such constant radial velocities, the RTDT 7 (') = 7« (¢') + 7ux () can be
given explicitly. Using

Trx (t) = Trx,0 + Vrext, (2.1.59)

Tx (t') can be determined from (2.1.2) as

, 1 rx(t)

x = ) 2.1.60
() = T, (2.1.60)

Using the same model (2.1.59) for the r (¢), 7ix (t') can be determined from (2.1.1) as

_ /
i (#) = T () = Tox () vt (2.1.61)
Co
Combining (2.1.60) and (2.1.61) yields after short manipulation

T () = o — Vrtx Trex (1) P (t)' 2.1.62)

co + Vrrx €O €o

8This means either the TX and RX antennas are co-located and the target moves in a radial direction or the point
target moves along the line defined by p'and ¢, where 7' and ¢ define the positions of the antennas.
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In case the TX and RX antennas are the same, (2.1.62) reduces to

1 2r(t)
T (t/) = 14 o .

co o

Stop-and-Go Approximation

The range and the RTDT are inherently coupled which can be seen from (2.1.3), (2.1.2), and
(2.1.1) as

T (t') = Tix (t') + Tix (t')
_ rex (8= Tex () + e (E— Tix (t/)).

€o

As a consequence, it is not possible to give an explicit formulation for 7 (¢') without additional
knowledge of 7ix (t') and 7 (¢') (as it was the case for constant radial velocities). The exact
value for 7 (') can be found by use of numerical approaches for simulation setups where 7 (¥)
and 7 (t) are given. For a measurement model, however, an explicit expression for 7 (t') is
required for which a motion model for 7« (t) and 7 (¢) needs to be assumed. The most common
assumption is, that the target does not move significantly during the travel time. In this case, the
phase variation given by (2.1.44) is negligible, i.e.

W AT (t’) = . Tix (t’) — rix () + rix (t’) — Px (t)’ = kp Argalk < Yiol (2.1.63)

with Aryaic denoting the range walk. Hence, the RTDT can be simplified to

X t X t

T(t) () = S ) + 7o (£) (2.1.64)
co

In case of highly maneuvering targets or long pulses e. g. in case of continuous wave (CW) radars,

the stop and go approximation may not valid any more. In this case, more sophisticated motion

models are assumed for 7« (t') and 7ix ('), €. 9., [8, 9]!

A reasonable alternative compared to the general criterion (2.1.63) is to demand the range
walk to be less than the range resolution

ATwalk < Vtolér' (21 65)

The range walk depends on the application scenario. For the case of airborne radar, an estimation
of Aryan for non moving targets can be found in Appendix A.2.3. In addition to determine the
range walk for one pulse, it may also be calculated for a whole CPli.e. te,i = Npt, to verify the
stop-and-go approximation to be valid in any case.
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Plane Wave Approximation

This approximation is also known as far field condition for antenna arrays. The length difference
between a target to the antenna origin ||7|| = r and target to an antenna located at Z is [4]

Al = |7 =2 — ||7] . (2.1.66)
The length difference in case of a plane wave approximation is
Alyy = — (i1, 7). (2.1.67)
The error between (2.1.66) and (2.1.67) is negligible if it is only a fraction of the wave length
e = |Al — Alpy| < YearAr- (2.1.68)
The worst case yielding an upper bound for (2.1.68) is
Alpy = (I, 8) = 0= Al = V12 + 22 — 1 < Y s (2.1.69)

In case (2.1.68) holds, then for a given TX and RX antenna pair the corresponding RTDT given by
(2.1.3) can be approximated by

() = Tix (1) 4 rex ()

co
~ T’(t/) B <ﬁ7® +T<t/) — <ﬁ7]5>
co
_ () - {@p+q (2.1.70)
co

Narrow- and Broadband Beamforming

For GMTI processing, beamforming is of particular importance. Usually a delay and sum beam-
forming (DSB) approach is applied which depends on the relative bandwidth b,/ f.. of the transmit-
ted signal. In case the relative bandwidth is small, the relative delay term in the complex envelope
factor six (t — Thyn, (t')) from (2.1.55) for distinct 7, n,, (') is insignificant. This means, that
for different TX and RX antenna combinations six (t — Tn,.n., (t')) does not change significantly,
where ny € [0, Nix) denotes the index of the TX and n,x € [0, Nix) the index of the RX an-
tenna. In this case, a narrow band beamforming can be done by considering the phase of the
exponential term

Prpenee = WeTngenee (t) (2.1.71)

in (2.1.55) only. Assuming the far field approximation holds, the relative phase difference with
respect to the center frequency is

Ad’ntxnrx =~ _kC <ﬁa ﬁnrx + Jntx> . (21 72)
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If the relative bandwidth is high, the relative delay term in the complex envelop factor

Stx (t — Tnyne, () from (2.1.55) matter and true time shifts need to be used. If this would not
be done, the formed beam squints with respect to w,. Let @y be the desired steering direction
and « the direction of the impinging wave. The narrow band phase correction for g is given
by (2.1.72). For an impinging wave with different k., the narrow band phase delay leads to a
focused beam at a different direction, namely [10]

_kC <ﬁOaﬁmx + (Tntx> = A¢7’thnrx = _k* <ﬂ:7 _’nrx + qj’%x> (21 73)
or
=gl = o

where u and wug are the directional cosines regarding the inner products in (2.1.73). The total
squint for f. being f+ = fo+ % and f_ = fo — % is

be/ fe
(1 + br/fc/2) (1 - br/fc/2)'

Letting f. = fr = fo + Af the squint becomes

uy —u—| =uo

Af L

fr UO’

(2.1.74)

where Au = u — ug. If Au is restricted to be below the array resolution Au = \,/L with L
denoting the largest array size and setting A f = b,/2 then (2.1.74) can be converted to

L < 46r. (2.1.75)

Hence, if the biggest aperture size is smaller than 46r, with ér = c/2/s, denoting the range
resolution, the squint due to narrow band beamforming is less than the array resolution. In the
limit of (2.1.75), the worst case ug = 1 was considered.

Range Doppler Coupling and Correlation Loss for LFM Chirp

The range Doppler coupling and correlation loss as such are not approximations, rather effects
on the range estimation and the achievable SNR caused by a Doppler offset. These effects are
considered here to check if they are of concern since they are usually neglected in the signal
model.

In case the received signal can be modeled as a time shifted TX signal as derived in Section 2.1.3,
the matched filtered pulse compression is conducted by a convolution of the received signal with
the filter response hn,, (t) = si,, (—t). The implication of such a pulse compression for a
Doppler modulated received signal is measured by means of an ambiguity function (AF) defined
as the magnitude of the pulse compression result [2]

[e.o]

Aoy (10 = [ s (95505, (5 = 7070,

—00
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Since the signal energy is normed to unity by (2.1.40), the ambiguity function at the origin is
Ay, (0,0) = 1.
In case of an LFM chirp signal

et (1/13) i, 2.1.76)

Stx,np (t) = \/T
p

the pulse compression result is
An, (t, f0) = A (t/Ty) sinc (b + foTp) A (t/Ty)) e 3™/ (2.1.77)

with A(z) denoting the triangular function [2]. The AF reveals a shift in time. The peak of the AF
(2.1.77) occurs at

Atdc = —7fDTp7
by
and acts as a time offset to (2.1.3) as
() = 7x () + 7ixc (V') + Dtge (2.1.78)

In the monostatic case this results in a range shift of

At T
Arge = €o > de _ Ur bpfc.
T

(2.1.79)

In addition to the time shift, the AF provides information about a Doppler induced correlation
loss reducing the achievable SNR. This loss, however, is usually neglected as

Any (0, i mase) ~ 1 (2.1.80)
with 5
Ur,to
fD,maX =~ - ! tfcv
o

where v, 1ot defined in (A.2.21) is the maximum occurring radial velocity in the GMTI case. Also,
time delays due to different spatial locations of the TX and RX antennas are neglected. As such,
a common approximation is

Any (AT, 0) = 1 (2.1.81)

with

A o
ATy = "max _ Max P C.m7
Co (&)

where next to the magnitude also the phase offset due to the exponential term in (2.1.77) is
neglected. In case of a LFM chirp the total phase offset is

A¢ = Wrmax—— . (21 82)

ATmax B by [ Armax 2
co T, ’
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where the first term is a phase shift due to the different spatial location (2.1.77) and the latter
term the impact of the MF (2.1.77). The latter term in (2.1.82) matters if

2 frmaxco < WtolArmaxﬁ (2.1.83)
b Tp

with e. g. 1101 = 1/10. This, however, becomes significant for ultra short pulse and ultra wide-band
radar systems only.

Finally it shall be mentioned, that it is assumed that the AF decays rapidly such that consecutive
pulses do not influence each other, hence

An, (nty, f) =0 (2.1.84)

forn € N\ {0}. The pulse compression result for a burst of consecutive pulses as given by (2.1.4)

N,—1
st () = 3 Stny (¢~ mpty)

np=0
therefore results to
A(t, fp) = / Stx (8) sg (s — 1) oi27fDs g
Np—1
= A”p (t - nptl% fD) . (2‘] 85)
np=0

2.1.4. Space-Time Radar Signals

In this section a space-time signal model required for GMTI processing is discussed. This model
will be stated for a multi-channel radar. The reasoning why multiple channels are necessary for
GMTl is given in Section 2.3.

As shown in Table 2.1.1, the classical airborne GMTI scenario depicted in Tab. 1.0.1 allows
for all approximations given in Section 2.1.3. Since the target induced phase modulation can be

Approximation ‘ Criteria ‘ Result ‘
Target Ind. Phase Modulation (2.1.51) CLechirp < —100dB
Stop-and-Go Approximation | (2.1.65),(A.2.20) Argae = 3.85 x 1073 m < r = 10m
Plane Wave Approximation (2.1.69) Al =X x107*m < \/10
Narrow Band Approximation (2.1.75) L = X\ minNex/2 = 0.96 m < 407 = 40m
Range-Doppler Coupling (2.1.79) Arge ~3.75m < or =10m
MF Doppler CL (2.1.80) A (0, fpmax) >~ —1dB
MF Time Delay CL (2.1.81) A (ATmax, 0) ~ —0.05dB
MF Phase Offset (2.1.83) 2 frmaxco = 1018 m/s? > 4.5 x 109 m/s?

Table 2.1.1.: Validity of airborne GMTI approximations.
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neglected, the received signal corresponding to a single point target is given by (2.1.55) as
S{t),rx,cal (t) = ZTcalStx (t - T (t/)) eijt+j¢c+j¢éx+j¢(‘x (2.1.86)

with

w Urtx (t/) + Urrx (t,)
Co + Urrx (t/)

B = ~wieTix (t')

B = —wie (rx ()7 () + (me(t)) = 1) 7 (t))

wp = —

where calibrated signals are assumed. Due to the co-located setting, the occurring radial velocities
can be assumed equal, hence vy« (t') = vk (). Furthermore, the considered velocities are very
small compared to ¢q. Therefore, the corresponding angular Doppler frequency and phase terms
are well approximated by

2’Urt (t/)
€0
(b{;x ~ —WeTtx (t/)

Bl ™ —WeTrx (t') .

wp X —We

Next, due to the fulfilled stop and go approximation and since the range Doppler coupling effect
of the matched filter can be neglected, the delay terms can be taken according to (2.1.64) as

T(t) =7 (t) =T () + 7ix () = P (8) 1 (1), (2.1.87)

€o

The valid plane wave approximation allows according to (2.1.70) for

() ~ 2r(t) —Wpt ) (2.1.88)

€0

where ¢ denotes the location of the TX, p'the location of the RX antenna, and @ the line of sight
vector pointing from the antenna to the target. Using (2.1.87) and (2.1.88), the sum of the phase
terms can be further simplified to

We N
d);x + d);x = _g (2T (t) - <u7p+q_>)
= —2]{}07“ (t) + kc <ﬁaﬁ+ q_> )

where k. = w./co = 2w/ A is the wave number corresponding to the center frequency. Substitut-
ing this into the received signal (2.1.86) yields

Shcent () = Teatss (£ = 7 (1)) € 26O Hop 54 i

Furthermore, since the Doppler and time delay correlation losses can be neglected, the matched
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filter output can be written as
Y (t) = TeaA (t — 27 (1) /co,0) e_j2kcr(t)+jWDt+jkr<ﬁ:ﬁ+®+j¢c’ (2.1.89)

since A (t — 2r (t) /co + ATmax, fD) =~ A (t — 27 (t) /co,0) holds. Finally, space-time adaptive pro-
cessing (STAP) is a pulse by pulse processing scheme using multiple antennas. Thus, by use of
(2.1.85), the matched filtered signal can be rewritten to

Np—1
Yoo (1) = > TeatAny, (E— npty — 20 (1) feg, 0) e Hhe2r O Hwpt ke (@t ) Hide - (2.1.90)

np=0

where n;, denotes the pulse number, ¢, the PRI, ¢,,, the location of the ny—th TX antenna, and
P, the location of the n,x—th RX antenna. Considering the received signal of the n,-th range
gate and the ny-th pulse only by selecting

t = tnny = Tny + Nplp (2.1.91)

with 7,,. = 2n,67/co, the measurement model becomes®

Ynenexneng = xcale*jkCQTHwD (Tny +nptp)+ike <ﬁyﬁnrx+5ntx>+j¢c’ (2.1.92)
where A, (nt,, fp) = 0 from (2.1.84) and the stop-and-go approximation r (tp,n,) =~ r was
used. Finally, (2.1.92) can be simplified further by noting that the received complex amplitude
Zea 1S @ function depending on the point targets reflectivity coefficient a,. In the GMTI case,
a, therefore induces a random phase, potentially changing from pulse to pulse. This renders
the remaining phase terms depending on r, wp, and ¢. in (2.1.92) unusable and hence the
measurement model can be simplified to

ynr”txnrxnp (’r7 ﬁ? WD) =T (T) eijnpthrjkc <ﬁ7ﬁnrx+§ntx> (21 93)

with
T (7") = Zcal (7’, ar) e IZherHiwpTn, Hige (2.1.94)

denoting a random complex amplitude. The model given by (2.1.93) renders to be the general
measurement model used in the GMTI case. As noted explicitly in (2.1.93), the signal model
reveals information about the range r, the LOS direction #, and the targets Doppler frequency wp
which are to be estimated from Y, n n.xn, - All this information is required for STAP processing.

In the following, the general measurement model (2.1.93) is further reduced to follow the
simulation setting defined in Tab. 1.0.1. Hence, considering only target range n,, one transmit
antenna located at ¢ = 0, and the RX antenna to be a uniform linear array (ULA) arranged along

Neglecting straddle losses and range ambiguities.
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the antenna z axis as

Ny d
ﬁnrx - 0 ;
0
the measurement model (2.1.93) becomes
Yneny (U wp) = xelPmplptikeudin (2.1.95)

The corresponding ULA antenna configuration is sketched in Fig. 2.1.4. By introducing the com-

RX Antennas

Figure 2.1.4.: ULA RX antenna used for simulations.

mon normalizations
27 fonp

o

= QWfan

wpNptp =

and

9 _
kcudne = /\—Fudnrx = 2mdun,;y = 2TUNx,
C

where f, = 1/t,, denotes the pulse repetition frequency (PRF),

fp = /o (2.1.96)
o
the normalized Doppler frequency,
1 = ud (2.1.97)
the normalized directional cosine, and
)
= — 2.1.98
d N ( )

the normalized distance between consecutive RX antennas, the signal can be formulated as

Ynexnp (U D) = TGnpeny (4 /D), (2.1.99)

where
Gruxny (@, fp) = el2m/Droti2mine. (2.1.100)

is the deterministic space-time signal model [1]. A common representation of the measurements
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(2.1.99) is to arrange the spatial and temporal samples into a matrix as

1 oi2rfo L. i2m o (Np—1)
3 ej27rﬁ ej27rfD +j2ru
Y (a,fp) == . _ € CNexxNp,
eI2ma(Nex—1) e oo @27 fp(Np—1)+j2ma(Nex—1)
(2.1.101)
= 2G (a, fp) (2.1.102)
=za(u)b" (fp), (2.1.103)
where .
a (@) = [ePmmt] N (1 ez L i a] e O (2.1.104)
denotes the space vector a. k. a. angular steering vector or array manifold and
_ . = 7Np—1
b(fp) = [eﬂ“”"fﬂ ’ € (2.1.105)
np=

the time vector a.k.a. temporal steering vector. Another common representation of the mea-
surements (2.1.99) is yielded by vectorizing (2.1.101) into

y (@, fo) = zg (w, fp) € CN=Me, (2.1.106)

where
g (@, fp) =b(fp) ®a(u) (2.1.107)

denotes the so called space time vector and ® the Kronecker product. The measurement model
forms (2.1.99), (2.1.101), and (2.1.106) come in handy in case of theoretical studies as done in
Section 2.2. However, it is necessary to discretize the angular Doppler scene domain too in order
to allow for a reconstruction of it. Doing so yields

Ynpxnpinunp — xeiQW"P”D/NDﬂz“”””“/N“, (2.1.108)

where @ and fp span the intervals
i= 24" € [~d,d) (2.1.109)
fD:%G [—1/2,1/2) (2.1.110)

D
with the bin indices ranges

ny € Qn, = {—Nu/2,—Ny/2+1,...,Ny/2 -1} (2.1.111)
nDEQND:{—ND/Q,—ND/Q—I-L...,ND/Q—1} (2.1.112)

orincase of d = \./2, u € [—1/2,1/2). Note that N, € 2Z and Np € 2Z need to be even numbers
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if o and fp span the whole interval. For the case of multiple present targets the discretized
measurement model becomes

Unexnp = 3 > Tnyp @270/ NoHi2mn /N (2.1.113)

np nNu

which renders to be a 2D-inverse discrete Fourier transform (IDFT) form mapping from the nor-
malized angle Doppler scene domain z,,,,,, to the channel-pulse measurement domain y,,n, -
As done in (2.1.101), the scalar measurement model (2.1.113) can also be formulated as a mea-
surement matrix

Y = AXB", (2.1.114)

where X € CM>*Np denotes the radar scene a. k. a. reflectivity or scatter map in the angular-
Doppler domain,

A = [a(ny/Ny)] € CNrx N (2.1.115)

nu€NN,

the spatial steering matrix formed by the spatial steering vectors (2.1.104) steered to all angular
directions defined by the index set Qy;,, and

B = [b(np/Np)lypeay, € CNexNp (2.1.116)

the corresponding temporal steering matrices formed by the temporal steering vectors (2.1.105)
steered to all Doppler directions defined by the index set Q. Obviously, A and B are IDFT
matrices in case of a ULA antenna. Hence, (2.1.114) can be efficiently implemented by use of fast
Fourier transforms (FFTs). The unknown target parameters z, %, and fp are thus encoded within
the matrix X by the indices n,, and np within X, which correspond to the targets LOS direction
and Doppler, and the amplitude at the corresponding indices. The primary goal therefore is, to
estimate X from the measurements Y. The common space-time vector form, however, is the
vectorized form analog to (2.1.106) as

y = vec (AX BT) (2.1.117)
=(B®A)=x, (2.1.118)
T . .
where & = vec (X) = [mlT xd - x%})} denotes the vectorized matrix
X = [ml Ty - mND] formed by stacking all columns on top of each other.

Commonly, (2.1.117) is expressed by use of a general measurement operator a.k.a. sensing
operator A : CN*Nz2 5 CM a5

y=A(X), (2.1.119)

where N7 x Ny can be identified with the scene size N, x Np and the number of measurement
samples as M = N N,. In case of missing samples i. e. some pulses or antennas are not present
during a CPI,'% compressive sensing (CS) and affine rank minimization (ARM) can be used to

1%|n this case certain rows in A and/or B are missing.
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obtain a solution for (2.1.119), given that the sensing operator A fulfills certain conditions e.g.
the restricted isometry property (RIP) condition. Further details on CS and ARM are discussed in
Section 3 and 4.

Finally, the calibration procedure of the derived signal model shall be mentioned here. As
discussed at the beginning of this chapter, the signal model was derived assuming the radar to
be calibrated. In this case, the radar appears transparent to the EM wave such that it can sample
the wave in space and time without any influence on the waves shape due to the presence of the
radar. This is clearly not the case in practice. The coupled and non-calibrated measurements are
often modeled by use of a mutual coupling matrix Cy,e € CNoxNeXNexNo 59

Yraw = TCmcg (fb, fD) >

where the signal model given in (2.1.106) was used. Obtaining Cy,. might be a complicated
matter and is beyond the scope of this work. Depending on the types of the used antennas and
their arrangement in the array, Cy,. might also depend on u, a fact which most often is clearly
not desired. The interested reader may refer to specialized papers e.g. [11, 12, 13, 14, 15, 16].
Once Cy, is known, calibrated measurements are obtained by

Y= Cr;g Yraw

yielding the signal model given in (2.1.106).

In this section, a simplified space-time point target signal model suitable for the GMTI case was
derived. The model follows the approximations verified in Tab.2.1.1. In the following section,
the general point target signal (2.1.99) is specified to clutter signals present in the airborne radar
case.

2.2. Airborne Radar Signals

In this section some useful signal models emerging for airborne radar are discussed. In the ground
moving target indication (GMTI) application, two major signal types emerge: target and clutter
signals. Targets are referred to as moving and clutter as non-moving scatterers relative to the
earth surface. Depending on the application scenario, also jamming signals may be considered,
however, this is not covered in this work. In general, only radar signals for one particular range
gate are considered from this point forward. Also the approximations verified in Section 2.1.4 are
used i.e. target and clutter patches can be considered quasi-static during a coherent processing
interval (CPI).

The clutter signal can be modeled as a superposition of non-moving scatterers distributed over
the visible area @ € [—1,1). Especially for non-moving scatterers, the line of sight (LOS) vector @
and the emerging Doppler frequencies fp. are coupled. It is

2v; (1)
Ae

foe (@) = — (2.2.1)
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where the observed radial velocity is
vy (@) = (4, —Tp) (2.2.2)

with @, denoting the platform velocity vector with respect to the earth surface. The term —4,
can be identified as the clutter velocity vector with respect to the platform reference frame. This
is sketched in Fig. 2.2.1 for a single non-moving scatterer a.k.a. clutter patch. The size of the
patch is restricted by the range resolution ér and the minimal occurring angular resolution Auwe.
In case —@, and the antenna z axis coincide, the radial velocity can be written as

Range gate

Clutter patch

Figure 2.2.1.: Coupling of emerging Doppler frequency and LOS vector # for static clutter under
flat earth condition.

u 'Up
vr(ﬁ)=< vl.,— 1|0 >——uvp
w 0

which directly couples the Doppler frequency and the directional cosine u as

2uvy

Joe (u) = S (2.2.3)

The normalized clutter Doppler frequency

Foe (1) = fD}IEU)’

with f,, denoting the pulse repetition frequency (PRF), can also be expressed in terms of the
normalized directional cosine @ = ud defined in (2.1.97) as

foe (@ B8) = B, (2.2.4)
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where
21)p

dfp
is the slope of the so called clutter ridge. The term clutter ridge comes from the appearance of
the clutter in the angular Doppler domain, which is depicted in Fig. 2.2.2 for 3 = 1. As can be

B = (2.2.5)

seen, the clutter populates only a small portion in the angle-Doppler domain, which is one of the
key facts why multiple channels are required for GMTL. In case i}, and the antenna z axis do not

Clutter Ridge

\

1

U in

foin1

Figure 2.2.2.: Clutter ridge in the angle-Doppler domain for 5 = 1.

coincide, the radial velocity (2.2.2) becomes

U €08 (o ) sin (V)
v (4) = < v | —Vp |sin(¢om)sin (9y) >
w cos (V)

= —vp (sin (V) sin (Ym ) cos (¢ — ¢m) + cos (I) cos (Vm)) ,

where the so-called misalignment angles ¢, and 9y, are the spherical angles pointing along the
platform velocity vector @, in the platform frame'. It is usually assumed that the vertical velocity
component can be neglected with 9, ~ 7/2'?, hence

vy (u) >~ —vp sin (9) cos (¢ — om)

= —p (u cos (¢m) £ sin (pm) 1/sin? (9) — u2> . (2.2.6)

By combining (2.1.96), (2.1.97), (2.1.98), (2.2.1), (2.2.5), and (2.2.6), the normalized Doppler
frequency in this case becomes

foe (@; B, om) = B <u cos (¢m) £ sin (pm) /d? sin? () — u2) . (2.2.7)

""Note %, not —, as the negative sign is already counted for!
12This assumption is not necessarily true in case of airborne GMTI due to air turbulence. In this work, however, this
effect is neglected and an extension to incorporate the vertical misalignment is left as a future work.
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The clutter signal of a single clutter patch can thus be modeled as

Ye (’[L; B’ Som) = Tc (’[L) gc (’[L; 57 Qam) (228)

with z. (@) denoting a clutter patch amplitude and

gc (U; B8,0m) =g (ﬂa fDC (a§6790m)) (2.2.9)

a corresponding space-time signal vector with g defined by (2.1.107). The total clutter signal is
obtained by the superposition of all clutter patches as

d
Ye(B,pm) = /yc i B, pm)d (2.2.10)
—d

The integral form (2.2.10) may also be approximately expressed by use of a matrix as

yc(ﬁ:(ﬂm) =G, (B,‘;Dm) L, (2.2.11)

where

e = (e (wn ) * . € C¥

is a vector holding the amplitudes of N, individual clutter patches,

Ge (B, pm) = [Ge (ng; B, om)n >y jy € TN Ne (2.2.12)

is @ matrix of space-time clutter vectors steered to all clutter patches located at

B 2d
Up, = ETLC
with
N
N, =2
¢ [Auc-‘

denoting the number of clutter patches with N € N*,
Aue = min (ABW, du, Aup)

the minimal occurring clutter patch resolution in u,

1
5 = =
YT Ned
the array resolution in u, and
Aot
A — _ p
b= 2vp 21)pr

the Doppler resolution in u, where (2.2.3) was used as an approximation. Due to the random
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nature of the reflectivity coefficient z (@) it is not possible to obtain a closed form clutter signal.
However, its signal structure is known from space-time adaptive processing (STAP) to consist of
numerous clutter contributions which are measured in a somewhat redundant or correlated na-
ture. The radar system obtains such correlated measurements due to its multiple channels. The
extreme case in which redundant samples are taken is known as displaced phase center antenna
(DPCA) condition [4]. In this case, pulses are emitted at exactly the point in time when a sub-
sequent channel arrives at the position of the preceding channel. This is sketched in Fig. 2.2.3.
From a mathematical point of view, these redundant samples can be seen directly from the mea-

Spatial Location = n.xd + vpny/ fp

AL A L A—
| P PPN
‘| J

Figure 2.2.3.: Sampling process in space and time with fulfilled DPCA condition.
surements of a single clutter patch in case of no velocity misalignment
Genuxny (T B) = e2Tinethng), (2.2.13)
where (2.2.4) was used. In case 8 € Nt'3, one can find
pB = Nux + B(N, — 1) (2.2.14)

non redundant samples of the NN, possible samples for (2.2.13). This is known as Brennan’s
rule [17] and gives a hint on the possible rank of the emerging clutter covariance matrix

Re (B,¢m) = E{yc(B.0mye (B, om)} (2.2.15)

d
= //E {zc (@) x5 (@)} ge (@ B, om) g6 (@5 B, pm) dudd’
Zd

as only non redundant samples contribute to the clutter rank. It is known, that Brennan’s Rule
gives a good hint on the effective clutter rank also in case of non-perfectly redundant samples
i.e. for non-DPCA conditions. In this case, the samples are still correlated to each other which
results in a decay of the corresponding singular values. A common assumption is that the clutter
patch reflection coefficients «, are uncorrelated as

E{a (0)af ()} =06 (u—1),
*Which corresponds to the DPCA condition.
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where (2.1.20) was used. The required correlation of the clutter amplitude therefore is

E {:CC (u) x; (al)} =E {xcal () xZal (al>}

_ Ptxggnf “N=  (=\=% (=I\=% (=] N\ k()
- 7‘4 Jtx (u)ng(u)gtx(u )grx(u ) E {ar<u)ar (’LL )}
Ptx — (N = [\ =k (I =x (=] — —/
= P g (1) 052, 05528 (1 )
=P, (u,d)d(a—1u) (2.2.16)

where (2.1.94), (2.1.43) was used and

o Ptxg20-7 —\ = N =% I\ = _
Pe (1, 0') = === Gux (1) e (@) 305 (7)) 75 (@)
denotes the clutter patch power. In case of u = @, the clutter patch power is

-Ptxg?inétx (’lj) er (ﬂ) Or
(47)3r4 ’

Fe () =

where Gy, and G,y denote the calibrated, i.e. frequency independent, antenna gains for which
(2.1.11) and (2.1.27) was used. As such the covariance matrix becomes

d
o (B, om) = /Pc ) ge (7 B, o) g (1 B, o) da (2.2.17)
—d

The internal structure of the covariance matrix can be determined in more detail by noting the
identity
gg" = (bb") ® (aa”)

from which it can be seen that the covariance matrix R, is a block matrix formed from Ng spatial
covariance matrices of size Ny x Nyx. By looking at the individual covariance values

d
Re (nrx’ Np, ’I’er, npv Ba SDm = /PC J27ru Nex—1h ) +i27 foe (438, gom)(npfn;)da’ (22 1 8)
—d

it can be seen that the entries depend only on the channel and pulse differences n,x — nl,

and n;, — ny,. As a consequence, the clutter matrix R. (8, ¢m) is of Toeplitz-block-Toeplitz form
consisting of 2N, — 1 block matrices and every block matrix is formed from 2N, — 1 entries [17].

The covariance matrices not only offer a possibility to form a classical clutter filter as done in
STAP and shown in Section 2.3, it also provides a possibility to obtain a basis for the clutter signals.
The clutter signal y.(3,¢om) resides in a signal space spanned by all clutter signal vectors given by
the space-time clutter signal matrix G. (8, ¢m) from (2.2.12). A basis of the clutter signal space
is given by the left singular vectors U of G, (8, ¢m), where

UV = G. (8, om)
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denotes the singular value decomposition (SVD) of G. (3, ¢m) With X denoting a diagonal matrix
holding the corresponding singular values and V' the right singular vectors'*. Using basic linear
algebra, the basis of the clutter signal space U may also be found from the Eigendecomposition
of

GGl =uxzztiuh, (2.2.19)

where the property VHV = I was used. Now note, that the covariance matrix may also be
expressed compactly in matrix form as

R. (57 QDIH) =G, (57@m)E{mc$?} G};{ (5790111) (2.2.20)

using (2.2.11) and (2.2.15). Using the common assumption, that the clutter amplitudes are
uncorrelated, the covariance matrix becomes

RC (5790111) :PCGC (/BaSOm) G? (ﬂ?SOm)a (2221)

where E {mccc?} = P.I was used. Comparing (2.2.21) and (2.2.19) reveals that the covariance
matrix R. spans the space of the clutter signal vectors U. Hence, the clutter subspace can be
determined from the Eigendecomposition of R, (3, ¢m). This subspace can be used to form an
orthogonal projection filter, allowing for an improved clutter suppression. Assuming the clutter
patch power to be constanti.e. P.(u) = P, the covariance matrix (2.2.18) has a closed form
solution in case of no velocity misalignmenti.e. ¢, =0 as

Re (Fiex, Ti; B) = 2d P, sinc (2d (fux + Biip)) (2.2.22)

where sinc (z) = sin(rz)/(mx) denotes the normalized sinc function and 7,x = nyx—n,, and n, =
ny, — ny, the channel and pulse differences.” In other cases like for present velocity misalignment
om # 0'° or if an antenna pattern was to be considered (which currently is contained within

4 As known from basic linear algebra, U is a basis of the column space and V' a basis of the row space of G..

>Some authors state (2.2.22) by use of the zeroth order Bessel function 2dP.Jo (27TCZ(’I~7,rx + ﬁﬁp)) which coincides
with the sinc (+) form since Jy(z) = sin(z)/z [18].

®The covariance matrix (2.2.18) can be reformulated into

Re (¢, d; B, om) = P ejzﬂﬂ“ed\/mdﬂ

I

il‘-w\m

with P, (@) = Pe, ¢ = fixx + 508 (om) fip, d = Bsin (¢m) Ap, p = j2rdsin (¢), and P = j2xa. For this form a
closely related Fourier integral is known as

/ ej2ﬂ-ﬂced\/mdﬁ _ —dpKi (P\/m)
WatE

with the constraint d < 0 and K3 denoting the modified Bessel function of first order and second kind [19]. Unfor-
tunately, the integral limits do not match and a reformulation by use of a rect (@/2/d) results in the convolution

—dpK, (p nZ + d2)
Rc ~rX7~ y Py Pm) = — RC ~10(7~ 5
(TL np /B ® ) ﬂ_\/m * (n nP 6)
with R (firx, Tip; 8) from (2.2.22). This convolution cannot be evaluated in an efficient manner since the real part
of K1 does not decay rapidly for small mismatch angles ¢m.
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P, (w)), a closed form solution of (2.2.18) is not known. In these cases, the covariance matrix
R. (B3, pm) needs to be evaluated numerically.'” While the assumption of the clutter power to be
constant is rather non-realistic, the subspace filter obtained from it works surprisingly well also
for realistic clutter power distributions as shown in Section 7.3.2.

As an important phenomena, internal clutter motion (ICM) has to be mentioned as well. In the
case of ICM, the clutter reflectivity changes from pulse to pulse rendering the clutter amplitude
z (u) to become an N, x 1 vector [17]

Zep (1) = [en, (@0,
to the contrary of being constant as assumed before. The clutter signal of a single clutter patch
changes from (2.2.8) to

Ye (ﬂ; B, Som) = (mcp (ﬂ) ©b (ch ('a; B, Spm))) ® a’(ﬂ)

and the covariance matrix from (2.2.17) to

R. (B, ¢m) = | (P () ®b(foc (@5, ¢m))) © a(u)da,

Q‘M\m

where
P.(u) =E {wcp (@) w?p (ﬁ)} e CNoxNp

is again a Toeplitz matrix. The clutter amplitude . () is commonly modeled as a wide-sense
stationary (WSS) random processes e. g. the Billingsley model [1].

A single target signal can be modeled by use of (2.1.99) as
Yomeny (Tt Tt for) = @pel2mIoumpti2min (2.2.23)

or in vector form
Yt (fUt,ﬂm th) = Ttg (ﬂ, th) . (2.2.24)

The random nature of the target amplitude zy can be modeled by well known Swerling models
[2]. However, in this work targets are considered as non-fluctuating. The Doppler frequency

corresponding to the target is
2Urt

A’

where the radial velocity observed by the radar is [4]

Jot = — (2.2.25)

Urt = <ﬁt,77t - 17p>

with @ denoting the target velocity vector with respect to the earth surface. The observed radial

""Due to the Toeplitz-block-Toeplitz form only (2N, — 1) (2Nyx — 1) instead of N2NZ numerical integrals must be
solved. Since only big singular values are of interest, the integration error is allowed to be as big as 10~* for the
total and 1072 for the relative error according to tests in Matlab. Special care should be taken to ensure that the
central blocks for 2, = 0 are hermitian.
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velocity can be decomposed into two components
Ury = Vgu + Ur (Ut)
with
Vtu = <Ut, 77t>

and v, (i) defined as in (2.2.2). Hence, the observed Doppler frequency (2.2.25) can be decom-

posed into
24y

Ac
with the target independent component fp. (i) defined as in (2.2.1). Consequently, any moving
target posses a Doppler offset to stationary clutter reflections. Therefore, moving targets are

fot = foe () —

separated from clutter signals in the angle-Doppler domain as shown in Fig. 2.2.4. In summary,

Clutter Ridge

S~

Moving Target

1

U in

2w

Acfp

foein 1

Figure 2.2.4.: Clutter ridge in angle-Doppler domain for 5 = 1 with one moving target present.

the signal observed by the radar is

N¢—1
Y= Z Y (l‘nmﬂnt; fD,nt) + yc(/BIQOm) +n, (2226)

nt =0

where N; denotes the number of moving targets and n ~ CN (0, P,). An alternative form is
obtained by discretizing the radar scene similar to (2.1.119) as

y = A(Xt) + ye(B,om) + 1. (2.2.27)

In this form, targets are forced to be located at a grid position of the scene matrix X which in
reality is never fulfilled. Hence, straddle loss will occur when trying to reconstruct X; from an
inverse processing of the sensing operator A. In general, the separation from the moving targets
within X from the clutter y.(8,m) is subject to STAP which is discussed in brevity in the next
section.
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2.3. Space-Time Adaptive Processing

In this section, a short introduction to space-time adaptive processing (STAP) and its prerequi-
sites are given. Next to the inevitable basics and some justification why multiple channels are
mandatory for the purpose of ground moving target indication (GMTI), the idea of an orthogo-
nal projection onto the complementary clutter subspace is given in brevity as this idea is used in
Chapter 7. Finally, a short summary on STAP detectors is given as these are of major interest for
GMTI applications.

2.3.1. The Need for a Multichannel System

On a regular basis, it is questioned if it is really mandatory to use a multichannel radar system for
GMTI. This questioning stems mainly from cost considerations as evidently a multichannel radar
is more expansive. Unfortunately, the use of a multichannel system is unavoidable. In this section,
common ideas how GMTI could be realized with a single channel only and reasons why they are
either not possible at all or not suitable are discussed in brevity.

Basically, GMTl is a change detected procedure. The very first, yet naive, idea to detect a change
is to conduct two or more measurements and compared them against each other. Consistent
signal components indicate static background or clutter and differences in the measurements
indicate changes or moving targets. In case of a stationary radar, such measurements can be
conducted by use of a single channel only. However, as soon as the channel changes its position,
as is the case for a moving platform, the received measurements are quickly not comparable any
more. The reason therefore is, that the coherent sum of all reflections cause a rapid decorrelation.
From (2.1.95) and (2.2.10), a single static clutter measurement for a single channel is calculated
as

1
ye(l) = /xc (u) ejkculdu,
1

where [ denotes the location of the single antenna and the integral denotes the coherent sum of
all reflections for a single range gate. The correlation with a displaced channel is

1
Pyepe (1 1+ A1) = B {ye(Dyi (L + A} = // B {e (u) g (u) } 0 du,
—1

Assuming the clutter amplitudes are uncorrelated as E {z. (u) 2} (v')} = Pe(u,u’)d (u — ') as
given by (2.2.16), the correlation becomes

1

Tyeye (Al) = /Pc(u)e_jkcumdu.
1

Neglecting the antenna pattern i.e. P.(u) = P, the correlation has the close form solution

21
Tyeye (Al) = 2P, sinc ( 3 ) .

C
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A similar derivation for the three dimensional case can be found in [4]. For Al = A¢/2, the cor-
relation between the two measurements becomes r, . (</2) = 0, hence, the correlation decays
rapidly’®. The influence of the antenna pattern tapers the main lobe of the sinc-function to be-
come broader, however, this effect is quite limited and the measurements still decorrelate rapidly.
In order to acquire a second correlated measurement, already a second channel is required, which
conducts a measurement at the very same position a former measurement was taken. This tech-
nique is known as displaced phase center antenna (DPCA) and is, due to its poor performance
compared to STAP, nowadays only of educational interest [1]. The DPCA scheme is depicted in
Fig. 2.2.3.

A second more robust approach would be to conduct Doppler processing. The key idea is,
that any moving target causes a Doppler frequency # 0Hz and thus can be distinguished from
static background reflections. Again this works well for a stationary radar, however, only very
limited in the GMTI case. The reason therefore is that, contrary to the stationary case, the earth
also moves relative to the radar. The motion of a target of interest, however, is a motion relative
the earths motion or, in other words, a motion on top of the earths motion. It is therefore
difficult to distinguish between Doppler frequencies caused by the earths motion and Doppler
frequencies caused by the moving target. From (2.2.2) it can be seen, that the moving earth
causes observable radial velocities in the range of v, € [—up, vp], where v, denotes the platform
velocity. The emerging clutter-Doppler spectrum is sketched in Fig. 2.3.1. Doppler frequencies of

A
Endo-Clutter Exo-Clutter
_—]
—fv/2 —2vp/ e 2up /A fo/2 fo

Figure 2.3.1.: Emerging temporal spectrum in the GMTI case.

targets moving slower than v, will submerge in the Doppler band stemming from the earth. This
case is commonly known as endo-clutter and results to be the common case in GMTI applications
[4]. The detection of endo-clutter targets is subject to STAP algorithms. The complementary
case, where the target moves faster than v, is known as exo-clutter case. In this, simple Doppler
filtering would be sufficient to detect the moving target. Within the realm of GMTI, however, exo-
clutter is of limited practical importance. Quiet the contrary, usually the pulse repetition frequency
(PRF) is chosen quiet low in order to avoid range ambiguities. This in turn causes Doppler aliasing,
which at first excludes the exo-clutter case and second prohibits pure Doppler processing at all.
A third idea to detect moving targets by use of a single channel only would be to apply a
synthetic aperture radar (SAR)-like technique [4]. Using SAR, a spatially resolved radar image
of the earth can be calculated. Changes can be detected by comparing two such SAR images
created from two independent flyovers. In principle, this approach works, but only with a very
high effort to make the two SAR images comparable. In addition to the technically very complex

8For fe = 10GHz, *¢/2 ~ 15 mm.
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co-registration of SAR images, the long acquisition time required is a major disadvantage of
this approach. It causes a smearing of moving targets and a low update rate, which makes
tracking of targets impossible. Furthermore, the exact positions of moving targets cannot be
determined without any additional knowledge'?. Finally, the process of “comparing” SAR images
is also a demanding process to automatize. This falls into the area of image processing for which
machine learning algorithms must be trained accordingly. Altogether, this comprises a demanding
processing scheme which is currently not suitable for a real-time application.

The solution to distinguish targets moving relative to the earth surface from reflections of the
earth itself is to use the information from which directions the reflections arrive. As discussed
in the former chapter, the angular direction u and the clutter Doppler frequency fp. are directly
related. This means that the clutter signals occupy only a small portion of the angular Doppler
domain. Moving targets, furthermore, are separated from clutter signals in the angle Doppler
domain due to the motion induced Doppler offset. The reason for multiple channels therefor is
the need for an additional measurement dimension which allows for a separation of clutter from
moving targets as depicted in Fig. 2.2.4.

2.3.2. Fundamentals of STAP

The main purpose of STAP is to separate the moving targets from stationary clutter i.e. to sup-
press y.(5,om) in (2.2.26). Within the classical STAP approach, (2.2.26) is treated as a purely
random variable (RV) signal model with one point target and no clutter parameters given. Hence
(2.2.26) becomes

Y = yi (U, for) +ye + 1
with the target signal, clutter, and noise assumed to be uncorrelated. The main goal within STAP

is to maximize the signal to interference and noise ratio (SINR) for a given steering direction
and fp, defined as

E{‘wHyt (ﬁtht)‘Q} . Pt |ng (atht)f

SINR (@, foi) =
) = e ) i Reno

, 2.3.1)

where w € CN=™» is a linear filter vector to be chosen, P, = E {|z¢|?} is the received target
power, and
R.,, = R.+ R, (232)

is the clutter plus noise covariance matrix with the noise covariance matrix R, = P,I. Maximiza-
tion of (2.3.1) yields the so called matched filter (MF) vector

Want (7, fpt) = ome Rey'g (e, foe) (2.3.3)

9The position of a point target within a SAR image corresponds to its observed Doppler frequency. A target moving
relative to the earth surface has an additional Doppler offset and its position is thus shifted accordingly. The correct
location can only be determined if the targets velocity would be known. To the contrary, if the true position of a
target is known, the corresponding velocity can be determined. This would be possible for cars which usually drive
on roads only.
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where a.,¢ € R is an arbitrary factor not changing the achievable SINR which is
SINRopt (ﬁt, th) = P,g" (@t, th) R_'g (ﬂt, th) .
Commonly, the performance of a STAP filter is measured by the SINR loss?® defined as

SINR (a1, fo) _ |w'l (@, fo)|* P,
SNR wiBaw g (a, for) [

SINRjoss (’l_Lt, th) =
which for wyys (s, fo) is

SINRjoss,opt (ﬁt, f_Dt) = %QH (ﬁm th) R_lg (fm f_Dt) . (2.3.4)
lg (e, foe)

Usually, the SINR loss is evaluated for @, = 0 and fpy € [—1/2,1/2). Figure 2.3.2 illustrates a SINR

loss curve for simulation settings listed in Tab. 1.0.1 and CNR = 60dB. Such a graph allows

to determine an important figure of merrit of STAP algorithms, namely the minimum detectable

Doppler value, which is usually defined as fypp = argminz  STNRoss (0, fot) = —3dB. This

value allows to determine the minimum detectable velocity of a moving target. One popular

0

—20 |- u

SINR Loss in dB

—40 |- N

! ! !
—0.1 -5-1072 0 5.1072 0.1

fTD in1

Figure 2.3.2.: SINR loss for @ = 0 and settings listed in Tab. 1.0.1 with CNR = 60 dB.

choice to maximize the SINR is to minimize the clutter and noise contributions y. + n while
leaving the desired space-time steering vector under test undistorted

minE{‘wgv (ye + n)‘2} s.t. wing (s, for) = 1. (2.3.5)

Wmv

This is known as the minimum variance distortionless response (MVDR) principle or Capon beam-
former with the well known result

Rc_nlg (ﬂtv th)

fi £ 2.3.6
gH (ﬂta th) Rgnlg (ﬂt, th) ( )

Wmy =

It differs from the MF vector by the particular choice of the denominator through which the
MVDR filter achieves some kind of super-resolution compared to a simple Fourier estimator i. e.

20 Although termed loss it is indeed defined as a gain. Unfortunately, this unfortunate name is used throughout the
STAP community.
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the filter notch becomes very small [1].

A common necessity to obtain the filter coefficients is the need for the clutter covariance matrix
R, which is unknown in practice. The most basic approach to determine R.,, is by estimating it

as
- 1 Ntr

R=— D Ynin, (2.3.7)
tr nip=1

where R is the sample covariance matrix (SCM) with N;, being the number of training range gates
and y,,, a training range gate for a particular cell under test (CUT). The common assumption is
that no targets are contained withing the training data, which is one of its biggest drawbacks.
As a rule of thumb, the number of training gates has to be at least twice as big as the clutter
rank. In this case, the SINR loss compared to the optimal achievable performance (2.3.1) is within
3dB [17]. In practice, this yields an intractable number of required training gates as well as
computational burden. As a consequence, a plethora of sub-optimal approaches were developed
to reduce the required number of training gates e. g. diagonal loading (DL)

Ntr
> Yo, + diag (e),

ngr=1

Ry =

where diag (¢) € RNexNeXNexNo s 3 diagonal matrix with constant entry ¢ which stabilizes the
noise singular values of R that require many training samples to estimate. Also, sub-optimal
approaches were developed to avoid the required inversion of the big covariance matrix e. g. Pre-
and Post-Doppler approaches or other rank reducing transformations. For further information,
especially an interesting explanation on how the optimal filter suppresses clutter using an Eigen-
decomposition of (2.3.3), the interested reader may refer to common text books e.g. [1]. A
further very interesting approach introduces an auto-regressive model for the clutter signal y.
known as space-time autoregressive (STAR), which dramatically reduces the number of required
training gates [20, 21].

2.3.3. On the Complementary Clutter Subspace

It was shown in [20] that matched subspace filters offer a higher performance in terms of SINR
loss compared to classical filters using the SCM or other sub optimal approaches. We loose a
few words on this idea here since it will be used in Chapter 7. As explained in Section 2.2, the
clutter signals forming the covariance matrix R, are of correlated nature. In the continuous case
time, it can be shown that the clutter plus noise signal resides in a one dimensional subspace
allowing for a perfect separation [22]. This appealing property, however, does not translate into
the discrete regime. In the special case of DPCA, the clutter occupies a distinct subspace of a
size given by Brennan’s rule (2.2.14). Hence, rank(R.) < NN, rendering R, to be a true low
rank matrix. In the more general case, the DPCA condition does not apply, however, the clutter
signals still remain strongly correlated. As shown in [1], this results in R, to be of full rank but its
eigenvalues decay more or less rapidly depending on the antenna configuration, internal clutter
motion (ICM), system calibration, etc. Nevertheless, an effective clutter rank can be defined as
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the number of eigenvalues greater than the noise eigenvalues. Let
ch = UancnUcPrIl

be the eigendecomposition of the clutter plus noise covariance matrix with U, being a matrix
of eigenvectors and A., a diagonal matrix holding the eigenvalues sorted in descending order.
Then, since R., = R. + R, are hermitian and thus normal matrices, they can be diagonalized by
any unitary matrix, hence it follows

Ao =URR,U., = PA+ P.I (2.3.8)

and thus
/\cn,i = Pc)\c,i + Pn

fori =[1,2,..., N Np]. It shall be noted that A. denotes the eigenvalues with respect to the
clutter signal space (2.2.12). As shown in [1], eigenvalues below the noise floor do not contribute
to clutter suppression, hence the effective clutter rank is

NixNp

per = Y I(PAe;>Pu), (2.3.9)
=1

where I (-) denotes the indicator function. Now, instead of using the estimated inverse clutter plus
noise covariance matrix IA%C_HI to suppress the clutter, one may also use an orthogonal projection
onto the complementary effective clutter subspace to get rid of the clutter contributions. The
projection onto the complementary subspace is given by

P =1I-UxUY, (2.3.10)

where
NTXN €
Uet = [ucn,i]fifi eC p X Peft

spans the effective clutter space. The matched subspace filter vector therefore becomes
Wms (ﬂta th) = O‘mspclg (@m th)

and its SINR loss

gt (ﬂta th) Ptg (ﬁm th)

c : (2.3.11)
lg (@, Foo)|I5

SINRloss,ms (ﬂt, th) = OQms

where (2.2.20) was used.?’ Here, ams € [/2,1] determines the lower and upper bounds of
(2.3.11), where the worst case lower bound is achieved if all complementary effective clutter
eigenvalues would be as strong as the noise i.e. PA.; = P, for i > peg. The benefit of the

Nyx Np
i=pegf+1

Since Pt = I — Uog ULk = Urog Ullg With Usess = [ten ]
SINR loss is

S (CerNpore“ with Preff = erNp — Peff, the

2 2
lg"Peg|” Pa _ lg"Peg|” Pa
GHPL(PeGGY + PaI)Pg gl 9"Uret AcnretUlggllgll;

(&}

SINRloss =
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matched subspace (MS) filter is that the noise eigenvalues, which usually require a lot of training
gates to be estimated well, are not required. However, a practical problem arises when it comes
to determine the rank of the clutter covariance matrix p which is unknown in general. To the
contrary as suggested in (2.3.8), the noise eigenvalues of the SCM are not constant. Since the
noise values within n stem from a limited number of RVs, the eigenvalues of R,, are also subject
to a distribution, which is known as complex Wishart distribution [23]. Therefore, the simple
approach conducted in (2.3.9) is not feasible. In addition, for a wrongly chosen subspace size the
performance of MS approach may suffer dramatically [1]. In Chapter 7 an idea to circumvent this
problem is discussed.

2.3.4. STAP Detectors

For GMTI applications, STAP is set up as a detection problem. The detection is performed by
conducting a Neyman-Pearson test for which a plethora of possible detectors emerged over time.
Some of the most commonly used detectors are listed in Tab. 2.3.1, where the following assump-
tions are taken to be given or not

CFAR In the constant false alarm rate (CFAR) case, the training and the test data may be of
different scale i. e. if R, denotes the covariance matrix of the CUT, the covariance
matrix corresponding to the training data is assumed to be 0?R., with unknown
o2 € R. Hence, CFAR detectors are capable of handling heterogeneous clutter

scenarios.?2

Adaptive  In case of adaptivity, the covariance matrix R, is unknown and needs to be es-
timated in some manner. For the case of non-adaptivity, R, is assumed to be
known.

Within the test statistics in Tab. 2.3.1, the acronyms mean the following: matched filter (MF),
adaptive matched filter (AMF), Kelly’s generalized likelihood ratio test (GLRT), normalized matched
filter (NMF), and adaptive coherence estimator (ACE). A common precondition of the test statistics
is the absence of a target within the training data, as well as the CUT shares the same covariance
matrix structure. The somewhat simpler AMF detector is a simplification of Kelly’s GLRT detector
which uses the CUT data in its decision statistic [24]. For a large amount of training data, the
CUT term in the denominator tends to zero and thus coincides with the AMF detector. Hence,
the AMF is computational less expensive, however, suffers from poorer performance in case of

Nix Np
i=pesr+1

with Aceq = diag ([Ac,i} ) € Rrretf*Pretf To see this, note

PrGGIP = U UligU BV Vo B U Urer Ul

0
= Ureft [0 IpreffXPreff] Ac |:I :| Uf}elff

Preff X Preff
H
= reffAc,reff Ureff
and
Acn,reff = Ac,reff + PnI

In the worst case, this case becomes Acy rer = 2P, which yields the lower bound of (2.3.11).
22Some authors define CFAR also to be given when the test statistic is independent of scaling of R., alone. While
this is true, it is less strict as in our definition.
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Name ‘ Detector ‘ CFAR ‘ Adaptive Disturbance
Hp-1
MF |ggH1;_f;| 2 Nf X X Gaussian
Sy
AMF 1" 2 Namf X v Gaussian
g"R g §
‘gHIAfly‘ .
Kelly’s GLRT gHﬁ‘lg(H - yHR—ly) 2 MK X v Gaussian
Ner
NMF ‘QHRA;'Q > v X compound-Gaussian
(gHR_;gI,)%(ylHl‘g_ly) Z Thnmf pou u
g Yy .
ACE — — = v v compound-Gaussian
(gHR 19) (yHR ly) Z Tace p

Table 2.3.1.: Collection of STAP detectors with n denoting the thresholds.

low amount of training data?3 [25]. The NMF and ACE detectors are designed to work also in
the compound-Gaussian case i. e. a multiplicative combination of independent random processes.
This allows for the modeling of spiky clutter contributions, for which y. is modeled as a spherically
invariant random vector (SIRV)?#4 [27]. In addition to the classical estimators given in Tab. 2.3.1,
also subspace detectors were developed [29, 30]. Good performance was also shown to be
achieved if B is replaced with the projection onto the complementary clutter subspace P+
from (2.3.10) [21]. Such an approach was tested within this work and is presented in more detail
in Section 7.3.2.

2.3.5. Prerequisites and Limitations

As shown in the preceding sections, STAP requires an accurate estimate of the SCM R, from
which it forms a filter to suppress the clutter. As it is unknown in practice, it has to be estimated
in some form. In order to do so the following prerequisites are assumed to hold

e Sufficient, independently sampled training data is available

e All training data shares the same clutter structure as the CUT, i. e.
Rntr = E {yntry'rl;fltr} = O-gltchn

e No training data contains any moving target signals contributions

Violation of any of the above listed prerequisites results in degraded performance. If the required
amount of training data is not available, the expected SINR loss compared to the optimal achiev-

able is
SINRIoss,oxp o Ntr - erNp +2

SI1\H~:{loss,opt - Ntr +1

for Ny > Nex Ny

BThe AMF detector is obtained in many ways, e.g. by conducting a GLRT test assuming covariance matrix Ren
is known and afterwards replacing it with the SCM [25]. Another derivation is to conduct a Wald test on the
detection problem [26].

241t shall be noted, that the ACE detector is sensitive with respect to the clutter texture statistics and thus not very

applicable in practice. This can be circumvented by normalizing the training data as y,,,. = Yn../\/ [Yn.. I? /Nex

prior to calculating the SCM. This, however, diminishes the detection performance [27]. Furthermore, the ACE
detector is very sensitive with respect to mismatched target steering vectors [28].
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which is known as Reed, Mallot, and Brennan (RMB) rule [1]. The second condition is violated in
heterogeneous clutter environment, e. g. land-sea transitions, forest borders, regions of different
ICM characteristics etc. The last condition is violated in target-rich environments as in cities
or any kind of much traveled roads [31]. In this case, the training data likely contains moving
target signals which as a consequence results in target masking. To mitigate the effects of non-
homogeneous clutter and target masking, a large amount of STAP algorithms were designed
which either reduce the number of training samples in the hope that the available training data
is distributed as the CUT e. g. [20, 21], or a preceding selection of the training data is conducted
based on some statistical assumptions e.g. [32, 33, 34]. Further attempts try to use apriori
knowledge, e. g. a terrain map or even pre-computed covariance matrices, known as knowledge-
aided STAP (KA STAP). In recent years, low-rank approximation models received great attention.
Among those, an intermediate approach between the classical STAP and affine rank minimization
(ARM) regimes is Kronecker-STAP, which attempts to find a low rank matrix which approximates
the SCM as [35]

~ o~ ~ 2
AB= arg min R—B®AH

rank(A)<pq,rank(B)<py F
Ryw = B® A.

STAP filtering is conducted by use of Ryew, Which is supposed to be free of moving target com-
ponents due to the superimposed structure. Nevertheless, also this approach relies on suitable
training data and in addition on the validity of the Kronecker-form.

To the contrary, this work attempts to follow a completely different approach, not using training
data at all but rather to exploit the correlated nature of stationary clutter directly. By doing so, all
of the aforementioned prerequisites are circumvented, which would allow for a successful moving
target detection also for heterogeneous clutter or busy areas. Within this work, a uniform linear
array (ULA) antenna and furthermore a flat earth scenario is assumed. The approach builds
upon compressed robust principal component analysis (CRPCA) which separates low rank from
sparse matrices. It is a combination of compressive sensing (CS) and ARM approaches which are
described in the following chapter.
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3. Fundamentals of Compressive Sensing

In this chapter the compressive sensing (CS) approach is discussed in brevity. The interested
reader keen to know more on the basics of CS and its application to radar is referred to [36, 37].
Next to the theoretical basics, two algorithms most commonly used to solve CS problems are
shown, namely fast iterative shrinkage-thresholding algorithm (FISTA) and normalized iterative
hard thresholding (NIHT). These algorithms illustrate two so-called denoising schemes and serve
as a reference to the advanced algorithms presented in Chapter 6.

3.1. The Compressive Sensing Approach

The primary objective is to recover an unknown sparse vector s € C", where the number of
sparse entries k < n, from a limited number of noisy observations of the form

y=As+n, (3.1.1)

where A € CM*" (M < n) is a known affine transformation’, y € CM is a measurement vector,
and n € CM is additive noise with independent identically distributed (i.i. d.) coefficients of zero
mean and variance P,. To find a solution to this under-determined linear system, we seek the
closest sparse solution which is consistent with the measurements via

min ||s]|, subjectto h(s) < €2, (3.1.2)
S

where
h(s)=|As—yl; (3.1.3)

is the data fidelity term with |||, denoting the £, norm and €* > ||n||5 is some constant error
energy. In order to find a solution using (3.1.2) the restricted isometry property (RIP) condition

(16 (A) [Is]5 < | Asl3 < (1 + 0k (A)) |1sll3 (3.1.4)

must be fulfilled [36]2. Basically (3.1.4) means that the measurement operator A must keep dif-
ferent sparse vectors with at most K entries distinguishable. Low values of §x (A) allow for a

'For the compressive sensing (CS) algorithms, the problem is usually stated by use of a sensing matrix rather than
a sensing operator as defined in (2.1.119). Hence, the sensing operator and the radar scene in y = A (X) are
vectorized to y = Az. This is possible since within the regime of sparse entries the matrix structure of X is not
of importance. By doing so, multidimensional notations are not required and the problem gets easier to handle by
use of common linear algebra operations.

2To the contrary of the null space property, the RIP condition allows to formulate reconstruction guarantees in the
noisy case. It can be shown, that the existence of any reconstruction algorithm (potentially impractical) that can
stably recover from noisy measurements requires that A satisfy the lower bound of (3.1.4) with some constant c,
where ¢ would depend on the particular reconstruction algorithm [36].
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high reconstruction performance. Another interpretation of the RIP condition is, that the mea-
surement matrix A acts like a unitary operator on K-sparse vectors, i. e. only causes a rotation on
K-sparse vectors and preserves angles between them, thus keeping K-sparse vectors distinguish-
able. Random matrices and randomly chosen rows of discrete Fourier transform (DFT) matrices
possess this requirement with high probability. Unfortunately program (3.1.2) is NP-hard to solve.
From this point forward different approaches to solve (3.1.2) are evaluated. The first and most
basic is fast iterative shrinkage-thresholding algorithm (FISTA) presented in section 3.2, which is
a soft thresholding (ST) approach. A hard thresholding (HT) counterpart is normalized iterative
hard thresholding (NIHT) presented in section 3.3. A most sophisticated approach to solve (3.1.2)
the turbo shrinkage-thresholding (TST) algorithm together with its refinement complex successive
concave sparsity approximation (CSCSA) which are presented in Chapter 6.

For all the following algorithms presented, the signal to noise ratio (SNR) is defined as

[EE
SNR = 3.1.5
D, ( )
and the recovery success is measured as squared reconstruction error (SRE)
~ 2
SRE::ﬂiiéﬂz, (3.1.6)
15113

where s is the reconstruction result. For the phase transition plots [38], the SRE was averaged
over Ny, = 100 Monte Carlo runs as N%m Zi]\i"f SRE;, where SRE; denotes the SRE of the ith
reconstruction. All algorithms are aborted either after a maximum number of iterations I, or if
the residual error defined as

~12
s _ lly— Asll;

rel — (317)
lyll3
_lly—A4sl; _ inli3
2 = ~ 2 (3.1.8)
lyll2 |AS +n|;
2
1
> - ||’I'LH2 5 = - > (319)
(IAs]ly +lnll2)"  ([As]ly /Il +1)
2

= T a=2
1As];’

drops below a certain threshold. In (3.1.8) it is assumed that s is close to the true solution
5, (3.1.9) used the Cauchy-Schwarz inequality ||u +v|j3 < (|ul, + ||v]ly)% and in (3.1.10) it

was assumed that ||As]|, /|n|l, > 1. The expectation value of the residual error therefore
approximately is

2
MP, 1
E{G?el} ’:E{ ’nﬂ22} = ~n2 = .
| As]l; |As];  SNR
As a last stop criterion the relative improvement from iteration to iteration is used which is defined

as

Isi — si-all3
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Parameter ‘ Definition ‘ Value ‘
Dimension n 625
SNR (3.1.5) 40dB
# iterations max. 1 300

Table 3.1.1.: Simulation parameter for generation of phase transition diagrams.

The success rate is evaluated by use of phase transition plots, where for a given type of sensing
operator A (random or DFT) a number of sparse vectors s are to be reconstructed for different
measurement ratios M/n € (0,1] and sparsity ratios #/m € (0,1] [38]. In general, the higher
the measurement rate M/n is, the easier it is to find a solution to (3.1.2). In case M/n» > 1, the
reconstruction problem can be solved in any case®. Likewise, the higher the sparsity ratio #/um
is, the more difficult the reconstruction problem becomes. In case #/m > 1, the reconstruction
problem can not be solved at all. Hence, the phase transition plot renders to be a collection of
reconstruction problems of varying difficulty. Various reconstruction algorithms now compete on
how many problems of varying difficulty they can successfully reconstruct. Usually, a sharp transi-
tion of reconstructable from non-reconstructable problems arise for a given algorithm, hence the
name phase transition diagram. For a single reconstruction problem, the sparse vector s is set up
by first determining x and M from the given measurement and sparsity ratios. Then « support
indices are drawn from an i.i.d. U (1,n) distribution. The entries at the determined indices are
drawn from ani.i. d. complex Gaussian distribution. Next, the sensing operators A of size M xn
are set up, where for random sensing operators A ~ CAN (0,1) or for DFT operators A is set
up from M randomly selected rows of an n x n DFT matrix. Finally, the elements of the noise
vector n are drawn from an i.i. d. standard complex Gaussian distribution and scaled to the given
SNR according to (3.1.5). For every combination of measurement and sparsity ratio 100 Monte
Carlo runs were conducted and averaged to generate the phase transition plot. The simulation
parameters to generate the phase transition plots in Fig. 3.2.1, Fig. 3.3.1, and Fig. 3.3.2 are listed
in Tab. 3.1.1.

Finally it shall be noted, that random sensing matrices are of limited interest in radar engineer-
ing and serve here merely as a comparison benchmark since many algorithms in the literature
are stated for random sensing matrices alone. For the application of CS algorithms within space-
time adaptive processing (STAP), their performance with respect to DFT sensing operators are of
interest.

3.2. Fast Iterative Shrinkage Thresholding

The fast iterative shrinkage-thresholding algorithm (FISTA) algorithm tries to find a solution to
(3.1.2) by applying the basis pursuit denoise (BPDN) approach which relaxes (3.1.2) to

min ||s||; subjectto h (s < e (3.2.1)
1

3For instance by classical least square approaches.
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The regularized form of (3.2.1) is
s =argmin\|s||; + h(s), (3.2.2)

where A > 0 is some regularization parameter. It is of convex nature and can be solved by the
iterative thresholding (IT) approach by iteratively updating

8; = Ssx (8i—1 — nVsh (si—1)) . (3.2.3)
Here, u is some step size, ¢ the iteration index,
Vsh(sis1) = A" (y — As;y)
denotes the gradient with respect to s at s = s;_1, and

[Ss.a (®)); = (Jzi| — a) , exp (jarg (i) (3.2.4)

is the nonlinear soft thresholding operator with (-), = max (0,-). A derivation of the gradient
can be found in Appendix A.7.1. The step size is chosen as

1

M:E’

where M, is the smallest Lipschitz constant of Vsh (s) [39]. For the parameter A no optimal value
is known, however, the following heuristic formula may be used [40]

A =26/ Pa® (1 _ ;i) , (3.2.5)

n

where ¢, > 1 is some constant, ® is the cumulative density function (CDF) of N (0,1), and
a, € [0,1] is some parameter. With such a choice, a least absolute shrinkage and selection
operator (LASSO) estimator achieves a so-called near-oracle performance with probability at least
1 — a,-. Itis well known, that IT techniques have a low computational complexity, however, they
suffer from low convergence rates on the order of O (1/i) where i denotes the iteration index. To
accelerate the IT approach, (3.2.3) is expanded to

0= Sun (81— Vb (s1))

14 4/1+ 487

2

t; —1
Slz’+1=8r|-(Z )

tiv1 =

tit1 (8 = 8i-1),
which is known as FISTA technique. It barely increases the computational complexity but boosts
the convergence rate up to O (1/i2) [41]. Putting all the above steps together, the final FISTA
algorithm is listed in Algorithm 3.1. The threshold selections given in Algorithm 3.1 were evalu-
ated numerically and prove to work well in every case. In the following some simulation results
are shown for which \ was chosen according to (3.2.5) with ¢, = 1.05 and o = 0.5. The result
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Algorithm 3.1 The FISTA algorithm.
Input: A, y, uA, I

Initialization:

1. e+ min (107%,5-1073))

2: i40,d+o00,t1 1,8+« 0,8 +0
Body:

1: whiled > ecand: < I do

2: 14— 1+1

3: 8i < S (8, — pVsh (s)))

4: tiv1 < (L+/1+4¢2)/2

5: 8;+1 — S; + (ti — 1) (87; — Sz'_l) /tz‘_|_1

6 d<|si—sic1lly/ Isi-1lly
7. end while
Output: s« s;

£ £
< <
0.2 0.4 0.6 0.8 1 0.2 0.4 0.6 0.8 1
m/nin 1 m/nin 1
(a) Mean SRE in dB for random sensing operators A ~ (b) Mean SRE in dB for random DFT sensing operators.
CN (0,1).

Figure 3.2.1.: Phase transition of FISTA in SRE in dB for simulation parameters listed in Tab. 3.1.1.

for random and discrete Fourier transform (DFT) sensing operators are shown in Fig. 3.2.1a and
3.2.1b. The advantage of FISTA over normalized iterative hard thresholding (NIHT) is its lack of
parameters which have to be known somehow or may be even unknown. Its drawback is its
slower convergence rate and poor reconstruction performance.

3.3. Normalized Iterative Hard Thresholding

The normalized iterative hard thresholding (NIHT) algorithm tries to find a solution to (3.1.2) by
solving the equivalent optimization problem

s = argminh (s) subjectto [s]|, < K, (3.3.1)
S

where K is a chosen constant. Program (3.3.1) is solved by iteratively updating

Sit1 = 7‘[57[{ (Si — 1iVsh (32)) )

Fraunhofer FHR 57|255



3. Fundamentals of Compressive Sensing Fraunhofer FHR

where p; is some step size and

i, i |z| > alX
[Hsx ()], = (3.3.2)
0, else

is the nonlinear hard thresholding operator with !*] being the K** biggest entry in magnitude
in vector . As such, Hs i (x) sets all but the K largest elements in magnitude of x to zero.
The step size p; is updated in every iteration and needs to be verified such that it truly minimizes
(3.3.1) [42]. Putting all the above steps together, the final NIHT algorithm is listed in Algorithm 3.2.
The threshold selections given in Algorithm 3.2 were evaluated numerically and prove to work
well in every case. The simulation results for random sensing and the discrete Fourier transform

Algorithm 3.2 The NIHT algorithm.
Input: A, y, K, 1

Initialization:

1. €< min(107%,5-107))
2: 14 0,d< 00,800
Body:

1: whiled > eand i < I do
wi <—(13) and (14) in [42]
i1 + Hs i (8i — 1 Vsh (si))
d |sic - silly / 1sills
5: 1+ 1+1
6. end while
Output: s+ s;

A wnN

(DFT) operators are shown in Fig. 3.3.1 and Fig. 3.3.2, where the parameter K was once set to
the true number of sparse entries x of s and once to twice the number 2x. As can be seen, the
reconstruction success depends heavily on K.

Clearly, neither fast iterative shrinkage-thresholding algorithm (FISTA) nor NIHT are optimal
choices for practical problems. Therefore, improved versions are presented in Section 6.1 and
6.2 which show superior reconstruction performance and do not require parameters unknown in
practice.
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K/min 1
K/min 1

0.2 0.4 0.6 0.8 1
m/nin 1

(a) Mean SRE in dB for K = k.

0.2 0.4 0.6 0.8 1

m/nin 1

(b) Mean SRE in dB for K = 2k.

Figure 3.3.1.: Phase transition of NIHT algorithm for random sensing operators A ~ CAN (0,1)
and simulation parameters listed in Tab. 3.1.1.

Kk/min 1

K/min 1

0.2 0.4 0.6 0.8 1
m/nin 1

(a) Mean SRE in dB for K = x.

0.2 0.4 0.6 0.8 1
m/nin 1

(b) Mean SRE in dB for K = 2k.

Figure 3.3.2.: Phase transitions of NIHT algorithm for random DFT sensing operators and simula-
tion parameters listed in Tab. 3.1.1.
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4. Fundamentals of Affine Rank Minimization

In this chapter the affine rank minimization (ARM) approach is discussed in brevity. Next to
the theoretical basics, two algorithms most commonly used to solve ARM problems are shown,
namely singular value thresholding (SVT) and singular value projection (SVP). These algorithms
illustrate two so-called denoising schemes and serve as a reference to the advanced algorithms
presented in Chapter 6.

4.1. The Affine Rank Minimization Approach

The primary objective is to recover an unknown low-rank matrix L € CN1*N2 where rank(i) =
p < Nmin = min (N7, Np), from a limited number of noisy observations of the form

y=A(L) +n, 4.1.1)

where A € CM*NxN2 (M < NyN, = n) is a known affine transformation, y € CM is a
measurement vector, and n € CM is additive noise with i.i..d coefficients of zero mean and
variance P,. To find a solution to this under-determined linear system, we seek the closest low-
rank solution which is consistent with the measurements via

n}:in rank (L) subjectto h (L) < €2, (4.1.2)

where
h(L) = |A(L) —yll3 (4.1.3)

is the residual term, and €2 > ||n||3 some constant noise energy. In order to find a solution using
(4.1.2) the restricted rank isometry property (RRIP) condition

(1= 6r (A) IILIIE < M (L) < (1 +6r (A) 1Ll (4.1.4)

for all L with rank (L) < R need to be fulfilled. Basically (4.1.4) means that the measurement
operator A (-) must keep different matrices of rank p < R distinguishable. Low values of dr (\A)
allow for a high reconstruction performance. Random matrices and randomly chosen rows of
discrete Fourier transform (DFT) matrices possess this requirement. Unfortunately problem (4.1.2),
which is known as stable affine rank minimization (ARM) problem, is NP-hard to solve [43].

From this point forward different approaches to find approximate solutions to (4.1.2) are evalu-
ated. The first and most basic is singular value thresholding (SVT) presented in Section 4.2, which
is a soft thresholding (ST) approach. A hard thresholding (HT) counterpart is singular value pro-
jection (SVP) presented in Section 4.3. A most sophisticated approach to solve (4.1.2) the turbo
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singular value thresholding (TSVT) algorithm together with its refinement complex smoothed rank
approximation (CSRA) which are presented in Chapter 6. All aforementioned algorithms require
an singular value decomposition (SVD) in every iteration step which is a computational bottle neck
in case of large low rank matrices are to be reconstructed. Therefore, alternatives were evaluated
which avoid this expensive computation. One algorithm doing so is an iterative procedure called
the bi-factored gradient descent (BFGD) algorithm [43]. However, for the BFGD algorithm no
practical step size determination was available. Hence, an optimal step size determination was
developed, which was published at the EUSIPCO 2020 conference in Amsterdam [44] and can be
found in the Appendix A.6. The BFGD may serve as a final refinement algorithm and as such is
not evaluated in more detail in this work.

For all the following ARM algorithms presented, the signal to noise ratio (SNR) is defined like-
wise to compressive sensing (CS) as

~ 12
4],
NR=-——"% 4.1.5
SNR AP ( )
and the recovery success is measured as squared reconstruction error (SRE)
- 2
|z-2]
2]
F

where L is the reconstruction result. For the phase transition plots [38], the SRE was averaged
like in the CS case over Ny, = 100 Monte Carlo runs. All algorithms are aborted either after a
maximum number of iterations imax, Or if the residual error defined as

, -2,
rel = W (4.1.7)
N
e 2= HA(f)j"Hz (4.1.8)
. Inlz 1 2 @19
(Ja@|, +ml)” (JA@|, /1mly +1)
~ A("i)gQ, (4.1.10)
2

drops below a certain threshold. In (4.1.8) it is assumed that L is close the true solution L, (4.1.9)
used the Cauchy-Schwarz inequality [|u + v||3 < (Jull, + [[v]l,)% and in (4.1.9) it was assumed
that the HA(IN;) H2 / In]|5 > 1. The expectation value of the residual error therefore approximately
is

2

Tokal] el
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Parameter ‘ Definition ‘ Value ‘
Dimension Ny x Ny | 24 x 80
SNR (3.1.5) 40dB
# iterations max. 1 300

Table 4.1.1.: Simulation parameter for generation of phase transition diagrams.

As a last stop criterion the relative improvement from iteration to iteration is used which is defined

as 9
g — 1L = Licalp

Z ILi—1 3 @11
The success rate is again evaluated by use of phase transition plots, where for a given type of
sensing operator A (random or DFT) a number of low-rank matrices L are to be reconstructed
for different measurement ratios M/n € (0, 1] and degree of freedom ratios d»/m € (0, 1], where
d, = p(N1+ Ny — p) denotes the number of degrees of freedom in a rank-p matrix. The low-
rank matrices L are set up by first determining p and M from the given ratios. Here it shall
be mentioned, that since the rank p has to be a whole number, it is not possible to clearly find
a suitable integer p for every possible d,. Instead, p is determined by the closest integer to
give the desired d,. Obviously, this only approximates the desired d,, where the approximation
becomes better for larger dimensions N7 x N,. This however results in very high computation
time. With this approach, the resulting p may also result to zero, especially for small d,. In
this case, no simulations were conducted, which are indicated by blank white entries in the
following phase transition plots. For the construction of a true low-rank matrix I, two matrices
X, € CM*r and X; € CN2*r are set up, whose entries are drawn from an i.i.d. complex
Gaussian distribution. In a next step X, and X; are orthonormalized. In addition a diagonal
matrix determining the singular values of the final low-rank matrix X, is created. Finally, the
low-rank matrix is constructed as L = X, XX Next, the sensing operators A are set up,
where for random sensing operators A ~ CN (0,1) or for DFT operators A is set up from M
randomly selected rows of an N1 Ny x NNy DFT matrix following the identity y = A(L) =
Avec (L). Finally, the elements of the noise vector n are drawn from an i.i.d. standard complex
Gaussian distribution and scaled the given SNR according to (3.1.5). For every combination of
measurement and rank ratio 100 Monte Carlo runs were conducted and averaged to generate
the phase transition plot. The simulation parameters to generate the phase transition plots are
listed in Tab. 4.1.1.

4.2. Singular Value Thresholding

The singular value thresholding (SVT) algorithm tries to find a solution to (4.1.2) by applying the
nuclear norm minimization (NNM) approach which relaxes (4.1.2) to

mgn |L|, subjectto h (L) < ¢, (4.2.1)
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where the nuclear norm || L

.. defined as the sum of the singular values of L, renders to be the
tightest convex envelop to rank(L). The regularized form of 4.2.1 is

~

L =argmin A ||L||, + h (L), (4.2.2)
L

where X > 0 is some regularization parameter. It is of convex nature and can be solved by the
SVT algorithm by iteratively updating

Lit1 =S (Li — pViph (L))

where p is some step size, i the iteration index, and

Tmin

Sia(X) =" (05— a) uv}l", (4.2.3)

i=1

the so called singular value soft thresholding (ST) denoiser. Furthermore, X = U diag (o) V! is
the singular value decomposition (SVD) of X with u; and v; denoting the i*" column vector of

T
UandV,and o = [gl . gnmm} is a vector holding the singular values of X in decreasing
order. The step size is chosen as
n
= ——"""5,
M [|AJl3

where [|A||, is the spectral norm of the sensing operator [45]. For the parameter A an ideal value
does not exist. We use a value derived from (3.2.5) as

A= 26,071 (1 - %) /B max (N7, Na), (4.2.4)

where ¢, > 1 is some constant, ® is the cumulative density function (CDF) of N (0,1), and
a, € [0,1] is some parameter. With such a choice, a least absolute shrinkage and selection
operator (LASSO) estimator achieves a so-called near-oracle performance! with probability at
least 1 — ;.. Given the similarities between the LASSO estimator and the NNM approach we
may use this heuristic for a sophisticated choice of A\. To adapt this formula to our needs, we

adjusts /P, to \/Pn max (N7, Na) to reflect the noise level present in the singular values in L
[47]. Putting all the above steps together, the final SVT algorithm is listed in Algorithm 4.1. The
threshold selections given in Algorithm 4.1 were evaluated numerically and prove to work well
in every case. For the conducted simulations the parameter A was chosen as ¢, = 1.05 and
a = 0.5. The result for random and discrete Fourier transform (DFT) sensing operators are shown
in Fig. 4.2.1a and 4.2.1b. The odd reconstruction success for low values of M/n result from
the very coarse approximation of d,/m since in this case the rank p, which has to be an integer
number, can not be chosen to be close to the desired degree of freedom ratio. This is a simulation
setup effect, which can only be mitigated by increasing the problem size N1 x Ny as explained in
the beginning of this chapter. The advantage of SVT over singular value projection (SVP) is that
a successful reconstruction is possible for a wide range of the regularization parameter A where

'In compressive sensing (CS), oracle performance denotes the performance as one would get if an oracle that fore-
knows the true support of the true sparse vector & was used to reconstruct the sparse signal [46].
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Algorithm 4.1 The SVT algorithm.
Input: A, y, A\,
Initialization:
1. e+ min (107%,5-1073))
2 /(M AR
3: 1 0,d< 00, Lo+ 0
Body:
1: whiled > ecand: < I do
2: Li_|_1 — 81#)\ (Li — Mth (LZ))
33 d< |Lit1 — Lillg / || Lill
4: 14— 1+1
5. end while
Output: L« L;

1F 1F
0.8 | 0.8 |
= 06 T 06
£ £
< 04 < 04
0.2 0.2
| 1 1
0.2 0.4 0.6 0.8 1 0.2 0.4 0.6 0.8 1
m/nin 1 m/nin 1
(a) Mean SRE in dB for random sensing operators A ~ (b) Mean SRE in dB for random DFT sensing operators.
CN (0,1).

Figure 4.2.1.: Phase transition of SVT in SRE in dB for simulation parameters listed in Tab. 4.1.1.

(4.2.4) is a good choice. To the contrary, the parameters of SVP need to be known well, however,

are unknown in practice. Its drawback is its slow convergence rate and poor reconstruction
performance.

4.3. Singular Value Projection
The singular value projection (SVP) algorithm tries to find a solution to (4.1.2) by solving the
equivalent optimization problem

L = argmin h (L) subject to rank (L) < R, (4.3.1)
L

where R is a chosen constant [48]. Program (4.3.1) is solved by iteratively updating

L1 =Hir (Li — wiVeh (LZ)) )
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= = 06
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~ ~
"@Q 0.4+ \5 0.4 -
0.2 - 02
| | | | | |
0.2 0.4 0.6 0.8 1 0.2 0.4 0.6 0.8 1
m/nin 1 m/nin1
(a) Average squared reconstruction error (SRE) in dB (b) Average SRE in dB for R = 2p.
for R = p.

Figure 4.3.1.: Phase transition of SVP algorithm for random sensing operators A ~ CA (0, 1) and
simulation parameters listed in Tab. 4.1.1.

where p; is some step size which can be updated in every iteration for faster convergence and
better stability, and

R
Mg (X) =) oiuo) (4.3.2)
=1

is the nonlinear hard thresholding operator which sets all but the R largest singular values of X
to zero. Further details can be found in [48, 49]. Putting all the above steps together, the final
singular value thresholding (SVT) algorithm is listed in Algorithm 4.2. The threshold selections
given in Algorithm 4.2 were evaluated numerically and prove to work well in every case. Phase

Algorithm 4.2 The SVP algorithm.
Input: 4, y, R, I

Initialization:

11 e« min (107%,5-1073))
2: 10, d< o0, Lo+ 0
Body:

1: whiled > eand i < I do
i <—(17) in [49]
Liyy < Hir (L; — ;Vph (L))
d ¢ |Lisi — Lillp / | Ll
5: 14— 1+1
6: end while
Output: L+ L;

AW

transition plots for random and discrete Fourier transform (DFT) sensing operators are shown in
Fig. 4.3.1 and Fig. 4.3.2, where the parameter R was once set to the true rank of p of L and
once to twice the number 2p. As can be seen, the reconstruction success depends heavily on R,
which is usually unknown in practice. Nevertheless, in case R is known, the SVP shows a higher
reconstruction performance and convergence speed than the SVT algorithm.

Clearly, neither SVT nor SVP are optimal choices for practical problems. Therefore, improved
versions are presented in Section 6.6 and 6.4 which show superior reconstruction performance
and do not require parameters unknown in practice.
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1F 0
0.8 |

< c 06|
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0.2 0.4 oie 0.8 1 0.2 014 016 0.8 1
m/nin1 m/nin1
(a) Average SRE in dB for R = p. (b) Average SRE in dB for R = 2p.

Figure 4.3.2.: Phase transitions of SVP algorithm for random DFT sensing operators and simula-
tion parameters listed in Tab. 4.1.1.
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5. Fundamentals of Compressive Robust
Principal Component Analysis

In this chapter the compressed robust principal component analysis (CRPCA) approach is dis-
cussed in brevity, however, no algorithms from the literature will be given. Those are usually a
combination from pure compressive sensing (CS) and affine rank minimization (ARM) algorithms
which would not serve our purpose here. The interested reader may refer to textbooks e. g. [50].
We therefore omit those and instead refer to the algorithm developed in this work termed turbo
compressed robust principal component analysis (TCRPCA) presented in Section 6.6.

5.1. The Compressive Robust Principal Component Approach

The primary objective is to recover an unknown sparse matrix § € CN*N2 and low-rank matrix
L € CNvxN2 | \where HS’HO = k < n = N1 Ny and rank (i) = 7 < Nin = min (N1, N»), from a
limited number of noisy observations of the form

yzA(§+i)+n, (5.1.1)

where A € CM*NixNz2 (A < p)is a known affine transformation, y € CM is a measurement
vector, and n € CM s additive noise with i.i..d coefficients of zero mean and variance P,'. To
find a solution to this under-determined linear system, we seek the closest sparse and low-rank
solution which is consistent with the measurements via

min A || S|, + rank (L) subject to h(S, L) < €2, (5.1.2)

where
h(S,L)=|A(S+L)—-yl (5.1.3)

and €2 > ||n||3 is some constant error energy.

Like for compressive sensing (CS) and affine rank minimization (ARM) problems, the restricted
isometry property (RIP) condition (3.1.4) and the restricted rank isometry property (RRIP) condition
(4.1.4) need to be fulfilled to allow for successful reconstruction of (5.1.2). In the same way as
for CS and ARM, the reconstruction problem (5.1.2) is of NP-hard nature and is thus commonly
relaxed to

1391’11_150\ IS|l, + || L||, subjectto h(S, L) < €.

'"The uncompressed case y = S + L + n is commonly referred to as robust principal component analysis (RPCA)

Fraunhofer FHR 69]255



5. Fundamentals of Compressive Robust Principal Component Analysis Fraunhofer FHR

However, additional requirements to guarantee a unique solution to (5.1.2) are necessary. Intu-
itively speaking, it is possible that S is not only sparse but simultaneously low rank too. Imagine
a matrix which consists of very few sparse entries or all sparse entries are clustered into one row
or column, then this matrix is a low rank matrix as well. The same holds for L. This is known as
the identifiability issue and is elaborated in more detail in the following section.

5.2. On the Rank-Sparsity Incoherence Condition

In this section, fundamental statements regarding the aforementioned identifiability issue in order
to be able to distinguish between sparse and low rank matrices are recapitulated from [51]. The
derivations contained in this paper provide bounds and conditions for a successful separation in
the noiseless non compressed counterpart to (5.1.1) termed principal component pursuit (PCP)

(S,L) = argmin A || S|, + || L||, subjectto S+ L = C. (5.2.1)
S,L

While (5.2.1) refers to a noiseless signal model, the following remarks deliver helpful guidelines
for a successful reconstruction also in the noisy case and thus provide valuable insight into the
applicability of compressed robust principal component analysis (CRPCA) to the ground moving
target indication (GMTI) problem. As such, recapitulating from [51], let

P(p) = {M € RN |rank (M) < p}
denote the set of all rank restricted and
S(k) = {M e RVixMVz2| | M|, < n}

the set of all sparse matrices. The tangent space 7' (M) with respect to P (rank (M)) at M is
the span of all matrices with either the same row or column space as M, hence is

T(M)={UXT+YVT|X e RV Y e RM**}

where M = UX VT denotes the singular value decomposition (SVD) of M with U € RM*? and
V € RM2¥¢, Likewise, for any matrix M the tangent space with respect to S(||M]||,) at M is

Q(M) = {N € RN |supp (N) C supp (M)} .

Since both T (M) and Q (M) are subspaces in RNV1*N2 'we can compare vectors in this space.
Then it can be shown, that a necessary and sufficient condition for unique identifiability of (S, L)
with respect to the tangent spaces T'(L) and €2(S) is that they have a trivial intersection

T(L) N Q(S) = {0}.

The tangent space transversality is equivalent to a “linearized” identifiability condition around
(S, L) and is a sufficient condition for local identifiability around (S, L) but does not imply global
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identifiability. The following proposition provides a simple condition for the tangent spaces to
intersect transversally

Proposition 5.1. (Proposition 1 from [51]) Given two matrices S and L, we have that

v(S)E(L) < 1= Q(S)NT(L) = {0},
where
v(M) = max |V |5 (5.2.2)

NeQ(M),||N| <1

§(M) = 1N

. (5.2.3)
NET(M),|N|,<1

oo

The quantity v(M) is small for a matrix whose spectrum of any element of the tangent space
Q(M) is diffuse, i.e. the singular values of those matrices are not too large. Likewise, the
quantity £(M) being small implies that elements of the tangent space T'(M) are diffuse or not
too sparse. An important consequence of proposition 5.1 is the rank-sparsity principle given in
the following theorem.

Theorem 5.1. (Theorem 1 from [51]) For any matrix M # 0, it is that
v(M)§(M) > 1

for v(M) defined in (5.2.2) and (M) defined in (5.2.3).

This states that a matrix can not be at the same time sparse and posses a diffuse row and
column space. The next theorem provides sufficient conditions for a successful separation by use
of the PCP i. e. in the noiseless case using convex relaxation.

Theorem 5.2. (Theorem 2 from [51]) Given C = S + L with

V(8)E(E) < 5.

the unique optimum of the PCP program (5.2.1) is (S’, f,) provided

e ( ¢(L) 1- 3u<§>s<i>> |

L-w(S)E@D) w8

This states that if the tangent spaces are sufficiently transverse then the PCP can successfully
recover (S, 1~;) without any knowledge of the tangent spaces. It shall be noted that the presented
theorems give conditions for a diffuse sparse plus low rank separation i. e. a separation into a dif-
fuse sparsity pattern (no row or column contains too many zeros) and a diffuse row and column
space (row and column spaces are not aligned to any standard coordinate axis and hence do not
contain sparse vectors). In fact, a general separation into sparse and low rank matrices is not
unique since one can trade entries from sparse into the low rank part arbitrarily. However, a dif-
fuse separation is unique provided the conditions stated above are fulfilled. The next propositions
introduces practical bounds for the measures v(M) and £(M).
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Proposition 5.2. (Proposition 3 from [51]) Let § € RN1*N2 pe any matrix with at least ks min (S)
and at most ks (S) entries per row and column, then with v(S) as defined in (5.2.2) it holds that

Ksmin (S) < v(S) < ks (S).

This proposition states that the measure v(S) can be controlled by controlling the sparsity ratio
ks (S) which not only limits ||.S||, but also the support i.e. a clustering of sparse entries is not
permissible. An equivalent proposition for the low rank case exists for which the incoherency
measure

inc(L) = max (inceo) (L) , incrow (L)) (5.2.4)

with

inceq (L) = max |Pueills, = max HUHeiH2

incpow (L) = max |Pveily, = max HVHeZ-H2

is used, where L = UXVH is the SVD of L, Py = UU" is a projection matrix onto the column
space, and Py = V'VH a projection matrix onto the row space of L. It measures the incoherence
or how well the subspace of L is aligned with the standard basis, where inc..; (L) measures the
incoherence with respect to the column space and likewise inc,qy (L) the incoherence regarding
the row space of L. These measures are bounded by

A/ Nil < Inceol <L> <1
A /Nig < incow (L) < 1.

The following proposition establishes a bound on the measure £(M).

Proposition 5.3. (Proposition 4 from [51]) Let L € RM*N2 pe any matrix, then with inc(L)
defined as in (5.2.4) and (L) defined as in (5.2.3) it holds that

inc(L) < ¢(L) < 2inc(L).

This proposition states that the measure £(L) can be controlled by handling the incoherence
of L with respect to the standard basis. This can be done elegantly by use of a quiet common
alternative incoherence measure called p-incoherence

with the bounds

(5.2.5)
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where again the bigger measure is used
pw=max(p(U),pn(V)). (5.2.6)

By use of the Cauchy-Schwarz inequality it follows from (5.2.5) that the maximum entry in mag-
nitude of the dyadic UV for a given upper p-incoherence is [52]

Hp
uvt] < . 5.2.7
The incoherence conditions (5.2.5), (5.2.6), and (5.2.7) assert that for small x the singular vectors
are incoherent with the standard basis i. e. are reasonably spread out or in other words not sparse.
In addition they ensure that the singular vectors are not too spiky. A final theorem reformulates
Theorem 5.2 in terms of incoherence and sparsity measures.

Theorem 5.3. (Corollary 3 from [51]) Let M = S + L with ms(g’) being the maximum number
of nonzero entries per row and column and inc(L) being the maximum incoherence of the row
and column space of L as defined in (5.2.4). Then it holds that if

~ 1
ks(S)inc(L) < 12’

the solution of the PCP program (5.2.1) is (S, L) provided

. ( 2inc(L) 1— 6V(/<;S(§'))inc(i)> |
1 — 8ks(S) inc(L)’ ks (S)

The derivations so far follow [51], however, [52] gives alternative bounds e. g. the PCP succeeds

in any case given
1

4/ Max (N]_,NQ).

Also bounds allowing for a higher reconstruction success compared to those given in Theorem

A:

5.3 are presented, where the major difference is the assumption that the support of S is uni-
formly random distributed. While the concrete reconstruction success bounds do not handle the
noisy case (and most often depend on the concrete reconstruction algorithm applied), theorem
5.3 states that a control of the sparsity ratio x4(S) and the incoherence inc(L) help in finding
a unique diffuse decomposition. As such, the following operators are introduced which handle
identification issues by restricting S and L to be of identifiable form. The sparsity ratio thresh-
olding operator Q,,, : CN1xN2 — CN1XN2 which prevents clustering of sparse entries, is defined
element-wise as

Sii,  if |sis 25[.LKSN2J} and |s;; ZS.[LRSNU]
Qs (S)L-j{ ’ 5] 2 5 sl = 85 : (5.2.8)

0, else

where kg € (0,1), s;; denotes the (4, j)-th entry of S, S;. the i-th row, S.; the j-th column of S'in
Matlab notation, and z!® the a-th biggest entry in magnitude in . The infinity norm thresholding
operator P, : CN1xNo — CNxXN2 \which prevents spikiness in the low rank reconstruction, is
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defined element-wise as

P (L), = pexp (jarg (l;;)), if ‘lij|290' (52.9)

Y lij, else
The required parameter ¢ can be determined from (5.2.7) by

_ MPCWHiHQ
VNINy '

where ¢, is a parameter set manually usually < 1 [53]. Unfortunately, most parameters in (5.2.10)

(5.2.10)

are unknown since it requires knowledge of the true low rank matrix L. As a rough estimate we
may use HiH2 ~ A" (y)||,, u = 1, and p = min (N1, N;) /2. Certainly, this estimate is not
justified to be anywhere close to an optimal value but it was found from simulations that it is
sufficient to apply (5.2.9) for a limited number of iterations e.g. the first 10 iterations. This is
enough to bias the intermediate solution L; to not contain spiky entries.

To the contrary of the pure compressive sensing (CS) and affine rank minimization (ARM) coun-
terparts, no CRPCA algorithms from the literature are presented here since those usually are
a simple composition of CS and ARM algorithms. As such, only the algorithm developed in this
work termed turbo compressed robust principal component analysis (TCRPCA) is presented which
can be found in Section 6.6.

741255 Fraunhofer FHR



6. Boosting Performance of CS, ARM, and
CRPCA Algorithms

Within this chapter, a complete set of algorithms to solve compressive sensing (CS), affine rank
minimization (ARM), and compressed robust principal component analysis (CRPCA) problems is
presented. These algorithms were designed such that no parameters, unknown in practice, are
required and for unavoidable parameters equations are given to determine those. The only pa-
rameter required to know is the noise power P,. Furthermore, these algorithms offer very high
convergence rate next to low computational complexity due to the use of closed solutions of
subsequent optimization problems. The algorithms offer state-of-the-art reconstruction perfor-
mance, as will be shown by use of phase transition plots. Finally, the algorithms are designed
to be capable of complex numbers and are evaluated not only for random sensing operators but
also for discrete Fourier transform (DFT) operators, rendering them suitable for radar applications.
They are called

Turbo shrinkage-thresholding (TST)

Complex successive concave sparsity approximation (CSCSA)

Turbo singular value thresholding (TSVT)

Complex smoothed rank approximation (CSRA)

Turbo compressed robust principal component analysis (TCRPCA)

where TST and CSCSA solve CS problems, TSVT and CSRA solve ARM problems and TCRPCA
allows for solving the combined CS and ARM problem.

6.1. Turbo Shrinkage-Thresholding

The turbo shrinkage-thresholding (TST) algorithm is inspired by the turbo algorithms presented in
[54, 55, 56], which describe general reconstruction algorithms for compressive sensing (CS) and
affine rank minimization (ARM) problems applying the message passing principle. This principle
allows for a drastic improvement in convergence speed for right-orthogonally invariant linear
(ROIL) sensing operators to which random and discrete Fourier transform (DFT) sensing operators
belong’. To the best of our knowledge, [54, 55, 56] presented their algorithms for generic
and in particular hard thresholding (HT) operators but do not elaborate on soft thresholding (ST)

'Consider a linear operator A with matrix form A, the singular value decomposition (SVD) of A'is A = UaX 4 Vil
If V4 is a Haar distributed random matrix independent of X 4, we say that A is a right-orthogonally invariant linear
(ROIL) operator [57].
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operators which are of major interest in our work. The contribution of this work is to fill in
required formulas for the complex case, add a final purification step to achieve a pure sparse
solution and elaborate on the ST denoiser hence the name TST algorithm.

Like fast iterative shrinkage-thresholding algorithm (FISTA), the TST algorithm tries to find a
solution to (3.1.2) by solving the relaxed regularized convex optimization problem

§=argmin\|[s]|; + h(s), (6.1.1)

which is solved by TST by the iterative procedure

ri = Si—1— pVsh(si—1)
Zi = Ss,u)\ (Tz)
S = ¢ (Zi — ozi'ri) N

where (1 is some step size, i is the iteration index, and Ss 4 is the soft thresholding operator given
by (3.2.4). The required parameters {u, o, ¢;} are chosen according to the turbo principle such
that

(r; — )M (si_1 — 3) =0, (6.1.2)
(r; — 3" (s; —3) =0, (6.1.3)

and further that for a given s;_1,

s; — §H§ is minimized under (6.1.2) and (6.1.3) [57]. In the
above, (6.1.2) ensures that the input and output error of the gradient update step are uncorre-
lated. Equally, (6.1.3) ensures a decorrelation of the input and output error of the denoising step.
This strategy allows for an improved convergence rate compared to classical gradient approaches.
In order to fulfill (6.1.2) and (6.1.3), the true solution s is required to determine exact values for
{1, @, ¢; }. Since s is unknown, approximate formulations for {u, v, ¢;} were derived in [57] for
the real valued case. In the general complex case these parameters are

n

S - (6.1.4)
M| Al

7

Ldiv (S, (rs)  if s € RY
0 = § n Y Gomn (ri)) s (6.1.5)
ﬁdiv (Ss,u)\ (Tz>) ifs e C"

o (ZZ' — Oéz"l“z')H T
=

o (6.1.6)
zi — airill;

where div (+) is the divergence operator. Luckily, the divergence can be derived in closed form as

div (Sga (1) = > (2 — ﬁ) I(|rs > a), (6.1.7)
T
=1
where I(-) denotes the indicator function. A derivation of (6.1.7) can be found in the Ap-
pendix A.3. The next question of course is how to choose A and thus which shrinkage a should
be applied. Too much shrinkage results in a large bias while too little results in a slow conver-
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gence rate. As such, an optimal constant A does not exists, rather A\ would need to be adjusted
in every iteration. Unfortunately, to the best of the authors knowledge, a closed form solution to
determine such an optimal A is not known to exists. A reasonable choice for the parameter X is
a scaled version of the formula of [40]

A= %cr\/]?n@_l (1 - %) , (6.1.8)

which was found from simulations to perform well. The parameter ¢, > 1 in (6.1.8) is some
constant, ® is the cumulative density function (CDF) of N (0,1), and «, € [0, 1] is some param-
eter. For further details have a look into [41]. The resulting inevitable bias of a constant \ is
circumvented by a final purification step, which is conducted using the HT operator #s i ()
given by (3.3.2). This purification step is an adjustment introduced in TST and not present in
the algorithms presented in [54, 55, 56]. It is motivated by the aforementioned bias of the soft
thresholding operator Sg ;) (-) for constant selected A. As an estimate for K, we conveniently
use ||z;|,- This final purification step allows for a clean sparse solution. For further details, e. g.
proof of convergence, the interested reader may refer to the proofs given in [54, 55, 56] which
also hold for the TST version presented here.

Putting all the above steps together, the final TST algorithm is listed in Algorithm 6.1. The
threshold selections given in Algorithm 6.1 were evaluated numerically and prove to work well in
every case.

Algorithm 6.1 The TST algorithm.
Input: A, y, A\, 1
Initialization:
1. e+ min(1074,5-107))
20 i< 0,d< 00,80, < n/(M|A])
Body:
1: whiled > eand i < I do
2: 14— 1+1
3: T < Si—1 — uVsh (Sz‘_l)
4 Zp < Ss,u)\ (rz)
Ldiv (S, (r;)) ifseR”

5: o 4— 1 1 . n
57 div (Ss un (1)) ifs€C

6: C; < (ZZ' — Oéﬂ'l')H 7’1'/ ||Zz — Oéi’l'l'Hg

7: 8; < C; (Zi — Ozﬂ'i)

8 d<|lsi—si1lly/ lIsi-1lly

9: end while
100 K« ||z,
Output: 5+ Hs i (74)

In the following, simulation results are shown to illustrate the performance of TST. Phase tran-
sition diagrams for random and DFT sensing operators are shown in Fig. 6.1.1. The illustrated
reconstruction performance is close but not as high as for e.g. spectral projected gradient for
¢1 (SPGL1) shown in Fig. 6.1.2 but higher as for FISTA shown in Fig. 3.2.1a. Compared to FISTA
and normalized iterative hard thresholding (NIHT), TST shows an overall better performance. The
advantage of TST over FISTA is evident in Fig. 6.1.3 as TST shows a higher convergence rate and
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K/min 1
K/min 1
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m/nin 1
(a) Result of TST for random sensing operator A ~

(b) Result of TST for random row DFT sensing operator.
CN (0,1).

Figure 6.1.1.: Phase transition of TST algorithm in SRE in dB.
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(a) Result of SPGL1 for random sensing operator A ~ (b) Result of SPGL1 for random row DFT sensing opera-
CN (0,1). tor.

Figure 6.1.2.: Phase transition of SPGL1 algorithm in SRE in dB.

also achieves a lower reconstruction error. A throughout comparison of TST with remaining CS
algorithms in terms of convergence speed was not conducted. Nevertheless, TST is very easy to
implement (to the contrary of SPGL1), shows a state-of-the-art convergence rate, has low com-
putational complexity as there are closed form solutions available for all required parameters, and

finally it does not require any unknown parameters in general. Hence, it is well suited for practical
applications.

6.2. Complex Successive Concave Sparsity Approximation

Despite the convexity of the basis pursuit denoise (BPDN) approach presented in Chapter 3, there
is a large gap between the sufficient conditions for the robust recovery of sparse vectors using

min [|s]|, subjectto h (s) < ¢
S

compared to

min ||s||, subjectto h(s) < €%
S

In order to narrow this gap, while making the recovery tractable, we may approximate the /g
norm by a smooth function. The complex successive concave sparsity approximation (CSCSA) al-

78]255 Fraunhofer FHR



Fraunhofer FHR 6. Boosting Performance of CS, ARM, and CRPCA Algorithms

— TST —TST

—— FISTA —— FISTA
—10 |- —10 |- H
[24] [}
© ©
c c
- —20| . T —20 -
o o
W i
—30 |- | —30 |- .
—40 ! ! ! ! —40 ! \ \ \
0 20 40 60 80 0 20 40 60 80
Iteration in 1 Iteration in 1
(a) Random sensing operators A ~ CA (0, 1). (b) DFT sensing operators with random rows.

Figure 6.1.3.: Comparison of convergence speed of TST and FISTA.

gorithm does so by enforcing a stricter sparsity measure compared to the ¢; norm. The CSCSA is
our extension, applicable to complex valued problems, of the successive concave sparsity approx-
imation (SCSA) algorithm from [58], which only works for real valued problems. In this section
the idea of CSCSA is presented in brevity, a throughout derivation and more simulation results
can be found in the Appendix A.4.

T
The idea is to substitute the ¢y norm of s = [31 e Sn] by a more tractable approximation.
In general, the ¢y norm is defined as the number of non zero elements in s. Let

1 ifz=0
d(x) = (6.2.1)

0 else

be the Kronecker delta function, then we can define the £, norm of s as

n

Isllg =D 11 =6 (s, (6.2.2)

=1

where |s;| denotes the magnitude of s;. To make (6.2.2) smooth we may approximate it by

1—06(|s]) = fy(|s]) =1 —exp (—‘j) , (6.2.3)

where ~ determines how accurately the Kronecker function is approximated. An illustration of
this approximation and other common approximations to the £y norm are shown in Fig. 6.2.1. As
shown in [58], the series { f, (|s|)} converges point wise to 1 — § (|s|) as

tim £, (s =4 0
11m S =
0+ 1 else.
Thus we can define .
Isllo = > £ (Isil) = P (Isl) (6.2.4)
i=1

where |s| denotes a vector which holds the magnitudes of the elements of s. The optimization
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31— f(@) = 1= 5(=))
— f(z) =1—e"l2l/7
f(z) = |af?
 2[|— f(2) = |a|
S || =
106

xin 1

Figure 6.2.1.: Common approximations to the ¢, norm.

problem (3.1.2) may now be relaxed to
min F, (|s|) subjectto h (s) < €7, (6.2.5)
S

where the residual term h (s) was defined in (3.1.3) and €2 > ||n||3 is some constant noise energy.
The constrained optimization problem (6.2.5), for a fixed ~, can be converted to an unconstrained
optimization problem by use of regularization as

s =argmin A\, F, (|s|) + h(s). (6.2.6)

At this point it shall be noted, that the program (6.2.6) is not convex any more, rather it is a sum
of a concave and a convex function. As such (6.2.6) does not posses a unique minimum and it is
possible to get stuck in local minima. To circumvent this problem, the graduated non-convexity
(GNCQ) approach is used. The idea of GNC is to start the program (6.2.6) with a solution sy which
is somewhat close to the true solution s obtained from a convex algorithm e.g. fast iterative
shrinkage-thresholding algorithm (FISTA) or turbo shrinkage-thresholding (TST). Then, (6.2.6) is
minimized for a ~y large enough such that the solution s'is closer to s yet not get stuck in a wrong
local minima. Subsequently, v is reduced by a constant factor v < ¢y to further approximate the
¢y norm and (6.2.6) is minimized using the solution from the previous iteration. The procedure
is conducted until a stop criteria is met. The optimization problem can be solved by use of the
iterative thresholding (IT) approach by iteratively conducting

sit1 =T\ (si — uVsh (s)), (6.2.7)

where p is some step size and 72(13 is again a thresholding operator given in the Appendix by
(A.4.40). It shall be noted that 7;(3 is a closed form solution of a subsequent minimization prob-
lem emerging from the IT approach. This closed form is possible only through the special choice
of the ¢y norm approximation (6.2.3). For different choices, the subsequent minimization prob-
lem would require an additional minimization loop increasing the computational complexity. The
regularization parameters is set to Ay, = v\, where for X (3.2.5) is used. More details regarding

the CSCSA algorithm and how ~ shall be chosen are given in the Appendix A.4. The CSCSA
algorithm was published in the paper Complex Successive Concave Sparsity Approximation at the
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IRS2020 conference [59].

It is well known, that IT techniques have a low computational complexity, however, they suffer
from low convergence rates on the order of O (1/i). To accelerate (6.2.7), a FISTA like technique
is used which does not increase the computational complexity but boosts the convergence rate
up to O (1/i2) [41]. Putting all the above steps together, the final CSCSA algorithm is listed
in Algorithm 6.2. It consists of two loops, an inner and an outer one. In the outer loop 7 is
decreased gradually according to the GNC technique. The inner loop solves (6.2.6) by using a
FISTA like technique. The loops are aborted after a maximum number of iterations J and P or
if the solutions change, measured by the relative distance between consecutive solutions, drops
below certain thresholds €, and €. The threshold selections given in Algorithm 6.2 are taken
from [58] and prove to work well in every case. Simulation results of a CSCSA update onto FISTA,

Algorithm 6.2 The CSCSA algorithm.
Input: A, y, A\ I, J
Initialization:
1. < (0,0.5), u < 0.99/[|A|3
2. €< min (107%,5-1073))
3 ¢ < min(107%,5-1073))
4: s+ TST(A,y,\e,J)
5: v < max (|8])
Body:
1: 14+ 0, dy < 00
2: while d, > ¢, and i < I do
3: 1<1+1,7<0,d;+

4. t1<—1,Z1<—§,80<—§

5: while d; > ¢; and j < J do

6 j—j+1

7: 85 7;(13/ (zj — pAR (Az; — y))

8 tisn (1 + 1+ 4@) /2

9: Zjt1 < 85+ (tj — 1) (Sj — ijl) /tj+1
10: di < |Isj — sj-1lly / lIsj-1ll;

11: end while

122 do < || — 8|y /[[8]];

13: S« S;

14: v 4 cy
15: end while
Output: s

spectral projected gradient for ¢; (SPGL1), and TST for random and discrete Fourier transform
(DFT) sensing operators are shown in Fig. 6.2.2, Fig. 6.2.3, and Fig. 6.2.4. As can be seen
CSCSA significantly improves upon the results of the aforementioned algorithms. Also, CSCSA
does not depend on any unknown additional parameters and shows very low computational
complexity due to available closed form solutions of subsequent minimization problems. In case
k is assumed wrong, the reconstruction performance of normalized iterative hard thresholding
(NIHT) drops significantly as given in the comparison plot in Fig. 6.2.5. The curves in Fig. 6.2.5
indicate the 50 % success rate with respect to the Monte Carlo runs. Success is defined twofold
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(@) Result for random sensing operator A ~ (b) Result for random row DFT sensing operator.
CN(0,1).

Figure 6.2.2.: Phase transition of FISTA + CSCSA in SRE in dB.
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Figure 6.2.3.: Phase transition of SPGL1 + CSCSA in SRE in dB.
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Figure 6.2.4.: Phase transition of TST + CSCSA in SRE in dB.
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—— CSCSA —— FISTA —— CSCSA —— FISTA /
0.8 NIHT K = K == NIHT K = 2k 0.8 NIHT K = K == NIHT K = 2k

Kk/min 1

(@ A~CN(0,1) (b) Random row DFT sensing operator.

Figure 6.2.5.: Comparison of phase transitions.

as either SRE < — SNR for a strict success definition and SRE < — (SNR —5dB) for a more lax
or less strict success definition. In addition the 25 % and 75 % success rate confidence intervals are
indicated as shaded areas. As can be seen, the CSCSA refinement improves the reconstruction
performance significantly.

6.3. Turbo Singular Value Thresholding

The turbo singular value thresholding (TSVT) algorithm was inspired by turbo affine rank min-
imization (TARM) presented in [57] which solves for affine rank minimization (ARM) problems
applying the turbo principle. This principle is a special form of the more general message passing
principle. Within TARM a hard thresholding (HT) operator is applied. Hence, TARM was reworked
to use a soft thresholding (ST) operator. After finalizing TSVT it came to our attention, that a sim-
ilar approach was formerly published in [55] called singular value thresholding-turbo-compressive
sensing (SVT-Turbo-CS) conducting the same reconstruction as TSVT. The contributions of this
work beyond SVT-Turbo-CS is the expansion into the complex case, adding a final purification
step to yield a clear low rank solution and we give a formula how to select the regularization
parameter A.

Problem (4.1.2) is converted to a regularized relaxed convex optimization problem

~

L = argmin \||L||, +h (L), (6.3.1)
L

where ||L||, is the nuclear norm of L and A > 0 is some regularization parameter and h (L)
denotes the data fidelity term given by (4.1.3). Program (6.3.1) is classically solved by singular
value thresholding (SVT) but TSVT does it by iteratively updating

Ri=L; 1 —puViph(Li—1)
Z; = S (R)) (6.3.2)
Li=c(Zi—oRy)
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where p is some step size, i is the iteration index, S, (X) is the ST operator given by (4.2.3),
and «; and ¢; are required parameters explained later. The classical question now is, of course,
how to choose A and thus which shrinkage a should be applied. Too much shrinkage results in a
large bias while too little results in a slow convergence rate. As such, an optimal constant A does
not exists, rather A would need to be adjusted in every iteration. Unfortunately, to the best of
the authors knowledge, a closed form solution to determine such an optimal A is known to exists
only for the signal model X = L + E with the entries of E being i.i.d. normally distributed
[60]. However, this does not apply here since the gradient update step as input to St 4 (+) is not
of such form. We therefore follow another approach and set the regularization parameter \ as
given in (4.2.4) to

%
2n
where ¢, > 1 is some constant, ® is the cumulative density function (CDF) of A (0,1), and

A=200"! (1 - ) /P max (N1, N2), (6.3.3)

a, € [0,1] is some parameter. The resulting inevitable bias of a constant A is circumvented by
a final purification step, which is described later. The required parameters {u, a;, ¢;} are chosen
according to the turbo principle such that

<RZ- L. L, - L>F —0 (6.3.4)

<Ri —E,Li—i>F — 0, (6.3.5)

where (X, Y');, denotes the Frobenius product, and further that for a given L;_1, ||L; — i”% is
minimized under (6.3.4) and (6.3.5) [57]. In the above, (6.3.4) ensures that the input and output
error of the gradient update step are uncorrelated. Equally, (6.3.5) ensures a decorrelation of the
input and output error of the denoising step. This strategy allows for an improved convergence
rate compared to classical gradient approaches. In order to fulfill (6.3.4) and (6.3.5), the true
solution L is required to determine exact values for {p, i, c;}. Since L is unknown, approximate
formulations for {u, «;, ¢;} were derived in [57] for the real valued case. In the general case these
parameters are

n

p=——: (6.3.6)
M || Al
Ldiv (S (R; if X € RV1xN2
I b7 iv (S (Ry)) i 6.3.7)
2div (S (R;))  if X € CNvxVe
¢ = (Zi — aiRi, Ri)p (6.3.8)

1Z; — iRy

For the required divergence operator in (6.3.7), which is to be interpreted in the weak sense i. e.
it can fail to exist on negligible sets, a closed form solution exists [60]
Mmin

div (Sa (X)) = > [[(o; > a) + Aj] + 2B (6.3.9)
j=1
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for X € RM>xNz or

div (Si0 (X)) = Y _ [I(0; > a) + Aj] + 4B (6.3.10)
j=1
for X € CN N2 when X is simple i.e. X has no repeated singular values and 0 otherwise. In
(6.3.9) and (6.3.10), I(-) denotes the indicator function and

Ny =N (1- %) if X € RNixN2
v+

21N = No| +1) (1 - U%)+ it X € CNixN

Tmin Ui (Uz _ a)+
B= > ——r
i#jig=1
For more details on the derivation of {u, «;,c;}, the reader is referred to [57]. The main loop
stops if an upper limit I is reached or if the relative change of the intermediate solutions is below

a predefined threshold e.

As a last step, a purification step is conducted using a HT operator H,  (X) as defined in
(4.3.2). This purification step is an adjustment of TSVT to TARM, where in TARM the final output
is Z; and not L;. The purification step is motivated by the aforementioned bias of the soft
thresholding operator S; ) () for constant non optimally selected A. As an estimate for R, we
conveniently use rank (Z;). This final purification step allows for a clean low-rank solution with,
as shown in the simulation results, a slight improvement of the reconstruction performance. For
proofs of convergence, unique solutions etc. of TARM and thus TSVT the interested reader may
have a look into [57]. Putting all the above steps together, the final TSVT algorithm is listed in
Algorithm 6.3. The threshold selections given in Algorithm 6.3 were evaluated numerically and
prove to work well in every case.

Algorithm 6.3 The TSVT algorithm.
Input: A, y, A\,
Initialization:
1: €+ min (1074,5-107°))
20 04 0,d< 00, Lo+ 0, n/(M]|Al3)
Body:
1. whiled > eand i < I do
2: 1+ 1+1
3: R; < Li_y — pVph(Li_y)
4: Z; +— 81#,\ (Rz)
Ldiv (S (Ry))  if X € RMx2
ﬁdiv (Sl,;M (R;)) ifX € CN1x N2
6: ¢+ (Zi— aRi, Ri)p /| Zi — i Rill}
7: L, < ¢ (Zz — OéZRZ)
8  d< |Li— Li-1|lp /|1 Liallp
9: end while
10: R < rank (Z;)
Output: L« Hir (R;)

5: oy
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Figure 6.3.1.: Phase transition of TSVT algorithm of squared reconstruction error (SRE) in dB.
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Figure 6.3.2.: Phase transition in SRE in dB.

In the following, simulation results are shown to illustrate the performance of TSVT. Phase
transition diagrams for random and discrete Fourier transform (DFT) sensing operators are shown
in Fig. 6.3.1. As a comparison the phase transition diagrams of TARM and SVT are shown in
Fig. 6.3.2 for random sensing operators. The results of SVT in Fig. 6.3.2b are shown to illustrate
the performance gain achieved by TSVT and TARM. As can be seen in Fig. 6.3.2a, the results for
TARM are very good, however, only if the true rank of L is known. In case this parameter is
assumed wrong, the reconstruction performance drops significantly as given in the comparison
plotin Fig. 6.3.3. The curves in Fig. 6.3.3 indicate the 50 % success rate with respect to the Monte
Carlo runs. Success is defined twofold as either SRE < — SNR for a strict success definition and
SRE < —(SNR —5dB) for a more lax or less strict success definition. In addition the 25 %
and 75 % success rate confidence intervals are indicated as shaded areas. For a reconstruction
problem with settings M/n = »/M = 0.5 we plot the per iteration errors in Fig. 6.3.4, where solid
lines refer to the intermediate SRE HLl—IN;Hi/HiH; and dashed lines to the squared residual error
(| A (L) —yHg/Hy”; The dotted line reflects || Z; —f,||§/||f,H§ and as such illustrates the impact
of the aforementioned bias of S, (+). In this simulations we equipped TARM with the true rank
of the unknown matrix L and as can be seen it converges most rapid. SVT converges slowest as
its convergence speed O (1/i) dictates. The TSVT algorithm closely follows TARM despite its non
awareness of the rank of L. Interestingly, the final purification step at iteration 20 additionally
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Figure 6.3.3.: Result of TARM for random sensing operator A ~ CN (0, 1) in case true rank was
known.
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Figure 6.3.4.: Convergence comparison of algorithms.

improves upon the results of TARM. In summary, TSVT is very easy to implement, shows a state-
of-the-art convergence rate, has low computational complexity as there are closed form solutions
available for all required parameters, and finally it does not require any unknown parameters, e. g.
as the true rank p of L, in general. Hence, it is well suited for practical applications.

6.4. Complex Smoothed Rank Approximation

Although the performance of turbo singular value thresholding (TSVT) is already good, we can
improve upon them in a similar manner as complex successive concave sparsity approximation
(CSCSA) does for turbo shrinkage-thresholding (TST) results. The complex smoothed rank approx-
imation (CSRA) algorithm does so by enforcing a stricter rank measure compared to the nuclear
norm used in (6.3.1). The CSRA algorithm is our extension based on the smoothed rank func-
tion (SRF) algorithm [61] and the smoothed rank approximation (SRA) approach in [62]. CSRA is
applicable to complex valued problems and to the contrary of [62] has a closed form solution to
a subsequent optimization problem, hence, reduced computational complexity. We give here an
idea of how the algorithm works while a thorough derivation of the algorithm can be found in
the Appendix A.5.

To enforce a stricter rank measure, a different replacement for the rank function is proposed.
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The rank of L = UX V!, where = diag (o), is defined as the number of non zero elements in

T
o, where the vector o = [o’l gnmm] holds the singular values of L. We thus can define
the rank of L as .
rank (L) = Y [1 =6 (0i (L))], (6.4.1)
i=1

where o; (L) is the i*! largest singular value of L and § (z) is the Kronecker delta function. To
make (A.5.4) smooth we may apply the same idea as used for CSCSA

fy(@)=1—6(z) ~1—exp ('j') .

As can be seen, v determines how close the rank function is approximated. Thus we can define

Tmin

rank (L) ~ Y fy (04 (L)) = F} (o (L)) = F, (L), (6.4.2)
=1

where o (X) yields the singular values of X arranged as a vector. The optimization problem
(4.1.2) may now be relaxed to

Ingn F, (L) subjectto h (L) < €2, (6.4.3)

where h (L) is the data fidelity term given by (4.1.3). The constrained optimization problem
(A.5.6) can be converted to an unconstrained one by use of regularization, which yields

min A, (L) +h (L), (6.4.4)

where X again is some regularization parameter. In this approach, F, (L) is not concave nor
convex (since f, (x) is defined also for negative numbers) and not smooth i. e. not differentiable
at the origin. Nevertheless, the iterative thresholding (IT) method can be utilized to conduct the
desired minimization by iteratively solving

Lo; = L; — pVph(L;)

Lii1 = Uy diag (7;(1) (UOi)> Voi 043
where Ly, = Uy, diag (o;) VE)IZTI is the singular value decomposition (SVD) of the gradient update
step Ly; and 7;51) is again a thresholding operator which is given in the Appendix by (A.5.24).
To the contrary of [62], we do not need a differenct of convex (D.C.) optimization strategy to
solve (A.5.7), rather we have the closed form solution 7;53 (+) to do so. Hence our solution
shows lower computational complexity. It shall be noted that, similar to CSCSA, (A.5.7) is not
convex any more. In order to avoid getting stuck in local minima the graduated non-convexity
(GNC) approach is applied. At first an initial solution Lg is obtained from a convex optimization
algorithm like TSVT and « is chosen big enough such that (6.4.5) does not get stuck in a local
minima. After convergence, ~ is subsequently reduced until a stopping criteria is met. Details on
how to choose ~ are given in the Appendix A.5.

It is well known, that IT technigues have a low computational complexity, however, they suffer
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from low convergence rates on the order of O (1/i). To accelerate the proposed approach, a fast
iterative shrinkage-thresholding algorithm (FISTA) like technique is used which does not increase
computational complexity but boosts the convergence rate up to O (1/i2) [41]. Putting all the
above steps together, the final CSRA algorithm is listed in Algorithm 6.4. The algorithm consists
of two loops, an inner and an outer one. In the outer loop ~ is decreased gradually according
to the GNC technique. The inner loop solves (6.4.5) by using a FISTA like technique. The loops
are aborted after a maximum number of iterations J and P or if the solutions change, measured
by the relative distance between consecutive solutions, drops below certain thresholds ¢, and ;.
The threshold selections given in Algorithm 6.4 were found numerically just like done in [58] and
prove to work well in every case. A more detailed explanation of the CSRA algorithm is given in

Algorithm 6.4 The CSRA algorithm.
Input: A, y, \, J, P
Initialization:

C ¢ (0,0.5), u < 0.99/ || Al

1
2: €0 < min (107%,5-1073))
33 6 min(107%,5-107%))
4 L+ TSVT (A y,\6,J)
5. v« | L,
Body:
1: p+ 0, dy < 00
2: while d, > ¢, and p < P do
3: p<p+1lj«0,di+ o0

4. ti1+1,Z1<+ L, Ly<+ L

5: while d; > ¢; and j < J do

6: j—j+1

7 L; < T35 (Z; — nA" (A(Z;) — y))
8: tivr (14 /1 44t3)/2

9: Zjir < Lj+ (t; — 1) (Lj — Lj1) /tj
10: di < [|Lj — Lj—1llg / 1 Lj-1llp

11 end while R R

122 do + |[Lj — L[/ || L]

13: L « Lj

14: vy
15: end while
Output: L

the Appendix A.5.

Simulation results for random and discrete Fourier transform (DFT) sensing operators are shown
in Fig. 6.4.1. As can be seen, since TSVT already achieves a high reconstruction performance, the
additional gain of CSRA is not as dramatic as in the compressive sensing (CS) counterpart CSCSA.
Nevertheless, especially for DFT sensing operators, CSRA helps to boost the reconstruction perfor-
mance. A bigger impact is achieved for compressed robust principal component analysis (CRPCA)
where CSRA significantly boosts the reconstruction performance as shown in Section 6.6. In
summary, CSRA in combination with TSVT is very easy to implement, shows a state-of-the-art
convergence rate and reconstruction performance, has low computational complexity as there
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Figure 6.4.1.: Phase transition of TSVT + CSRA in squared reconstruction error (SRE) in dB.

are closed form solutions available for all required parameters and subsequent optimization prob-
lems, and finally both do not require any unknown parameters in general. Hence, they are well
suited for practical applications.

6.5. Bi-Factored Gradient Descent

The bi-factored gradient descent (BFGD) algorithm tries to find a solution to (4.1.2) by solving the
equivalent optimization problem

L= arg min h subject to rank (L) < R, (6.5.1)
L
where R is a chosen constant [43]. Instead of using a hard threshold approach like singular
value projection (SVP), the idea in BFGD is to factorize the low-rank matrix as L = UVH with
U e CNixE v e CN2xE_ Program (6.5.1) may then be solved by minimizing

F(U,V)=h(@©VY) 4\ |0 - VIV, (6.5.2)

The second term in (6.5.2) is necessary in order to prevent U and V obtaining large condition
numbers which is required by the BFGD algorithm to ensure convergence. Program (6.5.2) can
be solved by an alternating minimization scheme as [43]

U1 =U;, — pyVu F (U, Vi)
Vig1 =Vi—uv Vv F (U, V),

where uy and py denote some step sizes. The BFGD algorithm needs initial solutions Uy and Vj
which are sufficiently close to the true solution. One possibility to obtain those is to conduct a
few iterations J of the turbo singular value thresholding (TSVT) algorithm. Of particular interest is
the question of how to choose the step sizes ugy and py . The existence of an optimal step width
was shown in [43, 63, 53, 64], however, no equations based on parameters known in practice are
given. Hence, we came up with a new solution for this particular step size determination prob-
lem, for which a paper was submitted to EUSIPCO 2020 [44] and is given in the Appendix A.6 by
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(A.6.62) and (A.6.63). The phase transition results of BFGD depend on the initial solution deliv-
ered and thus on the algorithm creating it as BFGD delivers a refined solution. The benefit over
the remaining algorithms is its lower computational burden since singular value decompositions
(SVDs) are omitted. Putting all the above steps together, the final BFGD algorithm is listed in
Algorithm 6.5. The threshold selections given in Algorithm 6.5 were evaluated numerically and
prove to work well in every case.

Algorithm 6.5 The BFGD algorithm.
Input: A, y, A\, I, J
Initialization:
1: € < min (10_4, 5. 10_3/\)
22 Lo+ TSVT (A, y,\¢J)
3 Uy, %o, V'« SVD (EO)
4: Ug UIO g
5: Vo Vo3
Body:
1: 14+ 0,d<+
2: whiled >eand ¢t < T do
3: 1+ t+1
1y —(A.6.62)
wy <(A.6.63)
U; < U, - pwVuF (U, V;)
V. <V, —uvy Vv F (U, V)
4 v -z /||

9 L+« UVH
10: end while
Output: L

0 N o v A

F

6.6. Turbo Compressed Robust Principle Component Analysis

The turbo compressed robust principal component analysis (TCRPCA) algorithm is inspired by the
turbo algorithm presented in [56]. For TCRPCA, all of the aforementioned reconstruction algo-
rithms for compressive sensing (CS) and affine rank minimization (ARM) problems are combined
together. To the contrary of the turbo algorithms presented in [56], we henceforth only apply
soft thresholding (ST) operators and additionally improve the reconstruction results by applying
complex successive concave sparsity approximation (CSCSA) and complex smoothed rank approx-
imation (CSRA) refinements.

Following the graduated non-convexity (GNC) approach described in Section 6.2, the com-
pressed robust principal component analysis (CRPCA) problem given by (5.1.2)

min A, || Sy + rank (L) subject to A(S, L) < €2

with
hS,L) = |A(S+L) -yl
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is in a first step relaxed to a convex problem as

So, Lo = argmin A, ||S||, + A ||L||, + h(S, L), (6.6.1)
S,L

which is solved via a combination of turbo shrinkage-thresholding (TST) and turbo singular value
thresholding (TSVT) by iteratively updating
R,; = Si1—psVsh(Si—1,Li 1)

)

Zsi = SS,,us)\s (RSJ)

)

Si = Qu, (Csi(Zsi—asiRs;))

Ry, = Li1—wVeh(Si—1,Li 1)
Z1; = Sy (Riy)
L = Py (ai(Zii—aRy)),

where the required parameters (5, As, ¢si, and as; are determined as for the TST algorithm ex-
plained in Section 6.1 and py, A;, ¢, and «y; as for the TSVT algorithm explained in Section 6.3.
The projection parameters ks € (0,1) and ¢; are explained in Chapter 5, where for k5 a reason-
able guess is required and ¢; might be chosen as in (5.2.10). According to numerical simulations,
ks = 1/4 worked well, however, this establishes an upper bound on the permitted maximum
number of sparse entries! Finally it shall be mentioned, that the projections Q,., and P, may
be applied only on the first few, e.g. 10, iterations. The intermediate results S; and L; then
lie in a surrounding of a diffuse sparse and low rank solution and subsequent iterations won't
need any further “guidance” by the projection operators. This also circumvents the problem of
not knowing the optimal parameters s and ¢;. Once a suitable convex solution was obtained, a
refinement is conducted by solving

S,L = argmin A Fy -, (S) + N Fer, (L) + h(S, L), (6.6.2)
S.L

where Fp ., () is the ¢y approximation function (6.2.4) and F;,, (-) is the rank approximation
function (6.4.2). Program (6.6.2) is solved via a combination of CSCSA and CSRA by iteratively
updating

S, = T('YS) (Zsﬂ- — usVsh (Zs,ia Zl,i))

Ovu‘SASv’YS
L, = 7;(/’2))\1 (Z1; — NVLh(Zss, Z1;))
1+ \/@
tin =
t; —1
Zsiv1 = Si+ ( lt . ) (8i—8i-1)
i+
t; — 1
Ziiv1 = Li+ (t ) ) (Li = Li-1),
it
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where 7[)(;) (+) is the thresholding operator as defined in CSCSA in Section 6.2 and 7;%” () is
the thresholding operator as defined in CSRA in Section 6.4. The required parameters ~4 and
~, are also the same as defined in CSCSA and CSRA. Putting all the above steps together, the
final TCRPCA algorithm is listed in Algorithm 6.6 which delivers a solution to program (6.6.1) and
Algorithm 6.7 which solves for program (6.6.2).

Algorithm 6.6 Part 1 of TCRPCA algorithm delivering convex solution.
Input: A, y, As, A, ks, 1, 1
Initialization:

1. €<+ min (107%5-1073);), ¢  min (107%,5-1073)))

2 8040, Ly = 0, jus = /(M| A|I3), p ¢ n/(M |lAlI3)

3: 1+ 0,ds + 00, dj < 00
Body:
1: while (d; > eord; >¢)andi < I do
2: 1+ 1+1
3: R;; <+ Si_1— pusVsh(Si—1,Li—)
4 Zs,i < Ss,,us)\s (Rs,i)
5 (i, <(6.1.5)
6: Cs,i +(6.1.6)
7 S; Ql{s (Cs,i (Zs,i - as,iRs,i))
8: Ry; < Li1 —iyNVph(Si—1,Li 1)
9 Zy; < Sy (Ryy)
10: ay,; <(6.3.7)
11: ci <(6.3.8)
12: Li < Py, (c1i (Z1i — iRy ;)

130 ds <+ |18 — Sicillg / 1Si-1llp
14 dy« ||Li — Li—1||p / | Li-1|lp
15: end while

16: K < || Zsl,

17: R < rank (Z;;)

Output: S < Hs i (Rs,;)

Output: L < Hi g (R;;)

In the following, simulation results are shown to illustrate the performance of TCRPCA for a
discrete Fourier transform (DFT) sensing operator. A thorough comparison of TCRPCA to alterna-
tives from the literature is beyond the scope of this work. The reader may refer to extensive review
papers e. g. [65]. The simulation parameters and metrics are the same as for the aforementioned
algorithms. The phase transition plots now emerge to be of 3D nature since sparsity and low
rank measures need to be varied. As can be seen from Fig. 6.6.1, the reconstruction performance
is improved by applying the refinement (6.6.2). To see how big the successful reconstruction
volume is, the phase transition plane running along the 3 dB margin of the SRE was determined
and is shown in Fig. 6.6.2. In general the reconstruction success depends mainly on the sparsity
ratio. It was found from simulations, that in order to correctly reconstruct the special case of
S = 0, the allowed sparsity ratio per row and column needs to be limited to s < 0.25. In case
of a higher allowed ratio, § = 0 was not found any more. Consequently, only reconstruction
problems showing a sparsity ratio of x/m < 0.25 can be reconstructed successfully. Nevertheless,

part 1 of the TCRPCA algorithm achieves this border. Part 2 of TCRPCA does not apply the spar-
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Algorithm 6.7 Part 2 of TCRPCA algorithm delivering refined solution.

Input: A, y, \s, \i, So, Lo, I, J

Initialization:

1. ¢+ (0,0.5), s+ 0.99/ |A|12, 1 + 0.99/ || A|%

2: €si mln( 073,5-1073\ ) €50 < min (10_4,5 . 10_3)\5)
3 g+ min(107%,5-107°A)), € <= min (107451072
4: Vg — max(] ), Y1 HLH2

Body:

1: 140, dgo < 00, djp + 00
2: while (d,, > ¢, 0or d;, > ¢,) and ¢ < I do
3: z%z—i—lj%O d31<—oo dh%oo

4: t1 1, Zsl(—Sle<—L So(—SLo(—L
5: while (ds; > ¢ or d;; > ¢) and j < J do

6 jej+1

7: Sj + Toh, (4J—%vgu4wzun
8: Lj TmAz ( — mNVLh(Zs;, Z5))

9: Q+1ewl+4/1+4ﬁy2

10: Zsjr1 < Sj+(t; = 1)(Sj = Sj1) /tjn
[ Zijir = Lj+ (t; = 1) (Lj — Lj1) [tjn
12: dsi 1S5 — Sj-1llg / [1Si-1llp

13: dig < ||Lj — Lj—1llp /1 Lj-1llg

14: end while R R
150 dso < [|S; = S|/ S|
6 dio e |2~ Ele/ 2]
17: S« S;, L+ L;

18: Vs < C¥ss VI £ €V

19: end while

Output: S L
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Figure 6.6.1.: Phase transition plots of TCRPCA in SRE in dB.

sity ratio operator and is able to extend the region of successful reconstructions for sparsity ratios
x/M > 0.25. The fact that only problems of low sparsity ratio can be reconstructed successfully is
also known from other CRPCA algorithms [53]. In the same manner as for the sparsity ratio «s,
also the infinity norm thresholding operator (5.2.9) was needed to be limited to ¢, < 0.5 in order
to successfully recover the special case of L = 0. This incurs likewise restrictions regarding the
possible reconstruction performance of the TCRPCA algorithm. If the special cases S = 0 and/or
L = 0 can be excluded, the region of successful reconstructions can be extended by some extend
by relaxing ks and ¢, respectively. How to treat the special cases of either S=0orL=0in
a satisfactory manner, i. e. to relax x, and ¢, is still an open question. The obvious approach of
conducting a CS, an ARM, and an CRPCA reconstruction separately and comparing the resulting
residual errors to determine if either § = 0 or L = 0 does not work. Especially in case of low
n/m the CRPCA approach always yields the lowest residual error regardless if the scene is strictly
sparse or low rank due to its larger degree of freedom. In summary, TCRPCA combines the ad-
vantages of all aforementioned CS and ARM algorithms. In general only problems of low sparsity
ratio can be reconstructed due to the required rank-sparsity incoherence condition. Nevertheless,
TCRPCA achieves a high value of x/m < 0.25 compared to other CRPCA algorithms e. g. [53].
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Figure 6.6.2.: 3dB margin phase transition planes of TCRPCA.
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7. Application of CS and ARM Algorithms to
GMTI

In this chapter we illustrate the application of compressive sensing (CS) and affine rank minimiza-
tion (ARM) algorithms to the ground moving target indication (GMTI) problem. At first, we show
where the low-rank property of GMTI signals comes from and illustrate how to exploit it which
leads to an auto-clutter focus (ACF) algorithm. Once the low-rank was established, we show the
separation of moving from non-moving targets via turbo compressed robust principal component
analysis (TCRPCA).

7.1. On the Low-Rank Nature of GMTI Measurements

In this section a different approach compared to the classical space-time adaptive processing
(STAP) idea is presented. The fundamental idea is the observation, that in case of a multi channel
array, every channel observes the very same clutter scenario. It is therefore possible to form a
low-rank matrix from such clutter measurements. This low-rank property can be exploited to es-
timate certain measurement parameters as discussed in Section 7.2, e.g. the clutter ridge slope
B, the velocity misalignment angle oy, etc., or to separate the low-rank clutter measurements
from moving targets which is discussed in Section 7.3. In this section, the two low-rank property
natures of clutter measurements are revealed and practical implications regarding limited obser-
vation times etc. are discussed'. Finally, the low-rank properties of various clutter scenarios are
demonstrated by use of simulated examples.

7.1.1. The Primary Low-Rank Form

In Section 2.2, it was shown that measurements from a static clutter scene are of the form
d
B@m :/xc UfDC(UBQOm))d u, (7.1.1)
-d

where z. () denotes a clutter amplitude in normalized directional cosine direction @ and

G (4, foe (@; B, om)) the space time signal matrix defined in (2.1.101) corresponding to the
emerging clutter Doppler frequency fp. (; B3, ¢m). This measurement process is a linear map
from the radar scene spanned by @ and fp into the measurement scene spanned by the spatial

'In general there are multiple approaches possible to formulate or introduce a low rank matrix in the signal model. A
popular one is the lifting technique which models the scene by use of dyadic products. This approach was studied,
however, it was found to not be optimal for the subsequent separation of moving from non-moving targets by use
of compressed robust principal component analysis (CRPCA).
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and temporal measurement dimensions d’ = n.d and t' = nptp. Some more insights can be
found by looking at the scalar, non normalized, and continuous version of (7.1.1)

1
Yo(d' s B, om) = / we (u) 2 Ioe(UiBom)t gizrud 4y, (7.1.2)
—1

=7 ! {xc (u) ej27rch(u;ﬁ,som)t/} 7

which is an inverse Fourier transform (IFT) with respect to u denoted by F, . This form can be
further recast by applying a Fourier transform (FT) followed by an IFT with respect to the emerging
Doppler frequency fp to

o oo 1
ve(d', 15 B, om) = / / T (1) @2 oe(uibem)ll gizmud’ o ~12m fol! o127 ol qydt/d fy
-1
1

o0

_ / / 2o ()8 (fo — foo (u; B o)) 827 27907 qud f

1

- f’g}lo]_‘u—l { ‘TC(U) 5(fD_fDC(U;/BaSOm))}’ (7.1.3)
N—_———— S—~—

map to meas. dom. static clutter influence of moving radar

which now is of the form of a two dimensional IFT with respect to u and fp, where o de-
notes the composition of functions as g o h(z) = g(h(z)). Another key observation is, that
the measurements are of correlated nature as can be seen from the auto correlation function of
ye(d',t'; B, om). The auto correlation function was introduced in Section 2.2 and in the continu-
ous case is

1
R (A, A3 B, o) = / P, (u) A2 foc(uiBom) B gy, (7.1.4)
-1

where (2.2.18) was used. As can be seen, measurements displaced by Ad’ and At’ for which
uld' + fpe (u; B, om) At = 0 holds are maximally correlated. In summary, the aforementioned
observations permit the following useful conclusions which are illustrated in Fig. 7.1.1:

e The static clutter scene z. (u) is subject to an angle dependent Doppler shift caused by the
moving radar. This creates the clutter scene observed by the radar

™ (u, fo) = ze () 6 (fo = foe (43 B, ¢m)) , (7.1.5)
which contains the famous clutter ridge known from all STAP textbooks e. g. [4, 1, 17] etc.

e The shifted clutter scene is mapped to the measurement domain via a two dimensional IFT
ye(d' s B om) = Fpl o F, {»”Eih (u, fD)}

e The measurements . are highly correlated along displacements for which
ulAd' + fpe (u; B, pm) At = 0 holds.
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Figure 7.1.1.: lllustration of the measurement process.

The two dimensional IFT in (7.1.3) naturally coincides with the general measurement signal for-
mulation of a multi-channel radar system presented in Section 2.1.4. Hence, the formulation
given by (2.1.114) can be directly used to obtain the discretized measurement or sensing model
from (7.1.3), which yields

Y. (B, om) = AXSEBT € CNexxPe (7.1.6)

where
X5 = |2 (ny/Nu,np/Np) e CNwx Mo

nu€Q N, D EQNY
denotes the discretized shifted clutter scene with the bin indices n, and np defined in (2.1.111)
and (2.1.112) and A € CN=xNa and B € CNe*Vo the spatial and temporal steering matrices
given by (2.1.115) and (2.1.116). In case of a uniform linear array (ULA) antenna and equidistant
pulses, A and B are inverse discrete Fourier transform (IDFT) matrices. For convenient illustration
purposes presented in the following, the transformation from the radar scene into the measure-
ment domain is shortly denoted by the measurement operator B : CNuXNp —y CNexxNo 39

Y. (B, om) =B (Xﬁh) . (7.1.7)
The shifted clutter scene is modeled as
X" = Dy(Xe; B, om), (7.1.8)

where Dy : CNuxNo —, CNuxNb 5 3 sub sample shift operator realizing the shift fp— fpe (u; 8, ¢m)
from (7.1.3) and X, denotes the so-called primal, i.e. Doppler focused, low rank form of the
clutter. The shift operator is modeled using the modified Fourier shift identity?

Dy(X; B, pm) = (FA(ﬁ,cpm) © (X (Ffl)T>> F} (7.1.9)

2This allows for optimizations later on.
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Discretized Primal Low Rank Form D Shifted Clutter
X. ! - X:h
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}/::fc,fD Yé
Doppler Focused Clutter Measurements Radar Measurements

Figure 7.1.2.: lllustration of the discretized primal low rank form sensing model.

with Fy € CNo*Np denoting a discrete Fourier transform (DFT) matrix resulting in a FT of the fp
dimension, ® the Hadamard product, and

FA(B,¢m) = exp (—j2mnf FA(B, om)) (7.1.10)
the Fourier shift matrix with

ng =1[0,1,...,Np —1]"
Ny /2-1

B (7.1.11)
Fa(B,om) = [ch (i/Nu; B, 90m)]i:—Nu/2 :

The corresponding Doppler shifts fp. (@; 3, om) are given by (2.2.7). In summary, the following
sensing model can be formulated by combining (7.1.6) and (7.1.8) to

Y. (B, 0m) = BoDy(Xe; B, ¢om)
= Af(Xe; B, om)- (7.1.12)

Figure 7.1.2 shows an overview of the introduced model, where the “Doppler focused” clut-
ter measurements Y;fC’fD, which correspond to measurements taken from X, directly, allow for
valuable insights explained further below. As can be readily seen from Fig. 7.1.1, the original
discretized clutter scene X. is supposed to be a low rank matrix formed by a single column or
in other words all clutter contributions are supposed to be located at zero Doppler. Within the
scope of this work, this is termed as the primary low-rank form of clutter measurements as it is
the physically inspired form. The rank of the clutter scene observed by the radar is increased due
to the motion induced Doppler shift. Nevertheless, this process is reversible in case the required
parameters 5 and ¢, are available. These, in general, may be unknown or partially known from
inertial measurement unit (IMU) measurements. As a matter of fact, however, it is possible to
estimate these parameters from Y. directly, exploiting the aforementioned effect of the Doppler
shift on the rank of X", This is discussed in more detail in the following Section 7.2.

The sensing model (7.1.12) reveals one important practical limitation which is not considered
in the continuous model y.(d',t'; 8, ¢m): it offers only a limited spatial aperture and sampling
time. This gives rise to the following implications:

e Leakage of the clutter signal due to limited angular and Doppler resolution

¢ Incomplete measurements
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Figure 7.1.3.: lllustration of incomplete measurements due to limited CPI interval.

The limited angular and Doppler resolution causes side lobes in the angular and Doppler dimen-
sions and as such the emerging clutter leakage potentially covers weak moving targets. This
effect is circumvented by applying the techniques presented in Section 7.3. The effect of in-
complete measurements is more severe but can be handled efficiently as will be discussed in
the following sections. Incomplete measurements are all measurements which are cut off at the
beginning and at the end of a coherent processing interval (CPI). This is illustrated in Fig. 7.1.3.
Since a Fourier transformation assumes periodic signals, the temporal windowing due to the time
limited CPI gives rise to a more densely populated spectrum?® which corresponds to additional
clutter leakage. Furthermore, the incomplete measurements also increase the minimum achiev-
able rank of X, which can be found from Y.. This is disadvantageous for the estimation of the
parameters 3 and ., as well as the separation of the low rank clutter from moving targets. To
further investigate on this effect, consider how the clutter of the primal low rank form looks in
the measurement domain as
Yeolr = B (Xo),

with the primal low rank form found from the observed clutter measurements as
Xe = AN (Yo B, om)-

The result of this inverse sensing operation, Y=</, is termed “Doppler focused” clutter mea-
surements as the clutter ridge energy is focused onto fp = 0. An illustration of the focused
measurements is shown in Fig. 7.1.4% At first note, that the measurement operator B con-
sists of DFT matrices and as such is a unitary operator. The singular values of a matrix, and its
rank respectively, are invariant with respect to unitary operations, hence, the rank of W and
B (W) are identical. We therefore can make statements regarding the low rank properties in
both domains, the measurement as well as the radar scene domain. At this point, looking at the
measurement domain is beneficial as will be seen shortly. Furthermore, note that a shift in the
Doppler dimension in the radar scene domain corresponds to a shift in the spatial dimension in

3This corresponds to the FT of a step function.

4Strictly speaking, the illustrations in Fig. 7.1.4 are matrices to the contrary of the illustrations in Fig. 7.1.1 and
Fig. 7.1.3, which correspond to the continuous measurement model. For sake of clarity, however, the column and
row lines are omitted.
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Figure 7.1.4.: Doppler focused clutter measurements Yo found from observed clutter mea-
surements Y.

the measurement domain®, which is indicated by the arrows in the left picture of Fig. 7.1.4. The
result after a perfect shift back is illustrated on the right side of Fig. 7.1.4, which consists of three
parts, two triangular areas containing the incomplete measurements and a central area holding
all correlated complete measurements. The triangular forms emerge due to the cyclic nature of
the Fourier shift operator Dy. As can be seen, the Doppler focused measurement matrix yle/o
is not a low rank matrix due to the discontinuation border. Low rank matrices are available in
the center part only and unfortunately only a small portion of the total measurements Ny Ny, is
usable to form those. The only possibility to increase the size of the available low rank matrix is
to increase the number of channels N, which in case of a radar system is inconvenient. A more
advantages form offers the dual low-rank form of clutter measurements, which is presented in
the following section.

7.1.2. The Dual Low-Rank Form

The primal low-rank form discussed in the previous section emerges from the physical interpreta-
tion of a non moving radar, which corresponds to all clutter components located at zero Doppler.
Nevertheless, it is also possible to form a low-rank matrix from the shifted clutter scene X" by
relocating all clutter components at zero angle i.e. @ = 0 which may now be denoted as X! to
distinguish it from the primary form X_.. This is illustrated in Fig. 7.1.5, where the shift amount
in w for given 8 and ¢y, is

(i By ) = —J;D cos(pm) + /@ sin? (9) — Jp?/Bsin (o) for |fp| < dsin (9) 5,
(7.1.13)
for which (2.2.7) was used. Within (7.1.13), ¥ denotes the polar angle to the current range gate
under test as shown in Fig. 2.1.2. In case of a flat earth condition, which is assumed in this
work, ¥ renders to be a constant. For all simulations to follow, ¥ is assumed to be known and
set to ¥ = 7w/2rad which is a choice also used in [1]. The area fp > dsin (9) 3 is free of clutter,

®Recall, that a shift in Doppler in the radar scene relocates all Doppler components to zero, which in turn corresponds
to a non moving radar. For a non moving radar and a static clutter scene, all antenna channels obtain constant
measurements from pulse to pulse. Hence, the measurements align along the channel indices.
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Figure 7.1.5.: Primal and dual low-rank clutter illustration.

however, this case does rarely occur in practice. In order to extend (7.1.13) to be defined for

fp € [~1/2,1/2), it is modified to

(7.1.14)

0o B ) = — 29 cos(iom) + /| s () = /2] sin (o).

This form is advantageous for gradient descent algorithms compared to (7.1.13). The shifted
clutter scene is obtained from the discretized dual low rank form as

X = Du(X; B, om),s (7.1.15)
where D,, : CNuXNo , CNuXNp s 3 sub sample shift operator realizing the shift u—u. (fp; 8, m)-

It is modeled using the modified Fourier shift identity®

Du(X; B, om) = Fu (Ua(B, om) © (F, 1 X)) (7.1.16)

with F,, denoting a DFT matrix resulting in a FT of the @ dimension and

Un (B pm) = exp (—j2mnq@A (B, om)) (7.1.17)
the Fourier shift matrix with

ng=1[0,1,...,Ny —1]"
i o N /21 (7.1.18)
un (/87 (Pm) = [Uc (Z/NDQ B, som)]i:—ND/Q .
The dual form sensing operator yielding the clutter measurement samples is
Y. (B, ¢m) = B o Du(X¢; B, ¢om)
(7.1.19)

= -Au(ngﬁv (Pm)a

where (7.1.7) and (7.1.15) was used. Figure 7.1.6 shows an overview of the dual low rank form
model. Again the “angle focused” clutter measurements

YU = B(XE)

(7.1.20)

®This allows for optimizations later on.
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Figure 7.1.6.: lllustration of the discretized primal low rank form sensing model.
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Figure 7.1.7.: Angle focused clutter measurements Y:" found from observed clutter measure-
ments Y.

with the dual low rank form found from the observed clutter measurements as

X! = A7 (Ye; B, 9m)
yield valuable insight regarding the effect of incomplete measurements. This is illustrated in
Fig. 7.1.7. A shift in the angular dimension in the radar scene domain corresponds to a shift in
the temporal dimension in the measurement domain. As a consequence, the size of the low-
can be increased by increasing the number of pulses N,’, which

fc,u

rank matrix contained in Y;
is convenient for pulsed radar systems. Thus, the dual low-rank form is beneficial in terms of
sample efficiency and is therefore used in this work. The primary low-rank form is beneficial in
case of many available antennas e.g. in sonar applications. The total length of the incomplete
measurements in the angle focused measurements Y." given in number of pulses n, equals
one aperture length

Tty
Nixd = vy, —=
p fp
and as such the length is approximately
er
ntr(ﬁ)QQ{ 5 J, (7.1.21)

’Increasing the number of pulses increases the number of complete measurements.
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where (2.2.5) was used. By use of this length, a cutting operator C : CNexxNe — CNexxNo can be
defined as
CY.,B8)=2z(p) oY, (7.1.22)

where

Z(/B) = [Oerxntr(IB)/21er><(prntr)Oerxntr(B)/Z]

is a matrix of zero and one block matrices. Applying the cutting operator onto the back shifted
measurement as
nfcct,u —C <chc,u7 ﬁ) (71 23)

sets all non complete measurements within Y% to zero, yielding Y2°“** to be a matrix with the
same singular values (and thus rank) as of the contained low rank matrix illustrated in Fig. 7.1.7.
Until this point, the low-rank forms of the static clutter measurements were presented from
a theoretical point of view. The following section illustrates the dual low-rank form for various
simulated clutter scenarios in order to validate the sensing operator formulation (7.1.19).

7.1.3. Evaluation of the Dual Low-Rank Form by Use of Simulations

The theoretic introduction in the previous section may suggest, at a first glance, that the dual low-
rank form after excluding incomplete measurements is always a rank one matrix. Unfortunately,
this is not the case due to the discretization in the measurement domain. For this to be true, fully
correlated measurements are necessary as will be shown in the following. The continuous auto
correlation function (7.1.4) reveals perfectly correlated measurements to exist if

uld + fpe (u; B, om) A =0

holds, which for continuous spatial and temporal displacements Ad’ and At is always possible.
In the discretized (and here normalized) version, this condition becomes

Ufyx + foe (@5 B, om) fip = 0, (7.1.24)

where n,x € N and 7, € N denote the channel and pulse differences. Condition (7.1.24) is a
Diophantine equation which, depending on the parameters § and ¢.,, may not allow for any
non-trivial solution else than n,x = n, = 0. Hence the clutter measurements may not be fully,
but nevertheless strongly correlated. The correlation between the measurement samples is given
by (2.2.18) as

d
e L L
—d
where the clutter distribution was assumed to be independent, i. e. the clutter power is P, (u) =
E{\xc (a)]Q}. As an example, in case of no velocity misalignment and homogeneous clutter
distribution, the correlation has the closed form solution (2.2.22), which was

Re (furx, ip; B) = 2d P sine (2d (Tiex + Bip)) - (7.1.25)
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’ Level ‘ B ‘ ©m ‘ Back-Attenuation ‘ ICM ‘ Remarks
1 N - - - DPCA condition, measurements fully correlated
2 R| - - - measurements partially correlated
3 R|#0 - - velocity misalignment present
4 R|#0 #0 - reflections from the rear side of the radar present
5 R|+#0 # 0 #0 ICM further reduces measurement correlation

Table 7.1.1.: Levels of difficulties considered for GMTI simulations.

From this special case it is obvious to see that for different combinations of channels and pulses
a high correlation can be present e. g. in case®

- . 1
2d (Myx + B1ip) S 7
For not fully correlated samples it is not possible to find a mathematically strict low-rank matrix.
For strongly correlated samples, however, it is possible to find an accurate approximation or

effective low-rank matrix. Consider the noisy sensing operation derived from (7.1.19)
Ye (B, ¢m) = Au( X5 B, 0m) + N, (7.1.26)

with the entries of N ~ CN (0, P,) i.i.d., where P, denotes the noise power. The effective rank
of X¥ may now be defined similar to (2.3.9) as the number of singular values o (X*) which are
bigger than the maximum noise singular value omax(IN) = || N ||,

max(Ny,Np)
Peff = Z [(0; (X¢') > omax(IV))
=1
where I(-) denotes the indicator function. In the following, this effective rank will be illustrated
for various clutter scenarios.

Within the realm of ground moving target indication (GMTI) various decorrelation effects are
known which in turn increase the minimum achievable effective rank® of X from Y.. Exam-
ples of these decorrelation effects considered within this work are a non present displaced phase
center antenna (DPCA) condition i.e. 8 € R, present velocity misalignment angle i.e. ¢, # 0,
reflections from the rear side of the radar denoted as back attenuation'®, and internal clutter
motion (ICM). These effects individually and in combination complicate the successful detection
of moving targets. For their evaluation, certain “levels of difficulty”, as defined in Tab. 7.1.1, are
introduced in this work, combining the aforementioned effects in ascending order of severeness.
The considered effects are by no means exhaustive. Additional effects, subject to further investi-
gations, are e. g. impacts of non perfectly calibrated antennas, broad band decorrelation effects,
range walk decorrelation, etc. More information regarding these effects can be found in [1].

8In this case, the correlation would be sinc (1/2) > 0.63.

°In the classical STAP theory, these decorrelation effects increase the rank of the covariance matrix, resulting in an
increased number of required training samples for its estimation.

19Thjs effect may be negligible for side mounted arrays, for bottom mounted circular arrays, however, it is not.
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The following simulations show scenarios for the various levels of difficulty as defined in
Tab. 7.1.1 for a radar corresponding to the parameters shown in Tab. 1.0.1. Furthermore, a
broadside oriented ULA antenna with d = \./2 element spacing was assumed. As such the nor-
malized Doppler frequency is fp € [—1/2,1/2) and the normalized direction cosine is u € [—~1/2, 1/2).
Also, the clutter was assumed to be Rayleigh distributed. The low rank properties of the dual low
rank form are evaluated by the following procedure:

e For given parameters 5 and ¢y, clutter measurements Y, are simulated by use of (7.1.1)

e For a comparison with noise singular values a noise matrix N ~ CN (0, 1) is simulated (but
not added to Y)

* The properties of the low rank forms are evaluated by comparing the respective singular
values to the noise singular values in the order described in the former sections:

the shifted clutter measurements observed from the radar X" = B~ (Y;)

the dual low rank form in the radar scene domain X% = D; (X" 3, om)

the corresponding angle focused measurement Y{%" = B (X¥)

the cut angle-focused measurements Yo" = ¢ (chc’“, B) and

the respective appearance in the radar scene domain X% = g1 (YCfCCt’“>.

Recall from Section 7.1.1, that B is a unitary operator and hence chc’“ and X, as well as Y;fCCt’“
and X<, have the same singular values. Their respective appearances in the measurement
and radar scene domain are shown for illustrative purposes only. For the angle focus operations
D7 (XM B, o), the parameters 8 and ¢y, are assumed to be known. Later on, we attempt to
estimate these parameters during the clutter focus procedure, which is presented in Section 7.2.

Dual Low Rank Form for DPCA Condition The following example illustrates the dual low
rank form in case of a fulfilled DPCA condition for the specifically chosen parameters 5 = 1, and
em = 0. Within this work, this is termed a level one difficulty as listed in Tab. 7.1.1. The DPCA
condition is depicted in Fig. 2.2.3, where preceding antenna phase centers are located at the
position of leading phase centers for subsequent pulses. In this case, the entries in Y. simplify to

d
ycanrxnp - /aj (a) eJQﬂa(an+np)dﬂ7
—d

which obviously gives identical samples for n.x + n, = const. in case of static clutter'. Further-
more, the correlation of the samples is given by the closed form solution (7.1.25). In this case,
the Diophantine equation (7.1.24) allows for non-trivial solutions, hence, there exist channel and
pulse differences n. and 7y, such that the correlation (7.1.25) yields a maximum. An illustration
of such fully correlated measurements is shown in Fig. 7.1.8. The achievable dual low rank form
for such a setting is depicted in Fig. 7.1.9. At first, notice the non low rank nature of the shifted

""Which means if the clutter does not change from pulse to pulse.
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Figure 7.1.8.: Measurement matrix Y. in case of DPCA condition.

clutter scene X" from Fig. 7.1.9a and the corresponding singular values in Fig. 7.1.9b. Due to
limited angular and Doppler resolution and the incomplete measurement phenomena described
in Section 7.1.1, strong clutter leakage is present. The singular values do not drop below the
noise singular values, hence, X3! is of full effective rank. The dual low rank form X and the cor-
responding singular values are shown in Fig. 7.1.9c and 7.1.9d. The clutter ridge is now focused
at u = 0, however, the clutter leakage now shows a diagonal course caused by the circular shift
operation D, 1. As a consequence, the clutter singular values in Fig. 7.1.9d show a more con-
centrated energy at the first singular vectors but due to the diagonal leakage course, the clutter
singular values do not drop below the noise singular values. The dual low rank form X there-
fore also has full effective rank. Nevertheless, X* is more similar to a low rank matrix compared
to the shifted clutter scene X3". Figure 7.1.9e shows the dual low rank form X in the mea-
surement domain i.e. the angle focused clutter measurements chc’“. At first, notice the three
areas: two triangular areas containing the incomplete measurements and a central area holding
all fully correlated complete measurements. This arrangement is similar to the sketched version
in Fig. 7.1.7. Due to the fulfilled DPCA condition, the complete measurements form constant
columns which give a perfect rank one matrix. This matrix is revealed by applying the cutting op-
erator which sets all triangular areas of incomplete measurements to zero. The result Y2%, the
corresponding appearance in the radar scene domain X<, and the respective singular values
are shown in Fig. 7.1.9f, 7.1.9g, and 7.1.9h. As can be seen, the result of the cutting operation
reveals a perfect rank one matrix. All clutter leakage effects caused by the incomplete clutter
measurements are suppressed, therefore only the clutter ridge focused at @ = 0 remains'2. The
singular values accordingly show a sharp drop off. Such a clean result is possible only due to the
fulfilled DPCA condition. The following example illustrates the achievable dual low rank form for
non DPCA conditioned measurements.

2While the contained low rank matrix is a true rank one matrix, the clutter is unfortunately spiky i.e. the support
of the clutter in X" is not spread out. As explained in Section 5, this results in an identification issue between
sparse and low rank matrices. Hence, without any modifications to turbo compressed robust principal component
analysis (TCRPCA) we can not expect to be able to conduct a successful separation of clutter and moving targets.
More on this topic will be discussed later.
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Figure 7.1.9.: The dual low rank form for a level one setting with 8 = 1.
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Dual Low Rank Form for Non-DPCA Condition The following example illustrates the dual
low rank form in case of a non fulfilled DPCA condition for the specifically chosen parameters
B = 2.5, and ¢, = 0. Within this work, this is termed a level two difficulty as listed in Tab. 7.1.1.
In this case, the Diophantine equation (7.1.24) does allow only for a few non-trivial solutions,
hence, the majority of the measurement samples in Y, are not fully correlated'3. This increases
the minimum achievable rank of the dual low rank form. Furthermore, in case of 3 > 1 Doppler
ambiguities occur, which in turn also increases the minimum achievable rank'4. The correspond-
ing measurement matrix Y. and the dual low rank form are depicted in Fig. 7.1.10 and 7.1.11.
The Doppler ambiguities can be seen from the clutter ridge in Fig. 7.1.11a, which after focusing,
appear as additional rows in the dual low rank form X as shown in Fig. 7.1.11c¢. To the contrary
of the former level one example where § = 1, the dual low rank form for 3 = 2.5 already is
an effective low rank matrix as can be seen from its singular values plotted in Fig. 7.1.11d. This
is because the size of incomplete measurements in pulses decreases as 3 increases according to
(7.1.21). Therefore, the ratio of incomplete to complete sample in this example is proportionally
less as can be seen in the angle focused clutter measurements Y This is the reason why the
singular values of the dual low rank form plotted in Fig. 7.1.11d show a sharper drop off as the
incomplete measurements are less influencing. The final contained low rank matrix shown in
Fig. 7.1.11g is not a rank one matrix any more due to the non fully correlated samples in Y. and
the occurring Doppler ambiguities. From this example it is foreseeable that any decorrelating ef-
fect increases the minimum achievable rank. The next example illustrates that for present velocity
misalignment.

10

20

Channel Index in 1

30

| |
10 20 30 40 50 60
Pulse Index in 1

Figure 7.1.10.: Measurement matrix Y for a level two setting with 8 = 2.5.

Dual Low Rank Form for Additional Velocity Misalignment The following example illus-
trates the dual low rank form in case of a non fulfilled DPCA condition and additional velocity
misalignment for the specifically chosen parameters 5 = 2.5, and ¢, = 0.35rad. Within this
work, this is termed a level three difficulty as listed in Tab. 7.1.1. In this case, the Diophantine
equation (7.1.24) does allow even less non-trivial solutions, hence, the measurement samples in
Y, are less correlated which in turn further increases the minimum achievable rank of the dual low

3For the specific choice of 3 = 2.5, the Diophantine equation (7.1.24) becomes i,y + 2.57, = 0, i.e. every fifth
measurement is fully correlated.

“Recall that 3 is the slope of the clutter ridge, hence, for § > 1, the clutter ridge “wraps” as soon as the emerging
clutter Doppler frequency becomes bigger than the pulse repetition frequency (PRF) as | foe (@)| > fo/2.
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Figure 7.1.11.: Dual low rank form for level two setting with 8 = 2.5.
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rank form. The results are shown in Fig. 7.1.12 and Fig. 7.1.13. The effect of velocity misalign-
ment can be seen from the clutter ridge in Fig. 7.1.13a. To the contrary of the former presented
examples, where the clutter ridge formed a straight line, the clutter ridge with present velocity
misalignment describes a curve [1]. For this reason and in case of 3 > 1, the shift operator D, !
can not focus the clutter ridge onto single rows any more as can be seen in Fig. 7.1.13c. This
is due to the fact that the Doppler ambiguities would require a different shifting amount than
the aliased main clutter. Hence, the achievable clutter rank is again increased as can be seen in
Fig. 7.1.13h. A velocity misalignment of 0.35 rad ~ 20° is of course not a realistic setting but this
value was chosen to test the robustness of the dual low rank form. Despite the aforementioned
shortcoming of the shifting operator, it is still possible to form a solid dual low rank form from Y.
The next example illustrates the effects of limited back attenuation i.e. present reflections from
the rear side of the radar.

Channel Index in 1

10 20 30 40 50 60
Pulse Index in 1

Figure 7.1.12.: Measurement matrix Y for a level three setting with 5 = 2.5 and ¢, = 0.35rad.
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Figure 7.1.13.: Dual low rank form for a level three setting with 8 = 2.5 and ¢, = 0.35rad.
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Channel Index in 1

Pulse Index in 1

Figure 7.1.14.: Measurement matrix Y. of clutter focus illustration for a level four setting with
B =1, om = 0.35rad, and back attenuation of -10 dB.

Dual Low Rank Form for Additional Limited Antenna Back Attenuation The following
example illustrates the dual low rank form in case of a non fulfilled DPCA condition, present
velocity misalignment, and in addition reflections from the rear side of the radar due to a limited
antenna back attenuation of -10dB for the specifically chosen parameters 8 = 1 and ¢, =
0.35rad. Within this work, this is termed a level four difficulty as listed in Tab. 7.1.1. The effect of
limited back attenuation on the clutter ridge in the shifted clutter scene X2 is the clutter ridge
to become an ellipse instead of a curve. The size and orientation of the axis of the emerging
ellipse depend on the velocity misalignment angle, where for ¢, = Orad the ellipse collapses to
a straight line and for ¢, = 7/2rad it becomes a circle [1]. The reflections from the rear side
potentially increase the minimum achievable rank of the dual low rank form. However, it was
found from the simulations shown in Fig. 7.1.14 and Fig. 7.1.15, that limited back attenuation
has a minor effect on the achievable rank. A potentially high impact has ICM, which is shown in
the next example.

Dual Low Rank Form for Additional Present Internal Clutter Motion The following couple
of examples are given to illustrate the impact of present ICM on the minimum achievable rank of
the dual low rank form. This phenomena naturally decreases the correlation of the measurement
samples in Y. as ICM causes the clutter scene to slightly change from pulse to pulse. As a
model for ICM, the Billingsley model is used [1]. Within this work, present ICM is termed a
level five difficulty as listed in Tab. 7.1.1. To begin with, the first example shows a scenario with
fulfilled DPCA condition with the specifically chosen parameters 8 = 1, ¢, = 0°, infinite back
attenuation, and ICM with oy, = 20m/s. Certainly, a value of oy = 20m/s is unrealistic,
yet serves as illustrative example. All other effects are not considered to purely illustrate the
effect of ICM on the minimum achievable rank. The simulated clutter measurements Y, and
the corresponding temporal auto correlation function, the variation of the magnitude, and the
variation of the phase of a single clutter patch over pulses due to the ICM effect are shown in
Fig. 7.1.16. The impact on the minimum achievable rank is shown in Fig. 7.1.17. As can be seen
in Fig. 7.1.17a, the clutter ridge broadens and as a result, the clutter ridge can not be focused
onto a single row anymore. Clutter contributions off 4 = 0 remain after cutting incomplete
measurements as shown in Fig. 7.1.17g. Nevertheless, the measurement samples in Y are still
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Figure 7.1.15.: Dual low rank form for a level four setting with 8 = 1, ¢, = 0.35rad, and back
attenuation of -10dB.
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partially correlated. Hence, the dual low rank form still contains a convenient low rank matrix as
shown by the singular values plotted in Fig. 7.1.17h.
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(a) Measurement matrix Ye. (b) Auto correlation of single clutter patch.
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(c) Magnitude variation of a single clutter patch over  (d) Phase variation of a single clutter patch over pulses.
pulses.

Figure 7.1.16.: Dual low rank form for a level five setting with 8 = 1, ¢, = 0°, infinite back
attenuation, and ICM with oye = 20m/s.
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Figure 7.1.17.: Dual low rank form for a level five setting with 8 = 1, ¢, = 0°, infinite back
attenuation, and ICM with oye = 20m/s.
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The next example shown in Fig. 7.1.18 and Fig. 7.1.19 illustrates the effects for 5 = 2.5,
©m = 0.35rad, back attenuation of -30dB, and ICM with oy = 20m/s. This example com-
prises all aforementioned effects together to form a worst case example. Despite of all present
decorrelation effects, the dual low rank form still contains a convenient low rank matrix.
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(a) Measurement matrix Ye. (b) Auto correlation of single clutter patch.
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Figure 7.1.18.: Dual low rank form for a level five setting with 8 = 2.5, ¢, = 0.35rad, back
attenuation of -30dB, and ICM with oy = 20m/s.
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Figure 7.1.19.: Dual low rank form for a level five setting with 8 = 2.5, ¢, = 0.35rad, back
attenuation of -30dB, and ICM with oy = 20m/s.
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Dual Low Rank Form for Present Targets The following example illustrates the impact of
present targets in the radar scene. In Fig. 7.1.20 and Fig. 7.1.21, the result for a setting of
B = 2.5, o, = 0.35rad, back attenuation of -30dB, ICM with oy = 20m/s, and additionally
N; = 4 targets is shown. As can be seen, the impact is of minor nature. Every present target
increases the minimum achievable rank by approximately one. Since we assume moving targets
to be sparse and as such the number of present targets is low, this is of no concern. Depending
on the signal to noise ratio (SNR) of the target compared to the clutter to noise ratio (CNR),
moving targets have limited effect on the low rank form, since the shifting operator D, ! keeps
point like targets to stay point like. Only strong side lobes of moving targets effect the low rank
form as will be shown later.
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Figure 7.1.20.: Dual low rank form for a level five setting with 8 = 2.5, ¢, = 0.35rad, back
attenuation of -30dB, ICM with oy = 20m/s, and N; = 4 present targets.
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Figure 7.1.21.: Dual low rank form for a level five setting with 8 = 2.5, ¢, = 0.35rad, back
attenuation of -30dB, ICM with oy, = 20m/s, and N; = 4 present targets.
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The examples presented in this section illustrate the impact of decorrelation effects on the
minimum achievable rank of the dual low rank form. Although not exhaustive, it was shown
that even for severe effects like ICM a convenient dual low rank form exists. This property can
be exploited to estimate unknown parameters e.g. 3, ¢m, etc. To be able to do so, a suitable
objective function is required. In the next section, the nuclear norm is shown to be a convenient
choice therefore.

7.1.4. The Nuclear Norm as Objective Function for Parameter Estimation

This section examines the nuclear norm in terms of its usability and robustness as objective func-
tion to estimate the clutter ridge slope 8 and the velocity misalignment angle ¢,,. This idea
builds upon the low rank properties of clutter measurements which was shown in the former
sections. Next to the general emerging shapes of the objective functions, also their robustness
against present targets is elaborated on. It shows, that the nuclear norm is a suitable measure
for parameter estimation. This forms the foundation of the auto-clutter focus (ACF) algorithm
presented in Section 7.2, which conducts the actual estimation.

One key observation from the examples presented in the former section is to recognize, that
the nuclear norm of the dual low rank form || X, is the minimum achievable nuclear norm.
If, for instance, the clutter ridge was not focused onto @ = 0 by the shift operator D!, the
resulting nuclear norm would be bigger compared to the nuclear norm of the perfectly focused
clutter ridge || X¥||, because the ridge would run on a diagonal course which in turn would
increase the rank. Since the shift amount in  depends on the parameters 8 and ¢y, as given by
(7.1.14), it is possible to use the nuclear norm within an objective function to estimate them as

Ba(;r; :argminf*(ﬁ,wm), (7.1.27)
»Pm

where the objective function is defined similar to (7.1.19) as

fe(Bsom) = || A (Ye; B, om) |, (7.1.28)
= HDal(XSh;B,@m) \ (7.1.29)
- | x| (7.1.30)

The objective function can be interpreted as a shift in a4 conducted by D!, which focuses the
clutter ridge energy in X" along @ = 0. The result of the shift operation /)Zz can be interpreted
as an estimate of the dual low rank form. The nuclear norm measures how well the clutter ridge
was focused and offers the advantage over classical correlation methods to be robust against
present targets. Furthermore, it is naturally applicable in case of missing samples by use of affine
rank minimization (ARM) approaches as will be shown in Section 7.2. The price to pay, however,
is that sufficient channels must be available. As a further refinement, the nuclear norm of the
contained low rank matrix within the dual low rank form as sketched in Fig. 7.1.7 can be used for
estimation. As shown later, this improves the estimation performance as disturbing incomplete
measurements are excluded from the estimation process. The refined objective function can be
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defined similar to (7.1.23) as

B) @1 = arﬁg min f:t(ﬁv ®m; BO)
»@m

with the refined objective function

(8. omi o) = |C(B) 0 Bo X

, (7.1.31)

*

where 3; € R is some parameter chosen to determine the number of pulses to cut according to
(7.1.14). Within f¢(8, ¢m; Bo), the Fourier operator B maps the focused clutter ridge into the
measurement domain in which the incomplete measurements are set to zero by the cut operator
C(Bo).

The shift operator D, ! used in the defined objective functions is a non linear function in terms
of the unknown parameters 8 and ¢n,. As a consequence, f.(8,¢m) and fH(B, om; Bo) are
not convex, hence, no unique minimum exists. Due to the cyclic shift nature of D, !, multiple
minima emerge for 8 — 0 as in this case u. — oo according to (7.1.14). Likewise, the velocity
misalignment angle is unique only for ¢, € [—7,7) as can be seen from (7.1.14). Nevertheless,
the objective functions offer suitable shapes for a successful estimation of the parameters as will
be shown by the following examples.

As a first illustrative example, Fig. 7.1.22a shows a sweep of 8 vs. f.(3, ¢m) for various true
parameter choices 3, where Gm = ¢ = 0. Furthermore, Fig. 7.1.22b shows a sweep of 3 vs.
(B, ¢m; B) i.e. with cutting. As a first attempt, the unknown parameter 3, from which the
number of pulses to cut is determined is set as 5y = . This means, the number of pulses cut
continuously changes. As can be seen, convenient minima mark the true parameter locations for
both objective functions. While the refined objective functions f(3, om) in Fig. 7.1.22b show
steeper minima compared to the uncut versions in Fig. 7.1.22a, they are subject to discontinuities
originating from the discrete number of pulses which are cut. Also as 5 — 0, the number of pulses
to be cut according to (7.1.14) tends to infinity resulting in all samples to be set to zero. Finding
the minimum for the specific choice Sy = S is very challenging. However, the steeper minima
allow for an improved estimation performance as will shown further below. How to choose 5
conveniently is presented in the following section. For the remainder of this section, however, 5,
is set to the true parameter as 3 = B in order to evaluate the best achievable objective functions.

In the following examinations, the objective functions f.(5, ¢m) and f:t(ﬁ,cpm;ﬁ) are evalu-
ated for g € [0.5,4] and ¢ € [—m,m) for various difficulty scenarios as listed in Tab. 7.1.1. The
objective functions are averaged over a 100 Monte Carlo runs and in the following plots, green
crosses mark the true parameter locations E and ¢, While red crosses indicates the minimum of
the averaged objective functions, and the red dots the minimum in every Monte Carlo realization.
Figure. 7.1.23 shows the results of the objective function f.(53, ¢m) for a level one difficulty set-
ting with 3 = 1. For better illustration also a surface plot is given. As can be seen in Fig. 7.1.23b,
the majority of the individual minima marked by the red dots are located closely to the true pa-
rameter values. Unfortunately, a few Monte Carlo realizations reveal a low value of f.(3, ¢m) for
a wrongly focused clutter ridge. A more detailed investigation revealed, that these phenomena
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Figure 7.1.22.: Emerging minima of objective functions for sweeping 3.

are caused by the shifted clutter leakage i.e. incomplete measurements. This effect gets even
more severe for the remaining scenarios shown in Fig. 7.1.24.
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Monte Carlo realization.

Figure 7.1.23.: Objective function f. (3, ¢m) for a level one setting of 3 = 1 with parameters
swept over 8 € [0.5,4] and ¢r, € [—7, 7).
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(a) Level two setting with B = 2.5. (b) Level three setting with B =2.5and gm = 0.35rad.

T

Bin 1

(om in rad %m in rad

(0) Level five setting with 8 = 2.5, Gm = 0.35rad, back  (d) Level five setting with 8 = 2.5, Gm = 0.35rad, back
attenuation of -30dB, and ICM with ovel = 20 m/s. attenuation of -30dB, ICM with over = 20m/s, and
N; = 4 present targets.

Figure 7.1.24.: Objective function f.(53, ¥m) for a level two to five setting with parameters swept
over 8 € [0.5,4] and ¢y, € [—7, 7).

The results for the refined objective functions f£(8, pm; /3) are shown in Fig. 7.1.25. As can be
seen, the minima become steeper allowing for a better estimation of 3 and @m,. This fact will be
seen again in the evaluation of the ACF algorithm in Section 7.2. Furthermore, the minima in the
individual Monte Carlo realizations are consistently located close to the true value. This is a major
advantage compared to the results shown in Fig. 7.1.23 and Fig. 7.1.24. In summary, well shaped
minima occur for 8 and ¢.,. Remarkably, the nuclear norm is robust against present targets as
shown in Fig. 7.1.24d and 7.1.25e. This, however, depends on the SNR of the targets compared
to the CNR. The influence of very strong targets onto the nuclear norm is discussed further below.
Furthermore, taking a closer look onto the emerging nuclear norms reveals a rather flat valley for
©m. In Fig. 7.1.26, an additional simulation for a zoomed view is shown for the case of B =25
and ¢, = 0° . As can be seen, the minima of ¢, are spread out due to the flat valley shape. As
a consequence, the velocity misalignment angle ¢,, cannot be estimated well enough by use of
the nuclear norm. An alternative objective function which allows for a better estimation of py, is
presented in the following Section 7.2.

The nuclear norm used in the objective functions f.(3,om) and (8, pm;Bo) is robust to
some extent for present, very strong, moving targets. Depending on how much leakage in
Doppler occurs, the minima marking the true parameter values 3 and @y, may be preserved or
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(d) Level five setting with B = 2.5, pm = 0.35rad, back  (e) Level five setting with B = 2.5, om = 0.35rad, back
attenuation of -30dB, and ICM with over = 20m/s. attenuation of -30dB, ICM with over = 20m/s, and
N = 4 present targets.

Figure 7.1.25.: Refined objective function f<t(8, pm; 3) with parameters swept over 3 € [0.5, 4]
and ¢y, € [—m, 7).
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Figure 7.1.26.: Zoomed view of objective functions with 8 € [0.5,4] and ¢, € [-0.2,0.2] for
B =2.5and ¢, = Orad.
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(a) Angle-Doppler scene with very strong targets present.  (b) Resulting nuclear norms, for sake of comparison nor-
malized to unit energy.

Figure 7.1.27.: Impact of strong targets onto objective function f.(3, ¢m) - no leakage occurring.

not. An example without Doppler leakage is shown in Fig. 7.1.27, where two very strong targets
are present. The objective functions f. (5, ¢m) are shown for the case of CNR = 60 dB and SNRs
from 60 dB to 80 dB. For the case of 3 = 1 the two point targets become aligned within the same
row, causing a very steep minima of the objective function. In the scenario shown, this steep local
minima can be evaded without problems. Nevertheless, it is possible to construct a case for which
very strong point targets are arranged such that a very steep minima emerges close to the true
minima and hence prevent a successful focusing of the clutter ridge. These scenarios, however,
are of less practical importance and might be detected by considering additional range gates. A
more practical problem occurs for the case of Doppler leakage. This is shown in Fig. 7.1.28, where
the point targets are now located half between the grid points such that severe leakage occurs.
While the leakage in u has no impact on the nuclear norm used in the objective functions, the
leakage in Doppler results in very profound rows which directly compete with the aim of aligning
the clutter ridge. As a consequence, the minima marking the true parameter values 3 and @,
vanish in case of very high SNR. One possibility to mitigate this effect is to reduce the Doppler
leakage by increasing the number of pulses used per CPI. This, however, might be undesirable
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(a) Angle-Doppler scene with very strong targets present.  (b) Resulting nuclear norms, for sake of comparison nor-
malized to unit energy.

Figure 7.1.28.: Impact of strong targets onto objective function f.(53, vm) - sever leakage present.

e.g. in case the CPI or the PRF is limited to a given upper bound.'?

In summary it is possible to exploit the correlated nature of the clutter samples in the mea-
surement matrix Y. to find a matrix of minimum nuclear norm. The main contributions which
complicate this attempt are the incomplete measurements in Y, which stem from the inherently
limited number of pulses available and mainly from velocity misalignment in case of Doppler ambi-
guities. Furthermore, ICM increases the minimal achievable nuclear norm, broadens the emerging
minima in the objective functions and thus decrease the estimation performance. Nevertheless,
useful minima are still available since ICM samples are after all correlated. Finally, targets present
in the scene are not of concern as long as their SNR is not higher than the CNR. In case of very
strong targets, the nuclear norm cannot be used any more to estimate 8 and ¢y, if the targets
show strong Doppler leakage effects resulting in very profound rows. In the following section,
the ACF algorithm is presented which uses the low rank property of the correlated clutter mea-
surements to estimate the potentially unknown parameters 3 and ¢y,.

7.2. Auto-Clutter Focus

In this section, an auto-clutter focus (ACF) algorithm is presented which exploits the low-rank
properties presented in Section 7.1 to determine the parameters 5 and ., which are the clutter
ridge slope and the velocity misalignment angle. Once these parameters are known, they can
be used to separate the clutter from moving targets by either using turbo compressed robust
principal component analysis (TCRPCA) or by use of a modeled projection filter or a combination
of both. These approaches are presented in more detail in Section 7.3.

The ACF problem is as follows, given the single measurement vector of one range-gate under

>Windowing techniques to mitigate the leakage effect, unfortunately, do not help in this case since they have a
negative effect on the clutter ridge which in turn renders them useless.
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test from (2.2.26)

Ni¢—1
Y= Yt (Tny: tin,, fon,) + Ye(B.5m) + m, (7.2.1)

TLtZO

find the parameters 8 and ¢,,. To do so, the correlated nature of the clutter shall be exploited.
Furthermore, it is assumed that there are only few moving targets per range gate i. e. targets are
sparsely present in (7.2.1). It is further presumed that sufficient channels and pulses are available
such that a low-rank matrix of suitable size can be formed from y.

In order to estimate the desired parameters from y, the following low-rank measurement
model is used

y=A (i; 3, cme) +n, (7.2.2)

where L € CM*Np s 3 low-rank matrix holding the angle-focused clutter contributions as ex-
plained in Section 7.1, A : CNuexNp — CM s the clutter focus operator defined further below,
y € CM is the measurement vector from (7.2.1), and n € C™ ~ CN (0, B,) is complex normal
i.i.d. noise. For the clutter focus algorithm, L shall also contain the moving targets present in
(7.2.1)'®. The clutter focus operator A is defined analogously to the dual low rank form presented
in Section 7.1.2 by use of (7.1.19) as

A(L; B, om) = vec (ADy(L; 3, om)B") (7.2.4)

where A € CNoxNu and B € CM*Np are the spatial and temporal steering matrices given
by (2.1.115) and (2.1.116), D, is a Fourier shift operator defined in (7.1.16), and vec (-) is the
vectorization operator which reshapes a matrix into a vector by stacking all columns on top of
each other. The measurement model (7.2.2) therefore presumes an angle-focused dual low rank
form in the angle-Doppler dimensions of the radar scene denoted by L, whose clutter energy
is concentrated at @ = 0. It gets shifted in the angular dimension by D, according to the
parameters 3 and ¢, to form a diagonal clutter ridge. This form is observed by the moving radar.
The shifted radar scene is then mapped to the measurement domain by the spatial and temporal
steering matrices A and B and finally vectorized to form the measured space-time measurement
vector. This low-rank model of (7.2.1) was justified in Section 7.1. In general, the number of
measurements M = NN, might be less than the number of unknowns n = NpN,. Hence,
(7.2.2) may be an under-determined system. As explained in Section 7.1.4, a suitable objective
function to estimate 3 is to use the nuclear norm of the estimated low-rank matrix L for which

nice minima occur as shown in Fig. 7.1.22a. Unfortunately, IA;H* is not well suited to estimate

181t is tempting to already incorporate moving targets into (7.2.2) by extending it to
y=A(S+LiBgn)+n, (7.2.3)

where § is a sparse matrix intended to hold the moving target contributions. Unfortunately, (7.2.3) is ill-posed in
the sense that it is not possible to estimate all unknowns S, L, 8, and ¢, simultaneously! Attempting to solve
(7.2.3) in an robust principal component analysis (RPCA) like fashion destroys the unique low-rank probability of
L for correctly estimated 8 and ¢! Quiet frankly, instead of reducing the rank of L by adapting 8 and ¢, the
rank of L may also be reduced by assigning all non low-rank like entries to S. In the extreme case, this results in
S containing the whole non-focused clutter ridge.
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©m- As shown in Fig. 7.1.26, IA;H* does not form a narrow minima but remains rather flat. It is

therefore necessary to create an additional objective function which allows for a better estimation

of om. Nevertheless, EH* can still be used to estimate 3 alone. Inspection of Fig. 7.1.26 reveals,

that HiH* is, to some extend, insensitive to wrong intermediate values of ¢.,,. Thus 3 and ¢,
can be estimated independently.

7.2.1. Alternative Objective Function for Estimation of Velocity Misalignment
Angle

Within this work, a combination of the clutter ridge energy e, and a clutter ridge antenna pattern
correlation coefficient r,¢, is used as an objective function to estimate ¢, as

1
P (L3 B, o) = —5. (7.2.5)
(€crTacr)
The clutter ridge energy is defined as
€cr = l;l;lcm (726)
where
= |[L],,,| e rOM

denotes the element-wise magnitudes of the clutter ridge row in the matrix L’ with i, being the
row index corresponding to u = 0. As will be explained in Section 7.2.2 in more detail, the matrix
L' is taken to be the result of a gradient update step'’

Ll =L _Mth(IﬁBv@m)’

with h (L; B, ¢m) denoting a residual error term defined in (7.2.13). If no targets are present in
the range gate-under-test, e, is maximized for a perfectly focused clutter ridge. This is shown in
Fig. 7.2.1. As can be seen, the global maximum marks ¢, well, however, multiple maxima are
present. Therefore, either a grid search or a gradient descent algorithm with a well known initial
start value is required to find the global maximum. Furthermore, if very strong targets like large
ships are present in the scene, the energy in the i..-th row may also be maximized by setting ¢,
such that the strong point target is located at @ = 0. This is illustrated in Fig. 7.2.2. While in case
of a total SNR = 60 dB the main clutter just barley creates the global maximum, clearly for a total
SNR = 100 dB the clutter contribution is not even visible any more. To robustify h,, a correlation
coefficient r,¢, is introduced to exclude non clutter like entries within I, to minimize h,,. Itis
known from space-time adaptive processing (STAP), that the energy distribution of the clutter
ridge follows the product of the antenna patterns and the clutter reflectivity Gix (@) Gix (@) z. (@)
foru € [—1,1) [4]. While z (u) is of random nature, the antenna patterns are known to some
extend and the energy distribution of the clutter ridge can be roughly approximated by

Gtrx (ﬂ) = GtX (a) GrX (’l]) .

"Briefly said, since L(3, om) = A" (y; 3, om) is not available as A~* does not exist in case of missing samples,
the gradient update step coming from the singular value thresholding (SVT) approach is used as an approximation
L(B,¢pm)~ L' =L~ uVrh(L;B,¢m) .
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Figure 7.2.2.: Clutter-row energy e, with strong targets present.
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Assuming further, that the shifted or focused clutter follows the same distribution, which of
course is a very coarse approximation, a correlation coefficient can be setup as
R

crgap
23 (7.2.7)
Lex|

Tacr = H

to compare the clutter ridge row I, to the expected one. Within (7.2.7), I, € RVP denotes the
mean free clutter ridge row vector defined as

ley =l — i, 1, (7.2.8)
with
1 o
- 7 lcri 7.2.9
i = 7 Zl , (7.2.9)

being the mean value of I, and 1 € NP a vector of ones. Furthermore, Gap € RM s the
normalized mean free antenna pattern vector defined as

_ Gtrx — /lgtrx]-
||gtrx - /“['gtrx]‘HQ’

n Np/2-1
Gtrx = |:Gtrx <2dD>:| € RND
Np np=—Np/2

Gap

where

is the antenna pattern product sampled across the visible range and j4,,, denotes the mean value
of g« similar to (7.2.9). By construction, the correlation coefficient r,., takes values between
—1 < 7aer < 1. An illustration of 7, for the above examples is shown in Fig. 7.2.3. The
case of SNR = 60dB is shown in Fig. 7.2.3d. Comparing it to Fig. 7.2.2a reveals an increased
robustness against point targets present in the scene. In case of extremely strong targets as shown
in Fig. 7.2.3f, the product e.,rac; alone is not capable of suppressing the target contributions
sufficiently. Nevertheless, if all products ecTacer fOr raer < 0.1 are ignored, e.g. by setting those
to a very small value, the clutter ridge maximum can be found also in case of extremely strong
present targets. It is worthwhile to note, that e, alone would not be enough in this case, rather
the product ec,racr Creates a maximum at the correct value ¢n,. As illustrated in Fig. 7.2.4, e
does not show any maximum at the true value ¢p,, while the product does. Hence, ra. serves
the purpose of excluding extremely dissimilar clutter ridges compared the to be expected antenna
pattern product. This helps in acquiring some immunity against strong point targets in the range
gate-under-test. Yet, if extremely strong targets are closely located at the clutter ridge, this
approach might also fail.'® By combining (7.2.6) and (7.2.7), the objective function (7.2.5) can

®0One possibility to overcome this issue would be the following: in a first step, the angle-Doppler scene is recon-
structed solely by use of a compressive sensing (CS) approach. In a second step, all entries within the scene
stronger than the clutter to noise ratio (CNR) are set to zero. In a final step, the corresponding measurement values
to the purged scene are fed to the ACF. The use of a CS approach avoids the problem of overwhelming target
side lobes. Thus, target energy can be removed from the scene without disturbing clutter contributions too much.
As the ACF algorithm is somewhat robust against present target energy, residual target energy after the CS purge
should not be of concern.
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Figure 7.2.3.: Robustification against strong present targets by incorporating the antenna pattern
correlation coefficient racr.
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Figure 7.2.4.: Comparison of e.; 10 eq7aer fOr the case of extremely strong present targets.

be reformulated to

. I
P (L; B, o) = m- (7.2.10)

This quadratic form can be reformulated as

h‘Pm(L7ﬂ7g0m) = fl,Dn)(L;ﬁ7(pm)2

with Hf H
lCI‘
L; m) = =, 7.2.11

fSOm( 767@ ) lg[‘.gaplglcr ( )
which will be of use in the following. An example of k., is shown in Fig. 7.2.5. As can be seen,
the true value ¢, can be found at the minimum of k., (L). Only in the case of extremely strong
targets, the minimum does not coincide with the true value. Note that no attempt to cut non
redundant samples in order to obtain the embedded low-rank matrix is done here so far. Doing
so would result in a non smooth objective function of 8 and ¢y, as shown in Fig. 7.1.22b, which

would be extremely difficult to minimize.

7.2.2. The Auto-Clutter Focus Algorithm

To obtain a solution for (7.2.2) the minimization problem

L,B,fm = argmin | L||, + A(L; B, om) + oy (L; B, ) (7.2.12)
L,B#Pm
is solved, where
h(L; B, pm) = lly — A(L; B, om) 3 (7.2.13)

denotes the residual term and hy,, (L; 3, ¢m) is defined in (7.2.5). The objective function in
(7.2.12) is convex in L but not in 3 and ¢,,. For fixed 8 and ¢, (7.2.12) is a standard affine
rank minimization (ARM) problem and can be solved via corresponding approaches like SVT and
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Figure 7.2.5.: Objective function h,, vs. ¢m. The green line indicates the true value ¢y, the red

cross the global minimum, and the yellow cross the intermediate value ¢, from
which L was determined.
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turbo singular value thresholding (TSVT) presented in Chapter 4 and 6.3. Finding a solution
for B and ¢, however, is not trivial. A direct gradient descent approach to estimate 3 is not
possible since the required gradient Vg ||L||, is not available. At first, the nuclear norm is non
differentiable.’ At second, L is not available in form of a closed form solution like in Section 7.1,
where the clutter focus operator A, (L; 3, ¢m) Was taken to be invertible, which allowed for the
explicit form L = A, (Y; 8, pm) to exist. Nevertheless, it is possible to use the residual term
h(L; 3, ¢m) as a guidance function to estimate 3. Hence, instead of the unavailable gradient
function Vg || L
also demanding, since the substitute function h,,, has multiple minima. For the derivation to

« Vgh(L; 8, ¢m) will be used. Finding the velocity misalignment angle ¢y, is

follow, it is assumed, that an initial value ¢, o close enough to the true solution ¢y, is known
such that ¢, can be found by use of a gradient descent approach. In case such an initial value
is not available, a grid search strategy to find the global minimum can be used. In summary, the
solution to (7.2.12) can be found by the iterative procedure

L; = TSVT (L;_;)

Bi = Bi—1 — 1 Vh (Li; Bi—1, Pm,i—1) (7.2.14)

Pmyi = Pmyi—1 — Mgm,i VomPom (Lis Bis Pm,i—1) 5

where TSVT(L) denotes one TSVT step given by (6.3.2). The gradients Vgh and V., h,, are
derived in closed form in Appendix A.7.2 and A.7.3. The step sizes ug and fi,,, are determined by

use of a Levenberg-Marquardt (LM) approach, which is a method to solve non-linear least square
problems [67]. In the framework of the LM algorithm, let

ri =y — A(Lj; Bi—1, Pm,i-1)
denote the error vector whose £5 norm equals the residual term to be minimized, namely
7313 = h(Li; Biz1, Pmi-1)-

Furthermore, let

o |Ori Om Mx2
J7"7'l_ [8/67880111] EC
_ OA (Lj; Bi—1, Pm,i-1) OA(Li; Bi—1, Pm,i—1)
B ’ 0Pm

denote the corresponding Jacobi matrix, where the required derivatives are given in the Ap-
pendix A.7 by (A.7.9) and (A.7.21), respectively. Finally, let A\, € R* be a damping factor
and ¢ up € RT and ¢ an € RT two adjustment coefficients. Then, a suitable step size us,; can

9 Although a subgradient exists which might be used for a gradient descent approach [66]!
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be found by the iterative procedure

(g g -1
Hpi = [(Jrﬂ']r,z + )\lmI) ]1 1

)

Bi = Bi—1 — pg,iVh (Li; Bi—1, Ym,i—1)

Am/Cm,dn  if B (L B, mi—1) < b (Ls; Bi—1, Pm,i—1)

AlmClm,up  €lse

)\lm =

until b (Ly; Biy emi—1) < b (Li; Bi—1, ¢m,i—1)?°. A similar approach works for ., for which the
error vector is fo,.. (Li; Bi, ¢m,i—1) defined in (7.2.11). The required Jacobi matrix, or scalar in this
case, is

_ Ofom(Li; Bis om,i-1)

0PYm

which is given in the Appendix A.7.3 by (A.7.22). Putting all the above steps together, the ACF
algorithm is listed in Algorithm 7.1. The input parameter \ is determined as in the TSVT algorithm
given by (6.3.3). The maximum number of LM step size adaption iterations is denoted by J, which

9

Jfﬁpm 7i

is necessary to avoid a dead lock in case a local minimum was found from which no improvement
in h (Ly; B, om) is possible.

The key idea of the minimization approach given in (7.2.14) is in a first step to find a matrix
of lower nuclear norm. This matrix “looks” more similar to a focused one since homogeneous
rows?! are more emphasized. The second step follows this “guidance” and adjusts 3 to reflect
the newly found homogeneity. In doing so, it follows the descending direction of || L||,, which
ultimately leads to the true value 3. The third step attempts to focus the main energy onto the

u = 0 row by adjusting ¢n,. The sequence of the first two steps in (7.2.14) is therefore crucial
and cannot be interchanged. Some examples illustrating this minimization procedure are shown
in Fig. 7.2.6.

Once a minimum and some reasonable estimate of 8 and ¢y, is found, a refined estimation
of these parameters can be conducted by repeating the ACF algorithm a second time but with
a preceding preparation of the measurement samples y. As was shown in Section 7.1, setting
incomplete measurement samples in the measurement matrix Y to zero suppresses clutter leak-
age and narrows the minimum in the objective function marking the true value in || L||, as shown
in Fig. (7.1.25). This knowledge can be exploited by forming a cut measurement matrix Y,
similar to (7.1.23). This can be done by at first creating an up-sampled measurement matrix
Y, € CNoXMp defined as

yp ifk=1+jN, €,
[Yup]ij - 0 | )
else

(7.2.15)

wherei =0,1,...,N,—1,j=0,1,...,Np — 1, and €, denotes the sample index set. Obviously,
in case of no missing samples, Yy, = Y. In the next step, this up-sampled measurement matrix
is angle-focused, followed by setting all incomplete samples to zero and shift back to the original

°Note, that us,; € R in any case since the inverse of a hermitian matrix is also hermitian.
210r columns, which, however, in this case is not wanted.
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Algorithm 7.1 The ACF algorithm.

Input: A, y, A\ 1, Po, ¥m,0, J, Alm,ﬁ: Clm,dn,3s Clm,up,B: )\lm,gom: Clm,dn,pm Clm,up,om
Initialization:

1:
2:
Body:

€ < min (107%,5-1073X)
i 40, ¢ 0,d 00, Lo 0, j14=n/(M | A[3)

1: whiled > eand i < I do

2:
3:
4

10:
11:
12:
13:

14

15:

16:
17:
18:
19:

20:
21:

22:

23:

24
25:

26:

27:
28:
29:
30:

11+ 1

R« Li—1 — pNVph(Li—1;Bi-1, Ym,i-1)

Zi < 81#,\ (Rz)

Ldiv (S, (R))  if R € RN
ﬁdiv (Sl,;M (Rl)) if R € CN1xN2

¢i < (Z; — iRy, Ry | | Zi — i Ry}

Li — C; (Zz — OéZRZ)

Jm’ « _ |:8-A(Li§,8i5617§0m,i71) 8A(Li§/8i717%9m,i71):|

) 0om
—1
[1g,i <= [(Jr},liJnHAlm,BI) ]
1,1

Bi < Bi—1 — 118,iVgh (Li; Bi—1, m,i—1)
Mm,8/Cmydn,g  if 1 (Li; Biy myi—1) < b (Lg; Bi—1, ¢m,i—1)
Alm,ﬁchn,up,ﬁ else
while . (L;; Bi, m,i—1) > h(Li; Bi—1, ¢m,i—1) and j < J do
~1
wai |:(J£IZ-JT,Z' + )\1m”31> :|
11

Bi < Bi—1 — 1g,iVh (Ls; Bi—1, Pm,i—1)
Alm,8/Cm,dn,g  if R (Li; Biy om,i—1) < h (L; Bim1, Pm,i—1)
Alm,BCIm,up,3  €lse

j—7+1
end while
7+ 0
Jﬁvai %

o <—

)\lm,,B —

A]m,[g —

8f<pm (Li§ﬁia‘Pm,i71)
Opm

—1
/J'gom7i A (J.%Pmai + Alm’(’pm>

Pmyi & Pmyio1 — Hom,i VomMom (Li; Bis Pmyi-1) »
Ao /Cim,dn,om A P (Li Bis @m,i—1) < e (Li; Biz1, @myi—1)
Alm,om Clm,up,om €1S€
while hy (L;; Bi, pm,i—1) > h%f (Li; Bi—1,¢m,i—1) and j < J do
Hopmsi 4= (Jiom it Alm#,m)
Pmi < Pmyi—1 — Mo, VomPom (Lis Bis Pm,i—1) 5

)‘lm,ﬁﬂm —

A €\ 1
lm,gpm Clm,up,lpm else

j+—7+1
end while
7«0
d||Li = Li 1|l /| Li1llp

31; end \Lvhile
Output: B+ Bi, @m < ¢Pm.i

Alm,tpm/clm,dn,cpm if htpm (Li; Bis @m,i—l) < h@m (Lz‘S Bi—1, Som,ifl)
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Figure 7.2.6.: lllustration of the ACF algorithm. The green line indicates the true value 3, the red
cross the global minimum, and the yellow cross the intermediate value 3;_1.
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form?2. This is done by applying the concatenation of a sub-sample shift operator D’(3, ¢,) and
the cut operator C() from (7.1.22) onto Yy, as

Your = D' (B,@m) 0 C(B) o D' (B, &m) © Y, (7.2.16)
where o denotes the concatenation of functions?3. The shift operator

D' (B, ¢m) © Yup = (UA(B, om) © (YupFr)) F!

is defined similar to D,, as in (7.1.16) but operates in the measurement domain, where the shift
matrix U is defined in (7.1.17) and F; denotes a discrete Fourier transform (DFT) matrix resulting
in a Fourier transform (FT) of the slow time dimension. The “pre-cut” measurement sample vector
then finally is

Yeut = Yeut,Q, - (7.2.17)

This procedure is illustrated in Fig. 7.2.7, where the arrows indicate the shift direction of the
operators D’. This procedure of cutting incomplete samples in order to refine the estimation can
be repeated until convergence as illustrated in Fig. 7.2.8.

In the following, some ACF reconstructions are shown for various scenarios. For all of them,
the true values were defined to be E = 1 and p,, = 0, and initial start values were chosen to
be By = 2 and ¢ o = 0.04 unless otherwise stated. The number of samples available shall be
defined by use of the sub sampling factor - symbol: SSFs (SSFs)

N
SSF. = N,
and N
_ P
SSF, = N’

In the first example shown in Fig. 7.2.9, all measurement samples are available and no targets are
present. The family of residual error terms shown in Fig. 7.2.9e illustrate the “guidance” process
which leads the estimation of 8 to the minimum marked by the nuclear norm shown in Fig. 7.2.9f.
The results of the refinement estimation using pre-cut samples y.,+ are shown in Fig. 7.2.9g
and 7.2.9h, where the estimation was improved within only a few additional iterations. The
corresponding error terms are shown in Fig. 7.2.10. Note, that since the residual term h changes
from iteration to iteration, it does not necessarily decrease monotonically. In the next example
shown in Fig. 7.2.11, two targets are present with a total SNR = 60dB. The most notably
difference compared to the former example is the increased number of iterations required to find
the true value of 5. For stronger targets this behavior is even more severe. Nevertheless, the
high number of required iterations in this example stems from the very poor initial value of gy
which was chosen for the sake of illustration. In a practical setup, the initial value should be
far better determinable. The next example in Fig. 7.2.12 illustrates the reconstruction in case
of missing channels, where only half the number of channels is available. The position of the

22The angle-focus operation creates a matrix as sketched in Fig. 7.1.7.
ZThe concatenation symbol allows for a simpler notation in case of multiple operators applied onto some variable

e.g. (g0 f)(x) = g(f(2)).
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comp. meas.

Yeus = D' (B,&m) 0 C(B) o D' (B, &m) © Yup C(B) o D' (B, Pm) o Yup

A

Figure 7.2.7.: Measurement data preparation by setting all incomplete measurement samples to
zero.

Estimate 3, ¢m Form yeu | | Estimate 3, om

Start — . .~ .
via y via 8, @m vVia Yeu

Ende

Figure 7.2.8.: Cyclic refinement of estimation of 8 and ¢y, until convergence.
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available channels was chosen randomly. The ACF approach has no problems estimating the
desired parameters for this case. The example shown in Fig. 7.2.13 illustrates the reconstruction
in case of missing pulses, where only half the number of pulses is used. The position of the
available pulses was again chosen randomly. Compared to the case of missing channels, the ACF
approach is more susceptible for missing pulses. As can be seen from Fig. 7.2.13f, the nuclear
norm reveals more local minima. For a successful reconstruction, an initial value 3y close enough
to the true minimum is necessary. For the results shown in Fig. 7.2.13, an initial value of gy = 1.1
was used. Also of interest is the fact that the pre-cut of the measurement samples allows for
significant improvement of the estimated parameters. The final example shown in Fig. 7.2.14
depicts the case for missing channels and pulses at the same time. The chosen setting is an
extreme case where only half of the channels and half of the pulses are available which are
only 25 % of the total number of possible samples. Even worse, the position of the samples are
severely structured which can not be avoided since only full rows or columns can be removed
from the full sample measurement due to the radar setup. As a consequence, the nuclear norm
shows multiple minima, where the global one marks the true value of 3 in this case.?* The
reconstruction approached the true value only because the start value 8y = 1.1 was close enough
to the local minimum. A second consequence of the structured sub-sampling is the reduced
restricted rank isometry property (RRIP) of the sensing operator. Hence, the estimated parameters
3 and ©m are not as well estimated as in the previous examples.

To the best of the authors knowledge, there is no non NP-hard optimization algorithm available
which finds for given sub-sample factors the channel and pulse indices such that the RRIP constant
dr (A) explained in Chapter 4 is minimized. This renders to be a discrete optimization problem,
one of the most difficult types. Another measure which is more practical than the RRIP constant
dr (A) is the mutual coherence of the sensing operator. A low coherence results also in a low
RRIP. For the sensing operator in this work, the mutual coherence may be defined as??

(7.2.18)

)

= s (474,

where
A=B®A e CNelNoxNulp (7.2.19)

with A and B being the space and time steering matrices given in (2.1.115) and (2.1.116).26 For
a uniform linear array (ULA), the spatial steering matrix can be formulated as

A=S.F, (7.2.20)

where F[ ! € CNoxNu s a inverse discrete Fourier transform (IDFT) matrix and S, € {0, 1}VexMu

2*However, it is not always the case that the global minimum marks the true value of 3.

ZFrom numerical experiments, the ¢; norm resulted in best reconstruction performance compared to a traditional
Frobenius norm or the infinity norm.

5The mutual coherence formulation works because the columns of A all have the same norm and thus no further
normalization is required.
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is a row selection matrix whose entries are

1 if Qi) =3
[SC]ij =
0 else

with Q. being an ordered channel index set. The same can be done for the selected pulses as
B=S,F, ", (7.2.21)

where F; 1 € CNVp*No again is a IDFT matrix and S, € {0,1}»*"b is a pulse selection matrix
defined as
1it Q) = j

0 else

with Q, being an ordered pulse index set. To optimize the sensing operator A for given channel
and pulse SSFs, the following optimization problem

Qe, (Alp = argmin pi4 (7.2.22)
e{p

may be solved. An efficient algorithm to find a solution to (7.2.22) is beyond the scope of
this work as the problem renders to be N P-hard. Nevertheless, in order to avoid obviously
inconvenient index sets S. and S, for the simulations to follow, 600 random index sets are
generated for which the ones minimizing p 4 are used to setup the sensing operator A. While
this approach avoids obviously bad choices of index sets, it is not guaranteed that “good” choices
are found. The total number of combinations to check is

N, N,
Ncomb =
SSF.N.) \SSF,N,

which for SSF. = SSF, = 0.5, N. = 32, and N, = 64 results in approximately Neopp = 1.1 - 1027
combinations. The chance of finding a “good” index set is clearly small. Nevertheless, the higher
the SSFs are chosen, the less combinations are possible and thus the higher are the chances of
finding better index sets. This effect can be observed in the statistical evaluations presented in
the following section.

The RRIP may also be improved by adapting the radar transmit signal. This approach, however,
is beyond the scope of this work. The interested reader may refer to [68].

7.2.3. Statistical Evaluation

A statistical evaluation of the ACF algorithm is shown in the following for which Ny, = 100
Monte Carlo runs were conducted. For all simulations CNR = SNR = 60 dB was used. To allow
for a convenient overview, a success threshold is used. All estimations for which ’B — B| <0.1and
|om — om| < 0.01rad are considered successful. This is a pure arbitrary choice to define a success,
nevertheless, its purpose is solely to allow for a clear presentation of the estimation results. The
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success rate presented in the following is defined to be the ratio ngyce/Nme, Where ngyce is the
number of successful estimations. It depends on the initial values 5y and ¢ 0, especially if only
a few channels or pulses are available. For all simulation to follow, an initialization error of
ABy = By — B =0.1and Agm o = Ym0 — ¢m = 0.01rad was chosen which are the same values
used in the success definitions. As the ACF algorithm either converges or diverges, the success

rate corresponds to the ACFs convergence rate.

As mentioned in the previous section, cutting improves the estimation performance. The es-
timation was therefore conducted in two steps which are hereafter referred to as primal and
refinement estimations. In the primal estimation step, the ACF algorithm was executed using
the original measurement data y. In the second refinement estimation step, the ACF algorithm
was executed using pre-cut measurement data y.ut. The cutting was conducted according to
(7.1.21) and (7.1.22) using the estimated parameter B from the primal step. At this point it shall
be mentioned, that while cutting allows for a refined estimation, it also reduces the CNR which
in turn may degrade the estimation performance. The smaller 5 is, the more pulses need to
be cut according to (7.1.21). Hence, this effect is bigger for small 3. For the simulation results
presented in the following, the number of pulses was kept constant, rendering the CNR to vary
for different E The effect of this can be seen in Fig. 7.2.15, where the reconstruction success
for the primal and the refined estimation is shown. The primal estimation shown in Fig. 7.2.15a
reveals high success rates also for certain scenarios of low SSFs. The uneven distribution of suc-
cess is explained by the non optimal RRIP constant of the sensing operator A as explained in the
previous section. The refined estimation shown in Fig. 7.2.15c¢ reveals an improved success rate
for scenarios using many pulses. However, the success rate for scenarios using a low number of
pulses deteriorate due to the aforementioned loss of CNR. This effect is almost non observable
any more for simulation settings using 3 = 2.5, where the number of pulses to cut is lower. In
the following, only the refined success rates are shown for sweeps with respect to the SSFs. The
results for level one to five settings are shown in Fig 7.2.16 until Fig. 7.2.20. Next to the suc-
cess rate with respect to the SSFs, also some histograms for the case of SSF, = SSF,, = 1, and
mean and standard deviations are shown. The effect of the refinement step is clearly visible as
can be seen from all presented scenarios. The offset error as well as the standard deviation are
significantly improved. Furthermore, as was illustrated in Fig. 7.2.13 in the previous section, the
ACF shows a susceptibility with respect to missing pulses. This can be explained by the fact that
missing pulses cause disturbances in the Doppler dimension which results in densely populated
rows of the unfocused clutter scene. This causes the same effects as leakage of strong targets
in the Doppler domain, which was discussed in Section 7.1. Such strong rows compete with the
unfocused clutter ridge and as such result in multiple minima of the nuclear norm. A successful
reconstruction therefore depends on the initial value 5y which needs to be close enough to the
true value 3. For the setup simulated here, the reconstruction success for 3 is high for as long as
SSF, > 0.8, except where severe internal clutter motion (ICM) is present. The ACF algorithm is
robust regarding missing channels. This can be explained by the fact that missing channels intro-
duce disturbances in the angle domain. To the contrary of disturbances in the Doppler domain,
disturbances in the angle domain do not harm the clutter focus operations. Recall, that the focus
operation is conducted by shifts in the angle domain i.e. columns in this work. Such shifts do
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not form diagonal entries in this case, hence no competing minima in the nuclear norm emerge.
Comparing the reconstruction success for 3 =11in Fig. 7.2.16 to B =2.5inthe following figures
reveals a reduced success rate for a lower number of pulses. A reason for the higher success rate
in case of 3 = 1 might be the unrealistic displaced phase center antenna (DPCA) condition, which
allows for the maximum possible correlation of space-time samples. The reduced correlation for
B = 2.5 causes the lower success rate. Quite interestingly, the estimation performance of ¢y, is
better for the 3 = 2.5 case even for uncut measurement data. The reason therefore is subject to
further investigation. Comparing Fig. 7.2.17 to Fig. 7.2.18 shows that present velocity misalign-
ment has merely no impact on the reconstruction success. The impact of ICM becomes evident
by comparing Fig. 7.2.18 to Fig. 7.2.19. Due to the induced reduction of the space-time sample
correlation, the standard deviation increases for both parameters. Especially the estimation of the
velocity misalignment angle is effected due to the broadening of the clutter ridge in the Doppler
dimension. The presence of strong targets further diminishes the reconstruction success as shown
in Fig. 7.2.20.

7.2.4. Comparison with Alternative Methods

The ACF algorithm presented in this chapter attempts to estimate the clutter ridge slope 5 and
the velocity misalignment angle ¢,,. Recall from (2.2.5) that 38 depends on the platform veloc-
ity, hence by estimating 3, the velocity of the platform relative to the earth can be determined.
These are only two of many parameters, which are of interest for vehicle platforms e. g. airplanes,
satellites, drones, cars, robots etc. The ACF algorithm is not limited to estimate only the aforemen-
tioned parameters, rather it can be extended to a full calibration procedure to also capture e. g.
precise knowledge of the position of the phase centers, channel alignment, antenna coupling
etc.2” The ACF algorithm therefore belongs to the broader regime of calibration procedures.

A variety of calibration methods exist. These differ in terms of the parameters to be determined
and the measurement data available. In general, they can be divided into direct an indirect ap-
proaches. A direct method uses one or more known targets (mostly point scatterers) and adjusts
the required parameters in a direct minimization procedure e.g. [69]. This allows an absolute
calibration of the radar system, which is required e. g. for satellite remote sensing applications. If
no known targets are available, measurements of unknown scenarios have to be used. This is the
application area of the ACF algorithm. Many alternative estimation procedures exists e.g. [70,
71,72, 73]. These approaches are extremely diverse, ranging from iterative procedures to fast ap-
proximations, leveraging along track interference phases for baseline estimation, clutter Doppler
centroid determination for platform yaw, pitch, and roll angles, antenna attitude angle offsets,
channel phase corrections, platform velocity estimation via direction of arrival measurements etc.
Compared to the ACF approach presented in this work, they have two major requirements: suit-
able homogeneously distributed clutter and no targets present in the training data. The ACF
does not have these prerequisites and thus can be applied in heterogeneous and busy radar
scenes. The price to pay, however, is the required increased number of channels.

2'This is subject to future works.

Fraunhofer FHR 153|255



7. Application of CS and ARM Algorithms to GMTI

Fraunhofer FHR

=
o
3
wn
wn
0.2 0.4 0.6 0.8 1
SSF, in 1
(a) Reconstruction success of 3.
041 [ Primal Est. ||
[ Refined Est.
<
2
2 02
o)
o
[a
0 | |
0.85 0.9 0.95 1 1.05 1.1
Bin 1
(c) Histogram of 3 for SSF. = SSF,, = 1.
1.2 -
=
@
c 1
©
()
=
0.8 - = Primal Est.
—— Refined Est.
| | | T
0.2 0.4 0.6 0.8 1
SSFp, in 1

(e) Mean and standard deviation of 3 for SSF. = 1.

1072
1 [} |
<
§
Y= O [
5
c
©
(<]
>
iy = Primal Est.
—— Refined Est.
| | | T
0.2 0.4 0.6 0.8 1
SSFp in 1

(g) Mean and standard deviation of ., for SSF, = 1.

SSF¢ in 1

0.2

0.4

|
0.6

SSF, in 1

0.8 1

(b) Reconstruction success of pn,.

0.8

0.6

0.4

0.2

04

0.2

Probability in 1

-0.5

0

¢m in rad

[ Primal Est.
[ Refined Est.

0.5
1072

(d) Histogram of ¢y, for SSF. = SSF,, = 1.

1.04

1.02

Mean of 8 in 1
=

0.98

0.96 ‘

= Primal Est.
— Refined Est.

0.2

0.4

0
SSF. in

\
.6 0.8
1

(f) Mean and standard deviation of 3 for SSF, = 1.

1073

Mean of ¢m in 1

= Primal Est.
—— Refined Est.

0.2

0.4

\
0.6

SSF¢ in 1

0.8 1

(h) Mean and standard deviation of ¢, for SSF. = 1.

Figure 7.2.16.: Reconstruction success of ACF algorithm for a level one setting with 3 = 1.

154|255

Fraunhofer FHR



Fraunhofer FHR

~

. Application of CS and ARM Algorithms to GM

Tl

1
0.8
o o 0.6
e o
=z =z 0.4
0.2
0
0.2 0.4 0.6 0.8 1 0.2 0.4 0.6 0.8 1
SSFp in 1 SSFp in 1
(a) Reconstruction success of 3. (b) Reconstruction success of .
0.4 ; - 0.4 -
[ Primal Est. [ Primal Est.
[ Refined Est. [ Refined Est.
0.3 |-
= <
< =
= 02 =
R 3
X S
a a
0.1
0 | |
2.35 2.4 2.45 2.5 2.55 2.6 2.65 -1 —0.5 0 0.5 1
Bin1 ¢m inrad .10-2
(o) Histogram of 3 for SSF. = SSF, = 1. (d) Histogram of ¢y, for SSF. = SSF, = 1.
2.6
2.55
= =
= S
i 5 25
© C
] ©
>
2
= Primal Est. 2.45 = Primal Est.
s — Refined Est. — Refined Est.
D | | | I il ! | L I
0.2 0.4 0.6 0.8 1 24 0.2 0.4 0.6 0.8 1
SSFp in 1 SSF. in 1
(e) Mean and standard deviation of 8 for SSF. = 1. (f) Mean and standard deviation of 3 for SSF, = 1.
102 .10—3
T
4 [
1 .
= T 2f
g g
S SN
s 0 M s 0 *V—Avﬁv—vv—v‘———&
c C
© ©
= 2 -2
10 = Primal Est. | | = Primal Est.
— Refined Est. —4 — Refined Est.
| | | I | | | T
0.2 0.4 0.6 0.8 1 0.2 0.4 0.6 0.8 1
SSFp in 1 SSFcin 1
(g9) Mean and standard deviation of ¢, for SSF, = 1. (h) Mean and standard deviation of ¢, for SSF, = 1.

Figure 7.2.17.: Reconstruction success of ACF algorithm for a level two setting with ﬁ = 2.5.

Fraunhofer FHR 155|255



7. Application of CS and ARM Algorithms to GMTI Fraunhofer FHR

0.8

0.6

SSF. in 1
SSFc in 1

0.4

0.2

! - 0
0.2 0.4 0.6 0.8 1 0.2 0.4 0.6 0.8 1

SSFp in 1 SSFp in 1
(a) Reconstruction success of 3.

(b) Reconstruction success of pn,.

[ Primal Est. 0.3 [ Primal Est.
0.4 I [ Refined Est. ’ 1 Refined Est.
= =
= >
2 3
6 0.2 6
[a [a %
0 ‘ ‘ 0
2.35 2.4 2.45 2.5 2.55 2.6 2.65 0.090 0.095 0.100 0.105 0.110
Bin1 (om inrad
(0) Histogram of 3 for SSF. = SSF, = 1. (d) Histogram of ¢y, for SSF. = SSF, = 1.
2.6
2.55
= <
= @
= 5 25
=
= Primal Est. 2.45 = Primal Est.
s —— Refined Est. —— Refined Est.
. | | | T ] | | | I
0.2 0.4 0.6 0.8 1 24 0.2 0.4 0.6 0.8 1
SSFp in 1 SSF in 1
(e) Mean and standard deviation of 3 for SSF. = 1. (f) Mean and standard deviation of g for SSF, = 1.
0.110 0.110
— 0.105 n — 0.105 -
£ K=
§ g
< 0.100 | 2 0.100 - ——
o o
0.095 42 -
= Primal Est. 0.095 = Primal Est.
—— Refined Est. — Refined Est.
0.090 | | | | | I
0.2 0.4 0.6 0.8 1 0.090 0.2 0.4 0.6 0.8 1
SSFp in 1 SSFc in 1

(g) Mean and standard deviation of ¢, for SSF, = 1. (h) Mean and standard deviation of ¢, for SSF, = 1.

Figure 7.2.18.: Reconstruction success of ACF algorithm for 3 = 2.5 and &, = 0.35 rad.

156|255 Fraunhofer FHR



Fraunhofer FHR

~

. Application of CS and ARM Algorithms to GMTI

1
0.8
E E 0.6
& &
N n 0.4
0.2
‘ 0
0.2 0.4 0.6 0.8 1 0.2 0.4 0.6 0.8 1
SSF, in 1 SSF, in 1
(a) Reconstruction success of 3. (b) Reconstruction success of .
0.3
[ Primal Est. [ Primal Est.
=1 Refined Est. 031 == Refined Est. ||
= 02 =
= 2 02 B
3 5
@© ©
5 5
« 01 & o1 R
0 0
2.35 2.4 2.45 2.5 2.55 2.6 2.65 0.090 0.095 0.100 0.105 0.110
Bin1 (om in rad
(c) Histogram of 3 for SSF. = SSF, = 1. (d) Histogram of ¢, for SSF. = SSF, = 1.
2.6
2.55
= £
= @
= 5 25
© c
Q ©
= 9]
>
—— Primal Est. 2451 —— Primal Est. | |
L5 = Refined Est. = Refined Est.
O | | | I | | | i
0.2 0.4 0.6 0.8 1 24 0.2 0.4 0.6 0.8 1
SSFp in 1 SSF. in 1
(e) Mean and standard deviation of 8 for SSF. = 1. (f) Mean and standard deviation of 8 for SSF,, = 1.
0.110 0.110
— 0.105 | — 0.105 - n
£ =
§ g
< 0.100 | 2 0.100 N o A s
o o
0.095 || = = -
= Primal Est. 0.095 = Primal Est.
—— Refined Est. —— Refined Est.
0.090 ‘ | - | | | T
0.2 0.4 0.6 0.8 1 0-090 0.2 0.4 0.6 0.8 1
SSFp in 1 SSF. in 1
(g) Mean and standard deviation of ., for SSF, = 1. (h) Mean and standard deviation of ¢y, for SSF. = 1.
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Figure 7.2.20.: Reconstruction success of ACF algorithm for 3 = 2.5, gm = 0.35rad, back attenu-
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7.2.5. Summary

In this section, an ACF algorithm was presented which estimates the two parameters 8 and ¢,
which are the clutter ridge slope and the velocity misalignment angle. The estimation of 3 is
done by exploiting the low rank property of the focused clutter ridge scene. It was shown that
well usable minima occur, provided the sensing operator A offers a sufficiently low RRIP property.
Unfortunately, the low rank property develops a rather wide-shaped or flat minimum with respect
to the velocity misalignment angle ¢,,. As a consequence, ¢, can not be estimated accurately
enough. To circumvent this problem, an alternative objective function which measures the energy
and shape of the focused clutter ridge was introduced. However, this objective function posses
multiple minima which requires either a good initial start value or a global minimization scheme to
estimate oy, correctly. Both objective functions, the low rank property and the clutter ridge energy
approach, are robust against targets present in the range gate under test provided the SNR ~
CNR for a worst case scenario (i. e. in case of severe target leakage). As a future extension, the
ACF may be robustified against extremely strong targets by a preceding pure CS reconstruction
which removes or thresholds target contributions stronger than the expected clutter power. The
performance of the ACF algorithm was shown for missing channels and/or pulses. The algorithm
is rather robust against missing channels yet somewhat susceptible against missing pulses. The
estimation of the parameters can be improved by cutting non redundant samples within the
measurement matrix Y. This causes the minimum of the nuclear norm objective function to
become more narrow which in turn allows for a better estimation. Finally, a statistical evaluation
by use of Monte Carlo simulations was presented. For the parameter chosen in this simulation,
the reconstruction success was high as long as SSF,, > 0.8. This boundary depends on the
initial value By . In summary, the overall estimation performance depends heavily on the RRIP
property of the sensing operator .A. Removing channels and pulses tend to be a very structured
way of removing samples which resulting in a higher RRIP. A possible future improvement might
be to enhanced the sensing operator to incorporate more “randomness”. This might be done
by adjusting the signal waveform as in e.g. [68]. Once the parameters 3 and ¢, are known,
they can be used to focus the radar scene and separate the clutter from moving targets in a
subsequent step by use of RPCA. This is shown in the following section.

7.3. Separation of Moving Targets from Stationary Clutter

In this section, the separation of a focused clutter scene from moving targets is discussed. In the
first section, the separation model is presented. In the following Section 7.3.2, some precondi-
tioning of the measurement vector y with the aim of suppressing spiky clutter contributions are
discussed. Finally, a statistical evaluation of the presented approaches is shown in Section 7.3.4.
Unless otherwise stated, the simulation setting for examples shown in the following is a level
three setting as defined in Tab. 7.1.1 with 5 = 2.5, om = 0.35rad, CNR4o, = 60dB, antenna
back attenuation of —30dBm, a single target Ny = 1 with SNR = 15dB, and SSF,, = SSF, = 1.
The position of the target is marked with a red circle?8.

2The separation procedure is capable of detecting multiple moving targets, however, for the sake of illustration only
one is considered here.
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7.3.1. The Separation Model

In order to separate stationary clutter from moving targets, the following measurement model is
used

yinzA(§+i;B,<ﬁ;> tn, (7.3.1)

where L € CN«xNb s 3 low rank matrix intended to hold the clutter contributions, § € CNuxNo
is a sparse matrix holding the moving targets, A : CM*No — CM s the radar sensing operator,
ym € CM is some preconditioned measurement vector, 3 and Gy, are the previously estimated
parameters, and n € CM ~ CN (0, P,) is complex normal i.i.d. noise. The need for a precon-
ditioned measurement vector i, is discussed further below. At this point note, that yi, = ¥y
is not suitable because in this case S would contain diagonal running clutter leakage entries as
explained in detail in Section 7.1. The clutter sensing operator is the same as defined in (7.2.4).
To obtain a solution for (7.3.1) the minimization problem

L,S = argmin \; || L[|, + X || S]], (7.3.2)
L.S
~ 2
st Hy —A (s + L;B,@Am) H2 <2,

is solved, for which the turbo compressed robust principal component analysis (TCRPCA) algo-
rithm presented in Section 6.6 is used. As was explained in detail in Section 5, a unique separation
within (7.3.2) would require the rank-sparsity incoherence condition to be fulfilled. This means
that sparse entries within S must be uniformly distributed (and hence must not form clusters) and
entries within L must be evenly distributed in magnitude, dense, and not spiky. Unfortunately,
the latter condition is not fulfilled given the concentrated clutter ridge. To guide the separation
into a favorable direction, the sparsity ratio operator Q,. (S) defined in (5.2.8) and the infinity
norm thresholding operator P, (L) defined in (5.2.9) are used. These operators prevent clus-
tering of sparse entries and spiky low rank entries. The infinity thresholding operator P, (L) is
applied only at the first few iterations, since it finally needs to contain the spiky clutter ridge con-
tradicting the thresholding of such. The purpose of P, (L) in the first few iteration is to prevent
the low rank solution L to acquire strong sparse entries, which should be reconstructed within
S. Furthermore, no sparse entries are allowed to be placed at the focused clutter ridge at o = 0
including aliased Doppler frequencies as at this position only non-moving clutter patches are lo-
cated. For all examples shown, these forbidden areas are marked as shaded areas. In addition,
all reconstructions within S showing an SNR < 10 dB are also set to zero. This is motivated from
the fact that a reliable detection needs at least SNR > 10dB according to standard detection
theory [4]. The final goal is S to contain only sparse moving targets and L to contain the clutter
ridge including all clutter leakage contributions. This, however, renders to be a challenging task
as spiky clutter residuals tend to remain within S. In order to prevent such, the measurement
vector y can be preconditioned with the aim of decreasing spiky clutter contributions. This is
discussed in the following section.
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Figure 7.3.1.: Separation result for the case of yi, = y.

7.3.2. On the Preconditioning of the Measurement Samples

The need of a preconditioned y;, becomes immediately apparent in case one tries to conduct the
separation for the choice yi, = y. The separation result is shown in Fig. 7.3.1, where S contains
diagonal running (Doppler) clutter leakage entries stemming from incomplete clutter samples. A
detailed explanation of this phenomena was given in Section 7.1. Since such diagonal running
entries are not low rank alike at all, it is not possible to enforce their reconstruction within L.
Within Fig. 7.3.1a, the red circle marks the position where the target is supposed to be. Evidently,
it is not reconstructed as the moving target has to compete with the clutter leakage. For the given
case of SNR = 15dB and CNR = 60 dB, the target is too weak compared to the clutter leakage
energy. In Fig. 7.3.1b, the shaded pixels mark areas which are blocked to be reconstructed in S.
It renders to be necessary to remove diagonal clutter leakage components in a first step. One
obvious way to do so to choose yi, = yeut as defined in (7.2.17). The separation result for this
choice is shown in Fig. 7.3.2. Evidently, the moving target is successfully reconstructed within
S. Unfortunately, also quiet much unwanted clutter leakage energy, i.e. false alarms, is found
within S, especially at locations from aliased Doppler frequencies. The reason therefore is, that
in case of Doppler aliasing and present velocity misalignment, the clutter ridge can no longer
be focused onto a single row as was explained in Section 7.1. Non focused clutter samples are
neither low rank alike and therefore are likely to be placed within S. One possibility to treat this
problem is to consider only that part in @ which does not contain clutter ambiguities e. g. ignore
all outside of @ € [—0.2,0.2]. If case this is not possible, further approaches are necessary. In the
following, two ideas are presented.

An alternative approach to suppress unwanted clutter contributions is to use the estimated
parameters B and ¢, to setup a projection filter. As explained in detail in Section 2.2, the clutter
subspace does not span the total signal space, hence by projecting the measurements onto the
complementary clutter subspace, the clutter signals can be suppressed. The clutter subspace is
spanned by the space-time clutter manifold vector g. (; 3, ¢m) defined in (2.2.9) for @ € [—d, d).
For discretized 4, this clutter vector can be stacked into a matrix as defined in (2.2.12) as

G (/87 me) = [gc (anc§ B, Sam)]nNccizij\}c/z € CNrXNpXNc‘ (7.3.3)
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Figure 7.3.2.: Separation result for the case of yin = Yeut.

In the limit of N, — oo, this matrix spans the same space as the manifold vector g. (@; 8, ¥m)-
A basis U, for the column subspace spanned by G. (3, ¢m) can be found in the least minimum
square error sense by use of an singular value decomposition (SVD) as

G (6» @m) = UCEC‘/CH'

From basic properties of the SVD, the column space U, of G. (3, ¢m) can be identified with the
Eigenvectors of G. (8, om) GE (3, pm) since

G (B,9m) GE (B, pm) = U.B VAV, E U
=UAUEY,

where VIV, = I was used and A, = XX, are the corresponding Eigenvalues. In the limit of
N, — oo, the matrix product G¢ (8, ¢m) GX (3, ¢m) becomes

Ne/2—-1
. — H /-
i GG = Jim D e (i) g (in)
ne=—N¢/2

d
_ / 9c (@; B, om) g1 (7 B, o) dii

As shown in detail in Section 2.2, this integral form coincides with the model for a clutter covari-
ance matrix

/B (pm = gc Uu; /B (Pm gc (u 5 ‘Pm) (734)

&\&‘

which is similar to (2.2.17), however, with the further assumption that the clutter patch power
is constant with P, (u) = 1. Following the explanations given in Section 2.3.3, a projection onto
the complementary clutter subspace is given by
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— B =0.5, $Pm = 0.00rad
o0 = 3 = 0.5, om = 0.35rad
/8 = 1~0: Pm = 0.00rad

E — 3 = 1.0, om = 0.35rad
g 40 |- e B = 2.5, oy = 0.00rad ||
g B =25, pm = 0.35rad
S
@20 b
. ‘\\‘ \‘\ |
50 100 150 200
Index in 1

Figure 7.3.3.: Eigenvalues of R, (3, vm) for 5 € {0.5,1,2.5} and ¢, € {0,0.35}.

PL=1-UxUL,

where

_ F Nyx Np X
Uegr = [t)fef € ClrxlpXPeit

spans the effective clutter subspace. To the contrary as explained in Section 2.3.3, where not
R. but only R., = R. + R, was available, the effective rank can be easily determined from
A.. Due to the absence of noise eigenvalues, a sharp drop of the clutter eigenvalues marking
pee Can always be found. An example of emerging eigenvalues for various R, (3, ¢m) is shown
in Fig. 7.3.3. For all simulations to follow, the effective rank was chosen to be the number of
eigenvalues greater than 10~12. All remaining eigenvalues are accounted to be non zero only due
to numerical noise. With this projection at hand, a preconditioned measurement vector can be
setup as

Yin = Py = Ypp- (7.3.5)

While projection filters are very effective, they are susceptible to parameter variations i.e. the
parameters need to be known very precisely. An example for this preconditioning is shown in
Fig. 7.3.4. The parameters were estimated to be 3 = 2.5038 and @, = 0.3500175 rad using the
auto-clutter focus (ACF) algorithm. As can be seen, the clutter energy is suppressed completely.
Nevertheless, if the parameters are estimated not well enough, clutter residuals will occur. The
filter characteristic in terms of signal to interference and noise ratio (SINR) loss as defined in
(2.3.11) is shown in Fig. 7.3.4c and Fig. 7.3.4d. Within Fig. 7.3.4c and all following figures,
the curves denoted as true and estimated refer to filters setup using the true and estimated
parameters 8 and ¢,,. The curves optimal denote the optimal SINR loss as defined in (2.3.4).
Next, the projection matrix may further be used to setup a matched subspace detector. Following
the explanations given in Section 2.3, the corresponding filter vector becomes

W = Lg, (7.3.6)
with

H
Yin = Wppeq¥Y = Ymsd
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Figure 7.3.6.: Separation result for the case of ¥in = Yeut,pp-

The matched subspace detector filter aims to suppress the clutter contributions and simultane-
ously establishes a flat noise level suitable for thresholding (hence the name detector). An exam-
ple is shown in Fig. 7.3.5. The filter characteristic in terms of SINR loss is the same as for the
projection filter (7.3.5). The results are very similar to the projection filter, however, the separa-
tion in S appear somewhat more populated. Finally, it is also possible to combine cutting and
filtering, which especially comes in handy in case of badly estimated parameters. This is shown
in Fig. 7.3.6. The results for the matched subspace detector filter are very similar and are omitted
here. An example for badly estimated parameters is shown in Fig. 7.3.7, where 3 = 3 + 0.1 and
Pm = Pm + 5 -107%rad was used. As can be seen, more clutter residuals occur. However, a
major part of the clutter contributions was suppressed. The target was successfully found by use
of the TCRPCA separation. An advantage of such a pre-filter step is to reduce the spikiness of
the clutter mitigating the rank-sparsity incoherence condition requirement. The effect of wrongly
estimated parameters on the filtering is shown in Fig. 7.3.7d, where the difference in dB of the
SINR losses for the estimated parameters and the optimal filter characteristic is shown. Especially
for Doppler frequencies off zero, the filter notches separate leaving clutter contributions remain
in the filtered measurement data.

As a final remark it shall be mentioned here, that the methods for clutter separation presented
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Figure 7.3.8.: Separation result for the case of yin = Yeut pp iNcluding ICM with oy = 20m/s.

so far are not suitable to handle clutter stemming from internal clutter motion (ICM). By its
very nature, ICM is a moving clutter source. The compressed robust principal component analysis
(CRPCA) approach as well as the filter model are suitable for non moving clutter only. An example
including ICM is shown in Fig. 7.3.8 for oy, = 20m/s. As can be seen from the optimal filter
characteristic in Fig. 7.3.8c, the clutter ridge broadens due to ICM. Since the covariance model in
(7.3.4) does not incorporate ICM, the derived filters result in filter characteristics showing a too
narrow filter notch. As a consequence, much clutter residuals remain for the CRPCA algorithm to
handle. Depending on the amount of remaining ICM clutter, spiky residuals may remain which are
reconstructed within S as shown in Fig. 7.3.8a. One possibility to mitigate this effect is to allow
the low-rank solution L to contain ICM clutter by reducing the cost factor A;. This, however,
bears the risk to miss weak moving targets as those contributions may also be accounted to
L. Another possibility is to adapt the model filter (7.3.4), introducing additional parameters to
estimate. This is subject to further investigation and is not treated within this work.

Except from the subspace projection approach (7.3.5), all methods presented above require all
measurements i.e. SSF,, = SSF. = 1. Since CRPCA is applicable also in case of missing samples,
the preconditioning needs to be extended adequately. This is discussed in the following section.
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7.3.3. On the Sub-Sampling Effects on Separation

In the previous section, the separation of static clutter from moving targets was presented for the
case of no sub sampling. Since CRPCA is used, it is conceivable to conduct the separation also
in case of missing samples, as was done for the parameter estimation in Section 7.2. A practical
use case therefore would be to save antenna channels in order to reduce weight and cost of the
radar sensor. Another one would be to skip pulses during a coherent processing interval (CPI) and
instead use the available time to conduct a different radar task e. g. tracking etc. In order to be
able to handle missing samples, the impact of the sub sampling process onto the preconditioning
of the measurement sample vector ¢y needs to be accounted for. In the following, the filtering of
y is conducted by the use of the complementary clutter space projection P} only. Let

Yup = vec (Yyp) € CNulND

be the vectorized version of the up sampled measurement matrix Yy, as defined in (7.2.15). With
this definition at hand, a preconditioned measurement vector may be set up in a similar manner
to (7.3.5) as
yin = (Piyu) €TV, (7.3.7)
Y

where ©, denotes the sample index set and xq,, means selecting all entries within = defined in €2,
yielding a vector of reduced size. However, the preconditioning defined in (7.3.7) is not feasible.
At first, Py, yields a vector being an element of the complementary clutter space, as desired,
yet gives a densely populated vector in general. At second, applying the sub sampling operator
is equivalent to setting all entries within the up sampled vector to zero which are not in €,,. This
yields a vector which in general is not an element of the complementary clutter subspace defined
by the range of P:-. Let
S(Qj) = {a: € CN“ND\:UQ; = O}

be the set of all vectors which have zero-entries at the complementary sample index set qu By
definition, yy, € S(€2). Furthermore, let

C(Pcl) = {:B € (CN“ND]:B € range(?’cl)}

be the set of all vectors in the range of the complementary clutter subspace. Both sets S(Qj) and
C(PL) are closed convex subspaces.?? For a successful clutter suppression, the preconditioned
and up sampled measurement vector needs to be an element of the intersection S(;) N C(P:).
One possibility to find a suitable v, is to use the method of alternating projection as

x; =PsoPcoxiq (7.3.8)

until a suitable abortion criteria is met. In this scheme, Ps and P¢ denote projections onto the
corresponding vector spaces S(Qj) and C(P2). Itis well known, that the method of alternating

29This can be seen immediately from the definition of a convex set: Let S be a subset of C™. S is a convex set if it
is closed under convex combinations. Thus, for any k& > 0, for any vectors v1,...,v; € S, and for any scalars
A1, ..., A € Ry satisfying Zle X:; = 1, the convex combination Zle Aiv; is also in S. Furthermore, S is a
subspace if it is closed under any linear combination. Thus, any subspace is also a convex set.
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Figure 7.3.9.: The alternating projection scheme for sub sampled filtering.

projections finds a point of the intersection of two closed convex sets given the sets are not
disjoint and the angle of interception is sharp i. e. the cosine of the angle between the subspaces
is positive [74]. An illustration of this projection scheme is shown in Fig. 7.3.9. It shall be noted,
that the matched subspace detection filter w,,sq given in (7.3.6) cannot be used instead of the
projection filter P, since wy,.q is Not idempotent, a prerequisite for a valid projection operator.
The final preconditioned measurement vector is obtained by sub sampling as

Yin = Lfinal,Qy>

where xg,. is the final result of the alternating projection scheme. An algorithm conducting
(7.3.8) called alternating projection sub sample filtering (APSF) is given in Algorithm 7.2. Instead

Algorithm 7.2 The APSF algorithm.
Input: yup, Qy, QF, P, 1

Initialization:

1 o < Yup

20 i+ 0,d< 00, €4 1078
Body:

1: whiled > eand i < I do

2 141+ 1

3: T; < 'Pé'$i,1

4 wi,ﬂj ~—0

50 de|lz -zl / @il

6. end while
Output: yin i,

of yup, also the pre-cut measurement vector ycu; = vec (Yous) defined in (7.2.16) can be used
for a further clutter suppression. This is done in the following. In Fig. 7.3.10, the first few in-
termediate and the final result of the filtering scheme is shown in the focused scene domain as
AL (wi; B, @;) for the case of SSF. = 0.5, SSF,, = 1.3% For a better illustration, the target en-
ergy was increased to SNR = 45 dB. Due to the sub sampling in the channel domain, distortions
in the angle domain emerge, however, due to cutting no diagonal clutter residuals emerge. Itera-
tion by iteration, the distorted clutter energy is reduced by the APSF procedure. In the final result,
only the strong target remains as desired. In Fig. 7.3.11, the results for the case of SSF. = 1,

3Note that since &; € CM¥P is an up sampled vector, the sensing operator is invertible, hence A~ exists. The result
is the same as applying the hermitian sensing operator A™ onto the sub sampled measurement vector.
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Figure 7.3.10.: Intermediate and final result of the APSF algorithm in the scene domain for the
case of yin = Yeut, SSF¢ = 0.5, and SSF,, = 1.

170[255 Fraunhofer FHR



Fraunhofer FHR 7. Application of CS and ARM Algorithms to GMTI

Angle in 1
Angle in 1

—-04 —0.2 0 0.2 0.4 —-0.4 —0.2 0 0.2 0.4
Doppler in 1 Doppler in 1
@ A" (euss B, 7m). (0) A" (@135, 7m ).

Angle in 1
rel. Change in dB

—0.4 —0.2 0 0.2 0.4 10 20 30 40 50 60
Doppler in 1 Iteration Index in 1
(©) Final result A~ (wﬁnal; 3’7 @;) (d) Relative change of ;.

Figure 7.3.11.: Intermediate and final result of the APSF algorithm in the scene domain for the
case of yin = yeur, SSF. = 1, and SSF;, = 0.5.

SSF,, = 0.5 is shown. Note here, that although cutting was conducted, diagonal clutter residuals
occur. This is a direct consequence of focusing the clutter ridge in the angle domain. As was
explained in Section 7.1, focusing in the angle domain is equivalent to shift space-time samples
in the time domain. In case of no missing pulses, non redundant clutter samples occur only at
the edges of the measurement map Y and can be cut in the time domain. Cutting in the time
domain is advantageous as it is easier and cheaper to obtain a larger number of pulses compared
to channels. In case of missing pulses, multiple non redundant samples emerge in the middle
of Y and can not be get rid by cutting except a very large amount of pulses is available. To the
contrary, skipping channels in combination with a clutter focus in the angle domain does not yield
any non redundant sample arrangements. Hence, diagonal entries do not occur as was the case
in the latter example. Nevertheless, in case the parameters 8 and ¢y, are known very well, the
projection filter also cancels the effect of the non redundant samples as shown in Fig. 7.3.11c. It
shall be mentioned, that if the clutter ridge is not focused in the angle but in the Doppler domain,
the sub sampling effect is exactly the opposite. In this case, skipping pulses would not cause any
non redundant arrangements, while missing channels would. A possible combination of both
clutter focus approaches is beyond the scope of this work.

As was seen from the figures shown before, cutting alone is not sufficient anymore to handle
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Figure 7.3.12.: Intermediate and final result of the APSF algorithm in the scene domain for the
case of yin =y, SSF. = 0.5, and SSF, = 1.

the impact of non redundant samples in case of missing pulses. Hence, cutting can be neglected
as a preconditioning step of y;, at all. The success of the separation therefore depends purely
on the quality of the estimated parameters 3 and ¢,,. In Fig. 7.3.12 and Fig. 7.3.13, the filter
results without cutting are shown. As can be noticed, the signal to noise ratio (SNR) of the
target is slightly higher. This is due to two facts, first of all as no pulses were cut, no target
energy is lost. Secondly, the target is not smeared in angle dimension, a consequence of cutting.
However, this is a leakage effect which in general always might happen. Another beneficial effect
compared to the cut versions above is the less structured clutter floor. Especially close at the
clutter ridge, structured clutter residuals emerge when cutting was conducted. These residuals
might be reconstructed within the sparse matrix S, increasing the false alarm rate.

An alternative approach compared to the alternating projection scheme is to incorporate the
filtering step into the robust principal component analysis (RPCA) algorithm and use y;, = y. Just
like the sparsity ratio operator Q.. (S) defined in (5.2.8), the filter step can be introduced as an
additional restriction of the sparse reconstruction S. This approach would also allow to apply the
matched subspace detector filter w,,sq for sub sampled reconstructions. However, this renders
the RPCA separation problem to be incomplete in the sense that non redundant clutter samples
which would be placed within S are not accounted for. Due to their non-low rank nature, the
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Figure 7.3.13.: Intermediate and final result of the APSF algorithm in the scene domain for the
case of yin =y, SSF. =1, and SSF, = 0.5.
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energy of these samples also will not be placed in the low rank reconstruction L. Consequently,
the residual error term h holds them. This renders to be a potential bias in the reconstruction
scheme since the gradients depend on the residual term. In summary, the measurement and the
separation model would not coincide, rendering the separation result questionable. Therefore,
all separations shown in the following were conducted using the APSF algorithm to generate a
preconditioned measurement vector y,.

7.3.4. Statistical Evaluation

In this section, a statistical evaluation of the separation of moving targets from static clutter is
presented. Since ICM is not covered by the approaches presented in this work, no statistical
evaluation therefore was conducted therefore. In the following, the detection performance of
the RPCA approach was evaluated. To do so, a sweep versus SNR was conducted for Ny, = 100
Monte Carlo runs each with a fixed CNR = 60dB. In every run, the parameters 3 and m, were
at first estimated using the ACF algorithm presented in Section 7.2. Thereafter, the target clutter
separation was conducted using the RPCA based separation approach presented before. As a
preconditioning, the APSF algorithm given in Algorithm 7.2 was used in case of scenarios with
missing channels or pulses. In case of SSF,, = SSF. = 1, also the matched subspace detector
filter was applied. The probability of detection pp was thereafter determined by checking if a
target is present within the sparse reconstruction S at the known target position. Dividing the
number of detections by Ny, yields the estimate pp. To check that the determined pp curve is
not too severely biased from false detections®', the signal was removed from the Monte Carlo
realization and the detection test was repeated. If in this case a detection was still present, this
was caused by clutter and noise energy only. This verification curve is termed false detection
rate or pp false in the following. The general false alarm rate ppa was checked by conducting
simulations without present targets and counting all detections within S. Dividing this number
of false detections by Ny, and the number of bins i.e. N, N, yields the estimate pra. However,
the required amount of Monte Carlo (MC) runs to estimate pga reliably is extremely high! It is
not computationally feasible and thus the results are not representative.32 They are therefore
not shown in this work and merely serve the purpose of checking for possible weaknesses of
the preconditioning and the RPCA approach. For the sake of comparison, the preconditioning

31Detections caused from noise and clutter energy only, not from signal energy.
32The MC estimation procedure of determining pra is a scaled Bernoulli process i. e. the estimator is
ZchNch Xz

K3

NeeNcN,

Pra =

where X; is a Bernoulli distributed random variable (RV) representing the detection of a target (detected or not
detected). The estimator pra is therefore binomially distributed with standard deviation

[0 )
7P =\ TN NN,
The typical desired false alarm probability of space-time adaptive processing (STAP) detectors is 1075. If this level is
to be estimated up to 1% accuracy, the required number of MC runs is Nu,. ~ 4.8 - 10°. The corresponding 95%
confidence interval is 107% £ 1.96 - 108 for which the Wald approximation was used. If every MC run requires
10 sec this would take ~ 11/2 years to complete.

The standard deviation of pp = 0.9 for Nme = 100 results to o(pp)/pp = 3.3% with a 95% confidence interval
of 0.9 4+ 0.058.
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and the separation approach was also conducted using the true parameters 3 and @. This
allows to determine the influence of the ACF algorithm on the separation results. The simulation
results for pp versus SNR are shown in Fig. 7.3.14, where the solid lines mark the results using
the estimated parameter 3 and Gm and the dashed lines the results using the true parameter 3
and ¢n,. Figure 7.3.14a illustrates the results in case of channel sub sampling but with all pulses
available. As explained in Section 7.2, this setting allows for the parameters 3 and @m, to be
well estimable. Consequently, the solid and dashed lines lie close together. The results in case
of missing pulses but all channels available are shown in Fig. 7.3.14b. This setup aggravates
the estimation of 3 and ©m, consequently the detection performance using these is diminished
compared to the ideal case using 8 and gm. This is also the reason SSF;, = 0.5 is not shown in
Fig. 7.3.14b as the estimation of 3 and &y, failed completely. As a benchmark, the pp vs SNR
curve corresponding to a matched filter (MF) detector is shown as well.33 As was explained in
Section 2.3.4, the MF detector assumes the true covariance matrix to be known which allows
for optimal detection and thus represents the best possible detection performance. Comparing
different detectors is usually done for a fixed pra and comparing their pp versus SNR. curves.
Since the pga of the presented approach can not be determined reliably, the MF curve was fitted
to the comparable case of SSF, = SSF, = 1. The corresponding threshold value of the MF
detector is 12dB which is equivalent to a ppa ~ 1.31 - 1077 [76]. The estimated probability of
false alarm (PFA) of the RPCA approach, yet statistically not reliable, was found to be of the same
order of magnitude. Although this statement would need to be verified by further simulations,
this indicates that the presented approach achieves the best possible performance in the SSF. =
SSF,, = 1 case. The false detection rate is shown in Fig. 7.3.14c and Fig. 7.3.14d. As can be seen,
false detections are practically nonexistent. The pp curves are therefore merely not biased due
to false detections. The result for the matched subspace detector filter is shown in Fig. 7.3.15,
where only the case SSF,, = SSF. = 1 is applicable. The performance is comparable to the
projection filter shown above. Just as the case with the MF, the matched subspace detection
filter and the projection filter can not be compared directly here. From the plot it seems, that
the matched subspace detection filter shows slightly higher detection performance, however, the
unreliably estimated PFA seemed to be a bit higher than that of the projection filter. Nevertheless,
their performances are quite equivalent giving the projection filter a slight advantage in less
required computation time. The separation performance with respect to the sub sampling factor
- symbol: SSFs (SSFs) is shown in Fig. 7.3.16. The performance depends mainly on the quality
of the estimated parameters 3 and @y, as can be seen by comparing the corresponding results
in Fig. 7.3.16a and Fig. 7.3.16¢ to those where the true parameters were used in Fig. 7.3.16b
and Fig. 7.3.16d. In case of less used pulses, the estimated parameters deviate such that the
subspace projection filter used in the preconditioning step can not sufficiently cancel the clutter

$3generalized likelihood ratio test (GLRT) and adaptive matched filter (AMF) benchmarks are not shown for two reason.
At first, the corresponding pp equations contain factorials of the product N, N., which in this work was chosen
to be 2048 [24, 75]. However, the maximum computable factorial using the commonly available IEEE-754 float
double precision format is 170! ~ 7.3-103%_ Therefore, the corresponding pp curves can not be computed without
significant effort. Furthermore, the GLRT and AMF detectors suffer an SNR loss due to the required estimation of
the unknown covariance matrix and the estimation of a constant false alarm rate (CFAR) threshold. This loss
depends on the the number of training data range gates. Commonly, the number of training gates has to be two
to five times the number of N, N.. The minimal required number of training gates for the scenario depicted in this
work is far beyond any practical meaning. Hence a comparison to these detectors renders to be of no use.
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Figure 7.3.16.: Separation results vs. SSFs using APSF for preconditioning.

or the clutter spikiness. It therefore seems a viable goal to improve the estimation performance
in a future work.

7.3.5. Summary

In this section, the separation of moving targets from static clutter using CRPCA was presented.
The sensing operator used for separation is the same used for the ACF algorithm which focuses
the clutter ridge onto u = 0. In order to obtain a low rank matrix for static clutter contributions,
a preconditioning of the measurement signal is required. If this step would be omitted, diagonal
entries within S would emerge from non redundant clutter samples. A detailed explanation of
this fact was given in Section 7.1. Various preconditioning approaches were tested, namely the
cutting of the measurement matrix Y~ as was done for the ACF algorithm, a subspace projection
filter and a matched subspace detection filter. The approach of cutting non redundant samples
alone is sub optimal as it leaves the resulting low rank matrix to be of spiky nature. This contradicts
the prerequisites of the CRPCA approach, which requires non-spiky entries within the low rank
matrix in order to allow for a diffuse separation. As a consequence, many clutter residual entries
may remain in S. Nonetheless, cutting may be combined with the latter two approaches for
increased robustness of the CRPCA based separation against badly estimated parameters 3 and
©m. This, however, is only applicable in case of no sub sampling. The subspace projection filter
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and the matched subspace detector filter suppress all clutter contributions completely in case the
parameters 3 and @m, were estimated well enough. In this case, the low rank matrix renders to
be empty with moving targets located in the sparse matrix only. If the parameters were estimated
badly, clutter residuals occur which, however, are of less spiky nature as the filters suppress a big
part of the clutter ridge energy. Clutter residuals are therefore more likely reconstructed within
the low rank matrix L enhancing the robustness of the CRPCA separation approach. In case of
well estimated parameters, the presented filters are also capable of suppressing excessively strong
clutter contributions due to the orthogonal projection approach. The common problem in setting
up projection filters of choosing the clutter subspace size is circumvented due to the absence
of noise in the covariance matrix model (7.3.4). The size of the clutter subspace therefore can
be determined by counting all eigenvalues of the clutter covariance matrix R. greater than a
numerical noise threshold. Both filters yield similar detection performance. The preconditioning
approaches of cutting and the matched subspace detection filter do not allow for any spatial or
temporal sub sampling. The subspace projection filter, however, can be extended to the APSF
algorithm which successfully suppresses clutter contributions within a sub sampled measurement
vector. The presented filter schemes are applicable for static clutter only as they do not include
ICM effects. Extending the model filters to include these is subject to future work.

Finally, the probability of detection pp and the false alarm probability ppa were evaluated
for the subspace projection filter and the matched subspace detection filter preconditioning ap-
proaches. In general, the detection performance mainly depends on the preconditioning step and
less on the CRPCA settings. In case the parameters 3 and Gm can be estimated good enough,
the clutter can be well suppressed which naturally yields a high detection performance. The ACF
algorithm presented in this work estimates the required parameters well in case of missing chan-
nels, yet is susceptible for missing pulses. This is reflected in the detection performance. How
to improve the estimation performance further is an interesting research question, however, is
beyond the scope of this work. Furthermore, pp decreases the less pulses and channels are used,
also in case of a perfect preconditioning. This a quite natural behavior of compressive sensing al-
gorithms. The performance may be enhanced by improving the restricted isometry property (RIP)
and restricted rank isometry property (RRIP) properties of the sensing operator A e.g. by adapt-
ing the radar transmit signal. The reader may refer to [68]. The false alarm probability pga was
evaluated briefly and also depends heavily on the quality of the estimated parameters. Although
the numerical simulations regarding the PFA are not statistically reliable (due to the extremely
high amount of required MC runs), the performance in terms of pp and pga are comparable to a
MF detector and as such achieve near optimal detection performance.
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Although extensive research was conducted in the recent decades to mitigate the shortcomings
of space-time adaptive processing (STAP), no attempt was made so far to evade its fundamental
problem: the need for training data. In this work, initial approaches to do so are presented using
low-rank and compressed sensing methods.

Within the realm of ground moving target indication (GMTI), space-time adaptive processing
is the state-of-the-art algorithm to detect moving targets. A basic part of STAP is its adaptive
nature i. e. an optimal filter to suppress clutter contributions is formed by using measured training
data taken from the very same radar scene. In order for this to work, several prerequisites are
necessary:

e sufficient, independently sampled training data is available
e all training data shares the same clutter structure as the cell under test (CUT)
® no training data contains any moving target signals contributions.

If all of the listed points can be met, STAP is an ideal method to use. It does not require any
knowledge of the measurement process e.g. the radar velocity and orientation, array config-
uration, pulse repetition frequency (PRF), antenna beam pattern etc. In its very essence, STAP
composes a filter which cancels every signal contribution present in the training data. If the first
two prerequisites are not met, clutter residuals will occur as the composed filter does not fit to
the clutter structure of the CUT. A moving target present in the training data results in target
masking as the composed filter is trained to also cancel such signal contributions. Extensive re-
search was conducted to mitigate the prerequisites of STAP, however, training data remains to be
still needed. Therefore, all aforementioned shortcomings are still present.

In this work, attempts to evade the need for training data and as such the shortcomings of
STAP are presented. Rather than using training data, the measurement data of the CUT alone
is used to obtain sufficient information in order to separate clutter from moving targets. This is
accomplished by exploiting the correlated nature of the measurement process. As this is the first
attempt to do so, an idealized measurement process and radar scene are assumed:

e perfectly calibrated uniform linear array (ULA) antenna array
¢ sufficient radar channels (32 channels used in this work)
¢ flat earth condition

e rough knowledge of radar velocity and orientation (e. g. through inertial measurement unit
(IMU))
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* no polar velocity misalignment i. e. ¥y, = 7/2rad
* moving targets are of type Swerling 0 and only sparsely present

The methods presented in this work are based on low-rank and compressed sensing methods.
Most standard methods from the literature, however, do not consider the practical needs of radar
signal processing e. g. they suffer from restrictions to real numbers, slow convergence rate, low
reconstruction performance, or knowledge of unknown parameters like the precise number of
sparse entries or the exact rank of a low-rank matrix. The first contributions of this work to
radar signal processing was to combine and extend compressive sensing (CS) and affine rank
minimization (ARM) algorithms to comprise a set of high performance CS, ARM, and compressed
robust principal component analysis (CRPCA) algorithms as there are:

e turbo shrinkage-thresholding (TST)

e complex successive concave sparsity approximation (CSCSA)

e turbo singular value thresholding (TSVT)

e complex smoothed rank approximation (CSRA)

e turbo compressed robust principal component analysis (TCRPCA).

These algorithms avoid the aforementioned shortcomings and show state-of-the-art reconstruc-
tion performance as was shown by use of phase transition plots. They furthermore offer very
high convergence rates next to low computational complexity due to the use of closed form so-
lutions of subsequent optimization problems. The only parameter required to know is the noise
power P,, which is commonly known in radar applications. In case of very big low rank matri-
ces to reconstruct, the required singular value decomposition (SVD) computation step might be
a bottleneck in terms of computational complexity. To circumvent this problem, an alternative
algorithm called bi-factored gradient descent (BFGD) may be used. It avoids the usage of SVDs,
however, requires an initial solution somewhat close to the final solution. A contribution to the
BFGD algorithm presented in this work is the derivation of an optimal step size formula which
improves the convergence speed.
The partitioning of the radar signals into stationary and moving targets is done in three steps:

1. focusing of the clutter ridge and estimation of the parameters 8 and ¢y, i.e. the clutter
ridge slope and the velocity misalignment angle

2. preconditioning of the measurement signal y using 8 and ¢,

3. separation of preconditioned and focused radar scene into stationary and moving targets.
Therefore, the following contributions to radar signal processing were developed:

e auto-clutter focus (ACF) algorithm

e a model based projection filter

e alternating projection sub sample filtering (APSF) algorithm
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e an CRPCA based separation model.

The key idea to separate moving targets from stationary clutter from CUT measurement data only
is to exploit the correlated nature of the clutter signals to form a low rank matrix. In the radar
scene, i.e. in the angle-Doppler domain, this is accomplished by focusing the clutter ridge onto
u = 0 or fp = 0, where in this work the focusing on @ = 0 is used. For the focusing operation
cyclic sub sample shifts in the @ dimension of the radar scene are used. The shift amount A
depends on the parameters 8 and ¢,,,. The ACF algorithm now estimates these parameters using
a low rank and an energy objective function i.e. for correctly chosen parameters, the focused
clutter scene has minimal rank with the clutter ridge being focused onto @ = 0 (except for aliased
clutter signals). This approach is to some extend robust against targets present in the CUT. As
long as SNR < CNR, the ACF algorithm is successful. In case of low Doppler leakage also
stronger targets are not of concern. Moving targets which appear as sparse entries in the radar
scene remain sparse by the clutter focus operation. Hence, the radar scene after focusing is the
sum of a low rank and a sparse matrix L+ S. This superposition is separated into S and L by use
of an CRPCA approach. However, before being able to do so a preconditioning step is necessary.
For a successful separation using the CRPCA approach the so called rank-sparsity incoherence
condition must be fulfilled. Among other things this means that the low rank matrix L must not
contain spiky entries unlike the clutter ridge itself. While it is easily possible to exclude the clutter
ridge at w = 0 from being reconstructed within S, this is not possible for aliased clutter signals
or strong clutter leakage. Therefore, the previously estimated parameters 3 and ¢y, are used to
setup a model based projection filter to suppress clutter contributions. In case of missing pulses
or channels, the preconditioning is accomplished by the APSF algorithm. In the best case i.e. if
the parameters 8 and ¢, were estimated good enough, the projection filter cancels all clutter
contributions within the preconditioning step, rendering the final low rank matrix to be empty.
In case the parameters are erroneous, clutter residuals occur. Nevertheless, the preconditioning
step reduces the spikiness of the clutter residuals allowing the CRPCA approach to reconstruct
these residuals within the low rank matrix L as desired. The approach and technigues presented
in this work a capable of handling static clutter only. As such, effects like internal clutter motion
(ICM) are not covered and are subject to future research. The presented approach was extensively
evaluated in terms of parameter estimation performance and probability of detection pp by use
of Monte Carlo simulations for various sub sampling factor - symbol: SSFs (SSFs). Due to the
excessive amount of Monte Carlo runs needed to adequately estimated the false alarm proba-
bility, pra Was not evaluated. The overall success in case of missing pulses or channels heavily
depends on the sensing operator A. Especially the position of the missing pulses or channels
determine the separation quality. Unfortunately, selecting optimal pulse and channel positions is
an N P-hard problem. Within this work, 300 combinations of various pulse and channel locations
were evaluated for every SSF in order to avoid obvious sub optimal arrangements. Other common
approaches like adjusting the transmit signal to improve the sensing operator A are not consid-
ered in this work. The separation approach presented in this work works well in case of missing
channels, yet is susceptible for missing pulses. This is a consequence of the choice to focus the
clutter ridge onto @ = 0 and might be improved by additionally focusing the clutter ridge onto
fo = 0 followed by a subsequent fusion of the results. The probability of detection was deter-
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mined for a detection threshold of 10dB and compared to the standard adaptive matched filter
(AMF) detector. In case of no missing pulses or channels, the detection performances coincide.
In case of missing samples, the detection performance diminishes slightly. Successful detections
are currently possible for SSF,, > 0.5 and SSF;, > 0.7 in case of SNR = 20dB. It mainly de-
pends on the parameter estimation quality. An interesting future research topic would be how
to further improve the parameter estimation. The false alarm probability was not fully evaluated,
however, heuristically comparable with the false alarm rate of a corresponding matched filter. A
subsequent validation of the detections e. g. by use of trackers seems mandatory.

In summary, the presented approach is capable of separating static from moving targets by use
of CUT measurements only. As this is a complete new approach of solving the GMTI problem,
there are many further interesting research questions e. g.:

e extension of ACF algorithm to incorporate polar velocity misalignment errors 4., and non-
flat earth condition

further robustification of ACF algorithm against very strong targets present in the CUT
e setup a refined parameter estimation algorithm’

e extension of the projection filter to incorporate ICM

effects of sub optimal antenna calibration
e experimental validation

Undoubtedly, the experimental validation of the presented approaches is of utmost interest. So
far, this could not be realized due to the lack of GMTI systems having the required amount
of channels available. One could obviously claim, that the high number of required channels
is a severe practical drawback of the presented approach. Quite the contrary, the approaches
presented in this work answer the question of what can be done better given so many channels
are available. At the time writing this work, fully digital front ends become more and more
common. The question is therefore not whether so many channels will ever be available but how
best to use them when they are. The plain STAP approach does not benefit from an increased
number of channels, rather it becomes more and more demanding in terms of required amount
of training data. The presented approaches give a sophisticated answer of what can be done
better. Nevertheless, much further research is required before practical use can be considered.

'A quit interesting approach would be to use the model projection filter P2 (8, wm) to further estimate the parame-

ters. The key idea would be to use the filtered signal energy HPCL (8, tpm)sz as objective function i. e. for correctly
selected parameters all of the clutter energy would be suppressed creating a suitable minima. However, there are
two obvious challenges. At first, this approach is not invariant with respect to present targets. For wrongly chosen
parameters, the projection filter may suppress a target. Strong present targets therefore create wrong local minima
for the proposed objective function. This might be circumvented by using the ACF algorithm, which is invariant
regarding present targets, to obtain a first estimate of 8 and ¢.,. This initial estimate is then further refined using
the projection filter. This approach evades wrong local minima given strong moving targets are not positioned
too close to the clutter ridge. The second challenge is that a gradient descent approach is very demanding. The
projection filter requires an eigenvalue decomposition of the model covariance matrix Re (8, ¢m) = U.A UL,
hence this results in the need to derive the eigenvectors with respect to the parameters. It is well known, that
the derivative of eigenvectors is a tedious task as it is computable in a single iteration only if the corresponding
eigenvalues are simple i. e. unique. This may not be fulfilled, e. g. in the simple case of 8 = 1 and ¢, = 0 where
only repetitive eigenvalues occur. Finally, the eigenvalue decomposition of the possibly big covariance matrix R,
has a high computational complexity.
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A.1. Wirtinger Derivatives

In this work, gradient descent approaches are used for minimizing real valued objective functions
of complex arguments. A convenient way to calculate the required gradients are the Wirtinger

derivatives
0 _1(0 o
ou 2 \ Quge OUim
0 1 0 4 0
our 2 \ Ouyge Jauim ’

where uye = Re{u} and uin, = Im{u}. Some useful properties are
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Furthermore, the complex product and chain rules are required, which are
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A gradient indicating a descendant direction in the real and imaginary domain can be found as
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T
"It is also possible to choose Vxh(X) = 2 (%) as a gradient, however, this is not the common form usually

chosen in the literature.
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Within this work, the derivative of a scalar function w.r.t. a vector ¢ = [z, o, .. ., xN]T e CNis
defined as
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and w.r.t. a matrix X € CNxM 3
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L 927, Oz}

A.2. Fundamentals
In this section more fundamental derivatives are shown in more detail.

A.2.1. Antenna Gain and Reflection Coefficients

In this section the antenna gain coefficients gix (,,w) and gy« (i, w) introduced in Section 2.1.1
are derived. Starting with the transmit (TX) case, the spherical wave emitted by a TX is

_7 @ (w) gt)i<ﬁza w) ej(wt—k”a?“)’ (A.2.1)
1]
where a (w) € C denotes the complex magnitude of the harmonic input signal of the TX an-

tenna and g (i,,w) an antenna gain coefficient translating the input harmonic signal into an
electromagnetic (EM) field quantity. The antenna gain Gix (., w) is defined as [5]

Gix (Uy,w) = &y (W) D (Uy,w), (A.2.2)

where 0 < g, (w) < 1 is the antenna efficiency parameter and

D (i) = U (ty,w) _ 47rU(u$,w)

A.2.3
Uave Py ( :

is the antenna directivity with P, denoting the power of the emitted wave. Within (A.2.3)
U (@w) = ||§ @ w)| 177 (A.2.4)

denotes the radian intensity (which is independent of the total distance ||Z||) with

|§@w)|= % |6 (7,1, w)|2 (A.2.5)

denoting the magnitude of the pointing vector or the power density at point Z. Within (A.2.5),
Nw = \/po/eo ~ 1207 Q is the free space impedance which accounts for a transformation from
the signal into an EM field quantity. Combining (A.2.1), (A.2.2), (A.2.3), (A.2.4), and (A.2.5) yields

for the antenna gain
S Ar _
Gix (umaw) = W ’gtx (u:mw)’Q; (A.2.6)

where P, = |a (w)[* & (w) was used.
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The receive antenna gain coefficient ¢,x (i,,w) translates an incoming EM wave into a signal
quantity. It therefore can be derived in an analogous manner as gix (., w), however, it needs to
be extended by an antenna cross section factor A2 /4. This can readily be found from the radar

equation
P X T X9 rx _'I'X7 T
Pr (w) — t (w) Gt (ut 3W)2G2 (u UJ) g
(47T) Ttxrrx
from which )
. 4m)” 21y .
GI‘X (u$7w) = ()AQT] |grx (UI,CL))|2 (A27)
and
oy = |ag?

follows. Notice in (A.2.7) the factor 2n,, which accounts for the transformation from an EM field
into a signal quantity.

A.2.2. Target Induced Phase Modulation for Constant Velocity

A moving target induces a phase modulation of the transmit signal si, (¢') namely
se (') = / S! (w) e i) g =it g, (A.2.8)

where t' denotes the point in time where the center of the pulse hits the target, Si, (w) the
Fourier transform of s{, (¢'), and

T () = ”Xc(t/) (A.2.9)
0

is the travel time from the TX antenna to the point target. Due to the time dependence of the
delay 7« ('), (A.2.8) can not be solved in a close form. One idea to achieve a closed form solution
is to assume that (A.2.9) is somewhat constant during the time the pulse hits the target i. e.

Ttx (til) ~ Tixc

with the choice

Ttxc = It (x)
€o r=t'
In this case (A.2.8) becomes
St (t/) ~ s (t' — TtXC) ) (A.2.10)

The implications of this approximation can be measured by e.g. a cross correlation loss (CL)
between (A.2.8) and (A.2.10) which seems reasonable as this corresponds to a subsequently
applied pulse compression. A closed form solution can be obtained by assuming the point target
moves at constant radial velocity v,¢ during the illumination period T};. In this case (A.2.9) can be

written as A
Urt, Urt,
Ttx (til) = Ttxc T (til - tl) = = Ttxc + .
Co Co
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with At € —@, L1, The illumination time is given by 2.1.46 as
2

co + Urtx,max

€0 — Urtx,max

Using the correlation Fourier pair

F{corr {f1, fo} (L)} = F{f1}" F{fo}

with F{f1} = S/, (w) e wm=xtt) F{f} = 8/ (w)e T, and L denoting the lag, the correla-
tion is

corr {st (ti) , Sty (t/ — Ttxc)} (L)y=F7" {‘Séx |2 e }

:R,,@—Amv, (A.2.11)

where Ry, o () denotes the auto correlation of s,. The CL of (A.2.8) and (A.2.10) is determined
at L =0and At =1, hence

(E:R§§<Hm>. (A.2.12)
txtx 260

In case of a chirp wave form, (A.2.12) becomes [78]

Urt, . b Tivrt Urt
CLchirn = A A A.2.13
hirp (200 ) SHIC ( 200 (20() ) ) ( )

A (z) = max (1 — |z|,0).

with

A.2.3. Range Walk for Airborne Radar

The range walk in case of an airborne radar can be divided in two limiting scenarios. In the first
case, the range walk is limited by the amount the radar is moving Ar,,. This scenario is sketched
in Fig. A.2.1 where r (t) denotes the current slant range, r (tcen) = 7 the slant range at the point
in time where the center of the antenna beam hits the target, and r (t.s) = o is the closest slant
range to the target. Furthermore, 65 is the antenna squint angle. The range walk is defined as

Argarx1 =1 (t) — e, (A.2.14)
where

r2(t) =12 + Ar% — 2r Aty sin (6s) (A.2.15)

with
Arp = vp (t — teen) = vp At (A.2.16)

and

To

¢ = . A2.17
e = Cos (0s) ( )
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Commonly of interest is the time span of a half coherent processing interval (CPI)

_ Nptp
)

At
to determine if targets can be considered non moving, or the maximal travel time

At — Tmax
€o

to verify the stop-and-go approximation described in Section 2.1.3. Combining (A.2.14), (A.2.15),
and (A.2.16) yields

2

,
ATyalk,1 = \/00520(«95) + v2AL2 — 2roup At tan (65) —

To

cos (6s)

(A.2.18)

or in case no squint is applied

A'rwalk,l = 1/7“(2] + U%Aﬂ — 70

In the second scenario, the range walk is limited by the visible area determined by the antenna
beam width (ABW)

ABW ABW
rwi = o (o (6 25V) o (5, - 2BVY),

This scenario is sketched in Fig. A.2.2, where

r = 0

L cos (05+ABTW)
ro = 10

* cos (6, — ABW)

denote the leading and trailing edge of the visible area. The range walk, depending on the squint
angle, therefore is

lr1 — 72 b5 > ABW

A7ﬂwa1k,2 = (AZ 1 9)

max (r1,7m2) —ro else
Depending on whether the radar movement Ar, or the visible area is smaller, the effective range
walk is

Twalk,l AOrp < ATABw

Arwalk = (AZ 20)

Twalk2 else

A.2.4. Maximum Observable Radial Velocity in GMTI Scenario

The maximal radial velocity observable by the radar in the ground moving target indication (GMTI)
case is of interest for validating common radar signal approximations as given in Section 2.1.3
or for the selection of a suitable pulse repetition frequency (PRF). It depends on the platform
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t ATP tcen 'l_}'p tcls

Arp = vp(t — teen) “— Target

Figure A.2.1.: Range walk for non moving target in case of constant platform velocity vp,.

(a) Squint angle 65 > ABTW. (b) Squint angle 6 <

ABW
2 -

Figure A.2.2.: Range walk deduced from the ABW depending visible area.
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(a) Velocities in the plane spanned by the radar and . (b) Velocities in the plane spanned by the radar and .

Figure A.2.3.: Worst case of observable radial velocity for broad side oriented antenna.

and target velocities v, and v and is restricted by the antenna beam width, which limits the
area the target is visible. In general is vy max = (U1, Ut — Up), Where g points into the direction
of the n-th considerable side lobe of the antenna pattern and @; and @, are to be taken to
achieve the maximum possible v, max according to the measurement scenario. The worst case for
a broadside directed antenna is depicted in Fig. A.2.3 with the target moving in radial direction,
where Fig. A.2.3a depicts the superposition of radial velocity components from v, and v; and
Fig. A.2.3b the observable radial velocity of a point target v,¢. The total radial velocity in this case
is

Vrtot = Urt + Vrp

(o) s (%57)
=4/1-— vg+sin | —— | vp
T'max 2

ABWuy,
2 )

~ v + (A.2.21)
where ABTW was considered as visible angle and in the last line the assumption h, < rmax and

ABW) ~ ABW \vere assumed.

Sin( 2 )= 72

A.3. Derivation of the Divergence of the Complex Thresholding
Operator

In this section, the divergence of the complex thresholding operator is derived in closed form. The
required Wirtinger derivatives are listed in Appendix A.1. The complex soft thresholding operator
is defined as [79]

S$ (2) = sgn (2) max (0, || — a), (A3.1)
where z € C, a € Ry, and
0 ifz=0
sgn (z) =
£ else

||
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is the complex sign function. A useful alternative formulation of the second term in (A.3.1) is

0 if |[z] <a

max (0, |z| —a) = { (A.3.2)

|z| — a if|z|>a.

Furthermore, for some matrix Z € CN*N2 the complex soft thresholding operator is defined as
an element-wise operation as
[sé“) (Z)} = S (2) (A3.3)

withi =1,2,...,Nyand 7 = 1,2,..., N,. Finally, the definition of the divergence for a scalar

div f = 2Re <3];(Zz)>

complex function f : C — Cis

and for a multidimensional function F : CN — C¥ [80]

N
div F = Z 2Re <M> . (A.3.4)

0z;
i=1 v

Combining (A.3.3) and (A.3.4) yields the desired divergence

‘ “ Ny, Ny 0 [Séa) (Z)Lj
div (SS (Z)) =Y 2Re — (A.3.5)
ij=1 ‘

Using (A.3.2), the required derivative is

(@)
s (Z)]z'j _08Y" (2y) _ Osen ()

0 0.z —
o maX(0a|zij| —a)—i—sgn(z) max( a|zzy| a)

Gzij aZij azz‘j azij
H Ts
with the derivative in T3 being
dsgn (zi;) 0 215 =0
82“ - g ‘z”|
! oz, else
0 |f Zij = 0
= ) (A.3.6)
L else
2]zi4]
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where
23 0z;j 0|z
] Oz 24| = 2552,
Ozij |25
2k
zgl =z
=—
|21
_ 1
2 |24
and
1
ozl _ 2 (5u)" _ 5 (A3.7)
8zij 8z¢j 2 ‘ZZJ‘ o

was used. Note, that the discontinuity at z;; = 0 can be discarded since Séa) (z) =0 for |z| < a.
Combining (A.3.2) and (A.3.6) yields

0 if |Zij| <a
T = ilea . (A.3.8)
2|J2ij| if |2i5] > a
The required derivative in term T is
0 if |25] < a

Omax (0, |z —a)

= 4 not differentiable if |z;;| = a

82’1']' .
if 2] > a
2|z K )

0 if |z| <a
— - R
o if |z >a

2|25

where the set {z : |z| = a} has Lebesgue measure zero and can be discarded due to weak

differentiability. As such
- {0 it eyl <a 39
3 if |z > a
where (A.3.7) was used again. Combining (A.3.5), (A.3.8), and (A.3.9) yields for the divergence
N1,N2

div (sé“) (Z)) -y (2— |:j|> I(|zi;] > a),

i,j=1

where I (-) denotes the indicator function.

A.4. Complex Successive Concave Sparsity Approximation

In this chapter, based on the successive concave sparsity approximation (SCSA) algorithm [58], we
derive a new algorithm called complex successive concave sparsity approximation (CSCSA) for the
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recovery of complex sparse vectors in the field of compressive sensing (CS). The following section
covers the derivation of the CSCSA algorithm. In section A.4.2, we show some simulation results.

A.4.1. Derivative of the CSCSA Algorithm

The primary objective is to recover an unknown sparse vector s € C™s=, where the number of
sparse entries k < Ng, from a limited number of noisy observations of the form

y=As+n, (A.4.1)

where A € CM*Nse (M < Ny.) is a known affine transformation, y € CM is a measurement
vector, and n € CM is additive noise. To find a solution to this under-determined linear system,
we seek the closest sparse solution which is consistent with the measurements via

min ||s]|, subjectto h (s) < €2, (A.4.2)
S

where ||-||,, denotes the £, norm,
2
h(s)=As -yl

is the residual error, and €2 > Hn”% is some constant noise energy. Unfortunately problem (A.4.2)
is NP-hard to solve. In order to make the recovery tractable we may approximate the quasi £y
norm by a suitable function. A very well known relaxation of A.4.2 is the basis pursuit denoise
(BPDN) approach which is [39]

min ||s||, subjectto h(s) < €% (A.4.3)
S

The ¢1 norm is known to be the tightest convex relaxation of the original CS problem (A.4.2).
However, despite the convexity of the BPDN approach, there is a large gap between the sufficient
conditions for the robust recovery of sparse vectors using (A.4.2) and (A.4.3). In order to narrow
this gap while making the recovery tractable we may approximate the ¢y norm by a smooth

function.
T
The fo normof s = |57 --- sy, | isdefined as the number of non zero elements in s. Let
1 ifx=0
d(z) = (A.4.4)
0 else

be the Kronecker delta function, then we can define the ¢ norm of s as

Nsc

Islly =Y _[1=d(sil)], (A.4.5)

=1

3This means the problem at hand must be less difficult in terms measurement ratio M/n.., sparsity ratio #/n.,
restricted isometry property (RIP) condition etc. if solved by use of an ¢; approach compared to an £y approach.
Hence, the reconstruction performance may be improved if an £y solution is approximated.
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where |s;| denotes the magnitude of s;. To make (A.4.5) smooth we may approximation it by

Is]

1= 8(s]) ~ 1 — exp (— 7) — £, ()

The function f, (|s|) converges point wise to 1 — 6 (|s|) as

tm £, (s =4 - 0
11m S = .
=0+ 0 else
Thus we can define .
Isllo ~ Y £+ (Isil) = F (Isl) , (A.4.6)
=1

where |s| denotes a vector which holds the magnitudes of the elements of s. The optimization
problem (A.4.2) may now be relaxed to

min F, (|s|) subjectto h (s) < €. (A.4.7)
S

The constrained optimization problem (A.4.7) can be converted to an unconstrained one by use
of regularization. This yields
min A\, F, (|s]) + h (s), (A.4.8)
S

where \, is a regularization parameter which may depend on . Program (A.4.7) is of the form
min Ap (s) + h(s), (A.4.9)
S

where h (s) is convex and differentiable with Lipschitz continuous gradient and A > 0 is some
regularization parameter. In case of a least absolute shrinkage and selection operator (LASSO)
or ¢1 approach p(s) is convex and non smooth. For the approach considered in (A.4.8) p(s) is
concave, smooth but not differentiable at s = 0. In both cases the iterative thresholding (IT)
method can be utilized to conduct the desired minimization. For a fixed ~, a solution to program
(A.4.8) can be obtained by iteratively solving

. 1
S;41 = argmin {(s — 5" Vh(s) + o s — 1|3 + A\ F (]s\)} (A.4.10)
S

until convergence, where 1 > 0 is some step size. This program can be viewed as a proximal
regularization of the linearized function h (s) [41].

Solution to Unconstrained Minimization Problem for a Fixed ~

Program (A.4.10) can be simplified to
. 1
s141 = argmin {2# s — (st — uVh ()12 + M F, <|s|>} (A.4.11)

ignoring constant terms unimportant regarding the minimization. For the special case of choosing
F, (|s|) as done in (A.4.6), it is possible to derive a close form solution of (A.4.11). For a given s,
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we can further simplify (A.4.11) to
. 1 2
Si41 = argmin @||s—sl0||2+)\7ny(|s|) . (A.4.12)
S

Noticing that F, (|s|) is a separable function the minimization in (A.4.12) can be conducted
element wise and as such we only need to solve

. 1
§i41, = arg min {2M s — s10.4]° + Ay fy (|s|)}. (A.4.13)

L(s,s10,:)

The scalar function L(s, s;9,;) in (A.4.13) as such is not holomorphic?, however, since we are only
interested in minimizing L(s, s;0,;) we utilize the Wirtinger derivatives listed in Appendix A.1 to
calculate the root of the gradient

OL(s. 5104
VL (s, s104) = (;;fzo,)’ (A.4.14)

where -* denotes complex conjugation. The derivative needed in (A.4.14) is

OL (s,s104) ia\s - Szo,i!2 Y Of (Is)

= A.4.15
Os* 2u Js* T 9s* ) ( )
N——— N——
T T
where the term T3 in (A.4.15) results to
o _ Dls —swal” _ 0(s = s105)" (s — s10,)
! o0s* Os*
I (s—si4)" « 0(5— 510,

= 7( P 0, ) (S — 3l0,i) + (S — Slo,i) 7( Do o, )

=85 — 810,i (A416)

4A holomorphic function is a complex-valued function which posses a unique derivative. For this to hold, the Cauchy-
Riemann equations need to hold or equivalently, the Wirtinger derivative requires to be dL(s, s10,:)/9s* = 0. This
does not hold as shown in (A.4.14) until (A.4.18).
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and term Ty to

L _on(sy 0o (=)  oen(-H)
2T T 9s os* T os*

(o) () -2 ()
()
a€R
-2 (%5 (4357
o) (252 2o () i)

:f?emp<_ﬁﬂ>‘ (A4.17)
v s ¥

Combining (A.4.14), (A.4.15), (A.4.16), and (A.4.17) yields

1 S S
VL (s,500,) = ﬂ (s —s10,4) + )\Wm exp <—U> ) (A.4.18)

Setting (A.4.18) to zero yields

— S04 A
s m,:_wsem<_M>, (A.4.19)
24 7 s

Since s € C we have to enforce equality of real and imaginary parts of (A.4.19) or its arguments
and magnitudes. Considering the arguments in (A.4.19) we observe

arg (s — s0,) = £+ arg (s) (A.4.20)
or equivalently
arg (sj,; — s) = arg (s) . (A.4.21)

The structure of (A.4.19) given the insight from (A.4.20) and (A.4.21) is illustrated in Fig. A.4.1.
From (A.4.20) we know that s and sj; must lie on a straight line passing through the origin.
Furthermore, from (A.4.21) we know that |sj;| < |s|. In summary we can observe that for an
arbitrary s ;,

s€ A= {x e Clzr=ps0,,0<p <1}, (A.4.22)

where 5 € R. From this we can conclude

arg (s) = arg (sj0,) - (A.4.23)
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Im

810,

arg (sj0,; — ) /

arg (s — $10,;)

\/
Figure A.4.1.: Structure of equation (A.4.19).

Using (A.4.23) we can simplify (A.4.19) to

|s] ejarg(slo,i) _ |3l0,i‘ ejal“g(slo,i) B Ay |s| e,iarg(slo,i) < |8|>

2 v ||
~ |80 A
sl bswal Ay (_’5’> (A4.24)
2u Y Y

In order to solve (A.4.24) we may use the multi-valued Lambert W function or product logarithm
which is defined implicitly by
W(2)e"® = 2, (A.4.25)

where in general z € C is possible, however, in this work it is sufficient to restrict z € R. In this real
valued case, the Lambert W function is single valued for z > 0, double valued for z € [—1/e,0)
and undefined for z < —1/e. The two branches for z € [—1/e,0) are usually distinguished and
denoted as

Wo(z) > —1 (A.4.26)
W_i(z) < —1. (A.4.27)

To apply the Lambert W function we modify (A.4.24) by extending both sides with 24/~ exp(— |s0,i| /)

to

s — lsin s 2\ .

|s| — |s10,i exp <\5\ ‘310,1’> _ g,u exp (_|Sl0,z‘>‘ (A.4.28)
v y Y Y
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The Lambert W function as defined in (A.4.25) can readily be identified within (A.4.28) and as
such the two solutions

|s1] = YWo (2) + |s10,4] (A.4.29)
|sa] = YW_1 (2) + |s10,] » (A.4.30)
can be found, where
2 7
o= 2N <_’3“” ‘) (A.4.31)
Y 7

and Wy (-) denotes the upper branch and W_; (-) the lower branch of the multi-valued Lambert
W function. Combining (A.4.23), (A.4.29), and (A.4.30) yields the final solutions

s1 =W (2) el m8(5104) 4 g0 (A.4.32)
sg = YW_1 (2) ejars(si,:) + S10,4- (A.4.33)

Since we require only one solution we check whether (A.4.32) or (A.4.33) results in a lower
L (s, s0,:) (if possible). Inserting (A.4.32) into L (s, sjp;) yields

1
L (s1,5104) = o |51 — s10,i> + Ay fy (J51])

1 : . 2 _ Mo H =04
= ﬂ (")/W() (Z) + ‘Slo,i‘) e]arg(slo,l) — 8104 + )\7 1—e ¥
1 ) _Wo)+so,i|
= EWWO ()" + XAy — Ae v
il LD VTR i R
=M+ W ( )—?e "
S ——
z/2
A2
=AM+ % (W5 (2) + Wo (2)) (A.4.34)

where we used identity (A.4.25) in the last step. Similar steps yield

2
L (52, 8105) = Ay + 2= (W2, (2) + W1 (2)) . (A.4.35)
24

Lemma A.1. Forany z € [—1/e,0), WZ (2) + Wy (2) < W2, (2) + W_1 (2).

Proof. Beginning with Wy(z), using —1 < Wy(z) < 0 from (A.4.26) yields

W3 (2) + Wo (2) = (Wo (2) + )Wo (2) < 0.
—_—————
>0 <0
Similar steps for W_1(z) using W_1(z) < —1 from (A.4.27) yield

W2, (2) + W_i(2) = (W_y1(2) + )W_1 (2) > 0.

<0 <0
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Combining both results completes the proof. Lemma A.1 tells us that so from (A.4.33) can not
be the minimizer of L(s, si0,;) from (A.4.13). O

Since for z < —1, W(z) is not defined, we should have

1
z > ——
(§
2 ; 1
LTI, <_|8lo|> 51
Y vy e
or o\
&w|27<1+h1< ;”)). (A.4.36)
Y

If (A.4.36) is contradicted, no solution to (A.4.19) exists. In this case we can tell that L (s, sj0.;)
from (A.4.13) is a strict monotonically increasing function in s and as such the minimizer of
L (s, s10,) lies at s = 0 since from (A.4.22) we know s = f3so; for g € [0,1].

As a remaining point we need to check for L (s, sj0;) to be convex in order to ensure s; from
(A.4.29) is a global minimum. To do so, we first use arg (s) = arg (s;;) from (A.4.23) and insert
itinto L' (|s|,|si0.4|) which yields

1 . ‘ . N2
L' (Is] lswogl) = 5 | a8(s0:) _ g0 5 @500 |” LA £ (1s))
1

~ (Is] = I810,41)* + Ay fy (I5]) - (A.4.37)

Now L' (|s|, |si0,]) : R — R and thus it is easy to check its convexity by use of its second derivative

oL’ i 1 —lsl
(Is] ,2!810, D_1 M-y (A.4.38)
dls| moo

From (A.4.38) we can conclude that if
v > Mu, (A.4.39)

L' (|s|,|s10.]) and thus L (s, sj0,;) is convex for any s = Bsj;, where g € [0,1]. If condition
(A.4.39) is contradicted, s; from (A.4.32) is not necessarily the minimizer of L' (|s|,|s;4). In
this case the minimizer may also be at s = 0 which becomes clear if we sketch the curve of
L' (|s], |si0.])- Since V5L (s, s50,;) from (A.4.18) posses two roots at s; and s and further since

lim L' (|s|, |si0,i]) = o0

we know that L' (|s|, |s.:|) has three or four extreme values. This is illustrated in Fig. A.4.2a. As
can be seen,

s1)is the minimum, whereas |s2| may be a maximum or a saddle point. All together
we see that the minimizer of L' (|s|,|s;,|) is either at s = s; or s = 0. The possible additional
case of s; and s being saddle points is sketched in Fig. A.4.2b. In this case the minimizer is s = 0.
It is hard to determine analytically if s = s; or s = 0 is the minimizer of L (s, s;p;), however, it
is easy to compare the cost function for both values to find it. In summary, the minimizer of
L (s, s10,;) and thus the solution to (A.4.13) can be defined as the one dimensional shrinkage
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A
L' ([s], [s10.l) L' (Is], |s10.il)

|s2]

|si \
\

"o s 0 15

(@) Minimum at |s1|and maximum or (b) Saddle point at |s1| and |s2|.
saddle point at |s2].

Figure A.4.2.: Curve sketching of L' (|s], |s0.i

).

operator
0 ’8107i| <7 (1 + In (%))
T (s00) =30 L0, |sw0al) < I/ (Is1] [s10.]) - (A.4.40)

s1 otherwise

where s; is defined as in (A.4.32) and L' (-, |s;04|) is as defined in (A.4.37). Using this threshold
operator, the solution to (A.4.8) can be acquired by iteratively updating
st =T, (s1— uVh(s)). (A.4.41)

m

Step Width and Convergence

In [58], the proof of convergence of (A.4.41) builds upon the Lipschitz continuity of A (s) and
some upper bound for F, (|s|). Here, we derive the required smallest Lipschitz constant Mj, of
h (s) and the upper bound for F, (|s|) for the complex case and leave the rest of the proof to

[58]. Since h (s) is convex and of class C2, we can determine the Lipschitz constant of VA (s) as
Vih(s) 2 MLI < ||V?h(s)||, < My, (A.4.42)

where || Z||, denotes the spectral norm of Z i.e. the largest singular value of Z. The complex

Hessian is defined as [81]
0h (s)

2 —
Vil (8) = 5arpsT

(A.4.43)

and the required derivative for
h(s) = As —yll3
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results to

Oh(s) _0||As —yly (As—y)" (As—y)
os* os* os*
(0" AT(As—y) (AT (As—y)) s

Js* os*
= (AH (As — y))T
oh(s) 0(A"(As—y))" 0AY(As—vy)
0s*9sT 0sT N 0s
= A"A. (A.4.44)

Combining (A.4.42), (A.4.43), and (A.4.44) yields for the smallest Lipschitz constant
My, = ||ATA]|,. (A.4.45)
For the required upper bound of F (|s|) we need to find the smallest number M such that
MVEE, (s]) = =M T (A.4.46)

The required derivatives for complex Hessian V2F, (|s]) results to

_ |oxiy l—exp(—%‘) ‘
88: tzlv--~7Nsc

OF, (|sl) _ (225D ‘
Os* Osf t=1,...,Nsc

— St ‘3t|)} ‘
[’Y|St| p ( vy t=1,...,Nsc

which we know from (A.4.17) and

F"/(|SD .. 8S—texp(—|st|) ’
=— [s¢] . A.4.47
0s*0sT  ~ diag D5t - t=1,....Nec ( )

The required derivative in (A.4.47) is
0L exp (—@> 0L dexp (—@)
[s¢] v [¢] En S¢ v
= —— _—— A.4.48
05y 05y P < * |5¢] 0sy ( )
T3 Ty

From (A.4.22) and as depicted in Fig. A.4.1 we know that we can restrict the domain of F, (-)
to the set A = {x € Clz = 85,0 < g < 1} or in other words we vary s; only as such that the
argument of s; is constant. Therefore, term T3 in (A.4.48) results to zero

ai
T3 = |St| exXp (—’St‘> = 0
0si ~
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Term Ty in (A.4.48) gives

st 0 exp (—%)

Ty =L
4 |St’ 85t
L (1)
sl el Y
_— exp (—’St‘> , (A.4.49)
v v

where we used (A.4.17) to get the required derivative. Combining (A.4.47), (A.4.48), and (A.4.49)
yields

1 .
V2F, (s = - 25 i [oxp (-

= —712 diag ([ex (

Inserting (A.4.50) into (A.4.46) gives

)\’y . A |St|
—— dia ([ex (——‘S“)D = —M{I & —~Lexp <— > —Mj
2 g P ~ L 2 ~ L

)
)D (A.4.50)

|st
5
s
5

and results for the smallest value of M| to

A
M = 7; (A.4.51)

For any step width
1
e <0’ My + M£>
the sequence {s;} generated by (A.4.10) converges to a stationary point of (A.4.8), where M, is
from (A.4.45) and Mj is from (A.4.51).

The Regularization Parameter A,

As derived in [58] we set

Initialization

As pointed out in the graduated non-convexity (GNC) procedure, we initially solve (A.4.8) for
~ — oo. Following the same argumentation as stated above, let s be the unique solution to

min ||s||; subjectto As =y,
S

which is the equivalent noiseless optimization problem to A.4.3. In [58] it was shown that, for
~ — oo, the following statement holds

lim argmin { F, (|s|)| As = y} = argmin {||s||,| As =y} =5
~—00 s s
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provided that the ¢; minimization has a unigue solution (which is not strictly convex). We there-
fore conclude, that (A.4.7), for v — oo, can be optimized by solving the BPDN problem A.4.3. To
do so, the fast iterative shrinkage-thresholding algorithm (FISTA) algorithm or the highly improved
version turbo shrinkage-thresholding (TST) presented in Section 6.1 may be used. Furthermore,
), Where s is the solution of A.4.3. This is different as done in [58],

o Is set to 79 = max (|sg
where 79 was set to 79 = 8 max (|sg|) which is equivalent to the solution obtained by the BPDN
approach. This iteration is not necessary and we start with an already decreased ~y.

The final algorithm is listed in Algorithm 6.2.

Remarks
In the following some remarks on the CSCSA algorithm are stated.

Remark A.1. The CSCSA algorithm acts for big + like the FISTA algorithm i.e. an ¢; minimizer. It
therefore is sensitive to non-normalized columns of the sensing operator A. In case one of the
columns of A has a significant higher 5 norm than the remaining columns, an ¢; minimization
algorithm tends to overrate its corresponding sparse entry in s and thus does not tend to minimize
the desired £y norm any more. The reconstruction of the desired s may fail therefore!

Remark A.2. For the required initial solution sy any ¢; minimizing algorithm may be used e.g.
FISTA, spectral projected gradient for ¢; (SPGL1), etc.

Remark A.3. The CSCSA algorithm will attain a relative residual error | As; — yl|, / ||y]|3 =~ }/sNRr
equal to the signal to noise ratio (SNR) of the signal. In case the initial solution sq has a relative
residual error smaller than the given SNR the CSCSA algorithm will increase it again until it attains
the signals SNR. In return for this deterioration the squared reconstruction error (SRE) is improved.

A.4.2. Additional Simulation Results

In the following, additional phase transition diagrams are shown. Also, an additional error metric
is introduced, namely the mean support recovery rate (SRR) ﬁ vaz“f card (7 N 7*) / card (77%),
where 7 denotes the support set of §, 7* the support set of the true solution s*, and card (+) the
cardinality operator. This error metric tells us how well the algorithm finds the correct position
of the sparse entries. The simulation parameters are the same as introduced in Chapter 3. The
sensing operators used to test the algorithm are:

1. Random matrix whose entries are drawn independently from a zero-mean, unit-variance
complex Gaussian distribution CA (0, 1) with normalized columns.

2. Randomly selected rows of a discrete Fourier transform (DFT) matrix with normalized columns.

3. Rows from a DFT matrix selected in a structured manner, meaning the rows were chosen as
equally spaced as possible.

4. Rows from a DFT matrix selected for sub sampling factors SSF = 1 — 10. For this setup,
with ny, = 1024, Ng. = np + na was chosen such that M = Nse/ssr € N, where na was
selected as small as possible.
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Figure A.4.3.: Results of random sensing operator. Top row: results for SPGL1 algorithm and
bottom row: SPGL1-CSCSA combination.

5. DFT matrix with correlated columns. This occurs often in case of beamforming algorithms,
for which a higher angular resolution is desired. In this case, the number of angular bins is
increased which corresponds to zero padding, hence correlated columns in the DFT matrix.
Correlated columns reduce the RIP constant of the sensing operator and therefore the
reconstruction performance. As an illustrative example, reconstructions for a uniform linear
array (ULA) antenna with four antennas but 41 angular directions are shown.

As an additional reference, the SPGL1 algorithm® was also included. The resulting phase transition
diagrams for a complex random sensing matrix with normalized columns are shown in Fig. A.4.3.
As can be seen, the CSCSA algorithm improves the results of the SPGL1 algorithm for a sparsity
ratio of x/m < 0.7. Above this value, the reconstruction performance deteriorates. Further
evaluations have shown, that the complex random sensing matrix is responsible therefore, yet
the precise reasons are subject to further investigation. This aforementioned deterioration does
not occur in the DFT sensing case which is shown in the following Fig. A.4.4 As can be seen, for
the DFT sensing operator with randomly chosen rows, the CSCSA algorithm uniformly improves
upon the SPGL1 results. Its success heavily depends on the random nature of the selected rows.
In case of a structured selection strategy, the reconstruction performance deteriorates significantly.
This is shown in in Fig. A.4.5, where the rows were equidistantly chosen selected. As can be seen,
the CSCSA algorithm can not improve upon the SPGL1 results.

An even more severe case is regular sub sampling where e.g. only 1/2, 1/3, etc. samples are

>Available at https://github.com/mpf/spgl1
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Figure A.4.4.: Results of random row DFT sensing operator. Top row: Results for SPGL1 algorithm
and bottom row: SPGL1-CSCSA combination.
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Figure A.4.5.: Results for structured DFT sensing operator. Top row: results of SPGL1 algorithm
and bottom row: SPGL1-CSCSA combination.
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Figure A.4.6.: Results for SSF = 1 — 10 of DFT sensing operator. Top two: results of SPGL1
algorithm and bottom row: SPGL1-CSCSA algorithm.

used. The reconstruction performance is shown in Fig. A.4.6. As can be seen, not even SSF = 1/2
can be reconstructed successfully.  The last example shows reconstruction results for a beam-
former for a ULA with four antenna elements but 41 angular directions. This corresponds to a
DFT sensing operator with highly correlated columns. In this case, only very sparse scenes can
be successfully reconstructed, hence a phase transition diagram is not of use. Hence, a different
simulation was set up, where the sparsity was fixed to x = 2 and the position of one sparse entry
was swept trough all possible indices. This illustrates the resolution performance of the CS beam-
former approach. This simulation is shown in Fig. A.4.7 and Fig. A.4.8. Figure A.4.7a shows the
true location of the two targets, where target two is shifted through all angular positions. The
auto-correlation matrix of the DFT sensing matrix is shown in Fig. A.4.7b. Evidently, consecutive
columns are highly correlated. Figure A.4.7c to Fig. A.4.7] show the reconstructed scenes for dif-
ferent reconstruction algorithms and phase differences between the two targets. As can be seen,
the reconstructed positions of the SPGL1 algorithm appears blurred, yet the CSCSA algorithm sig-
nificantly cleans the scenes up. As a reference, Fig. A.4.8 shows the results in case of a classical /5
reconstruction a. k. a pseudo inverse. Evidently, the CS approach including the CSCSA algorithm
show superior performance. The simulation was repeated with even higher correlated columns
for which the results are shown in Fig. A.4.8 and Fig. A.4.8. The improvements of CSCSA upon
SPGL1 with respect to resolution performance are evident.
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Figure A.4.7.: Results for correlated columns DFT sensing operator for x = 2 sparse entries swept
along Ny = 41 with M = 4 measurements.
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Figure A.4.7.: Results for correlated columns DFT sensing operator for x = 2 sparse entries swept
along Ny = 41 with M = 4 measurements.

A.5. Complex smoothed rank approximation

In this chapter, based on the smoothed rank function (SRF) algorithm [61] and the smoothed rank
approximation (SRA) approach in [62], we derive a new algorithm called complex smoothed rank
approximation (CSRA) for the recovery of complex low-rank matrices in the field of affine rank
minimization (ARM). The following section covers the derivation of the CSRA algorithm.

A.5.1. Derivative of the CSRA algorithm

The primary objective is to recover an unknown low-rank matrix L € CN1*N2 where the rank
rank (E) = r < Nyinp = min (N1, Na), from a limited number of noisy observations of the form

y=A(i) +n, (A.5.1)

where A € CM*NxNa (A1 < N| N,) is a known affine transformation, y € CM is a measurement
vector, and n € CM s additive noise with zero mean and variance P,. To find a solution to this
under-determined linear system, we seek the closest low-rank solution which is consistent with
the measurements via

min rank (L) subject to ||A (L) - y|3 < €, (A.5.2)

where |-||,, denotes the ¢, norm and €2 = |n|3 is some constant error energy. Unfortunately
problem (A.5.2) is NP-hard to solve. In order to make the recovery tractable we may approximate
the rank by a suitable function. A very well known relaxation of (A.5.2) is the nuclear norm
minimization (NNM) approach which is

min [| L[, subjectto ||4 (L) —y|2 <€, (A.5.3)

where || L||, is the nuclear norm of L which is the sum of the singular values of L [45]. The
nuclear norm is known to be the tightest convex relaxation of the original rank minimization
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Figure A.4.8.: Results for different correlated columns DFT sensing operator for x

= 2 sparse
entries swept along Ny, = 41 with M = 4 measurements.
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Figure A.4.8.: Results for correlated columns DFT sensing operator for k = 2 sparse entries swept
along Ny = 41 with M = 4 measurements.

problem (A.5.2). However, despite the convexity of the NNM approach, there is a large gap
between the sufficient conditions for the robust recovery of low-rank matrices using (A.5.2) and
(A.5.3) [82].

In order to narrow this gap a different replacement for the rank function is proposed. The rank
of L =UXVY, where ¥ = diag (o), is defined as the number of non zero elements in o, where

T
the vector o = |:0'1 .o+ op,. | holds the singular values of L. We thus can define the rank of
L as -
rank (L) = ||of|, = Y [1—6 (03 (L))], (A.5.4)
i=1

where |||, is the number of non-zero elements® a.k.a. pseudo-zero-norm, o; (L) is the it
largest singular value of L, and § (x) is the Kronecker delta function defined in (A.4.4). To make
(A.5.4) smooth we may apply the same idea as used in A.4

fr(@)=1-0(x)~1—exp (—%) .

Thus we can define

Mmin

rank (L) = Y fy (04 (L)) = F} (o (L)) = Fy (L), (A.5.5)
=1

where o (X)) yields the singular values of X arranged as a vector. The rank approximation
function F (z) defined in (A.5.5) is absolutely symmetric, which means F, (z) is invariant un-
der arbitrary permutations and sign changes of the elements of x. Based on this property, the
following theorem from [83] can be applied.

Theorem A.1. The function F (Z) is unitarily invariant if F(Z) = F' (o (Z)) = F' oo (Z)
provided F’ (z) is absolutely symmetric [83].

This property is useful when we try to minimize the rank approximation function (A.5.5). The

®Well known from compressive sensing (CS), see Chapter 3.
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optimization problem (A.5.2) may now be relaxed to
min F, (L) subjectto |A(L) — Y3 < € (A.5.6)

The constrained optimization problem (A.5.6) can be converted to an unconstrained one by use
of regularization. This yields
min AFy (L) + A (L) —yl3, (A.5.7)

where \ is a regularization parameter. Program (A.5.7) is of the form
mgn Ap(L)+h (L), (A.5.8)

where h (L) is convex and differentiable with Lipschitz continuous gradient. In case of the NNM
approach (A.5.3), p (L) is convex and non smooth. For the approach considered in (A.5.7), p (L)
is not concave nor convex (since f, (x) is defined also for negative numbers) and not smooth
i.e. not differentiable at the origin. Nevertheless, the iterative thresholding (IT) method can be
utilized to conduct the desired minimization. For a fixed ~, a solution to program (A.5.7) can be
obtained by iteratively solving

. 1
Lj = arg min {(L — L;,Vh(L;))p + o IL — Lj||2 + \F, (L)} (A.5.9)

until convergence, where p > 0 is some step size.

Solution to unconstrained minimization problem for a fixed ~

Program (A.5.9) can be simplified to
1
Li, = argjinin {QM |L —(Lj — uVh (Lj))”% + AF, (L)} (A.5.10)

ignoring constant terms unimportant regarding the minimization. For a given L; we can further
simplify (A.5.10) to
1
L :argmin{m|]L—Loj|%+/\F7 (L)}, (A.5.11)
L
where

LOj = Lj - MVh (L]) (A512)

is the result of the gradient update step. In order to minimize (A.5.11) we can use Theorem 2 of
[83].

Theorem A.2. For unitarily invariant functions F (Z) = F' o o (Z) the optimal solution to the
problem
min F'(Z) + || Z - Az

Z=US,VH

where A = US AV s the singular value decomposition (SVD) decomposition of A and £z =
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diag (&) is obtained by solving the separable minimization problem
o = argmin {)\F/ (o) +clo— O'Aug} ,

where oa = o (A) [83].

It shall be noted, that theorem A.2 also works if F'(Z) would not be a unitarily invariant
function, provided F (Z) = F (Xz), where Xz = diag (o (Z)), which is inherently fulfilled since
Y.z is a real positive diagonal matrix. We therefore can use theorem A.2 to obtain

L1 = Uy Ve, (A.5.13)
where
Loj = Up;Zo; Vy, (A.5.14)
is the SVD of Ly;, 3. = diag (7), and
~ 1
0 = argmin { \F! (0')+—||0'—a'0j||§ , (A.5.15)
o>0 7 2/'5

where o; = o (Lo;). In (A.5.15) we additionally demand o > 0 since singular values are always
positive. The objective function (A.5.15) is the sum of a concave and convex function (since
o > 0). To the contrary of [62], we do not solve (A.5.15) by applying a differenct of convex (D.C.)
optimization strategy. A better approach, first shown in [58], is to utilize the Lambert W function

W(2)e"® = 2, (A.5.16)

which allows for a closed form solution of (A.5.15). We start by noticing that the minimization in
(A.5.15) is separable and as such can be conducted element wise as

1
0; = arg min {/\jlY (0)+ — (o — aojvi)z} . (A.5.17)
o>0 2#

Defining the argument of (A.5.17) as

L(0,005:) = Ay (o) + L (o —004)%, (A.5.18)

2

taking its derivative with respect to o and setting it to zero yields after short manipulation

oo _ Ao (—") = e (-"), (A5.19)
I v lo| v gl v
where we used the fact that o > 0. To apply the Lambert W function we modify (A.5.19) to
o= o g <ff—00z> — M (_”W> | (A5.20)
Y Y Y Y
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Applying the Lambert W function on both sides of (A.5.20) gives two solutions

o1 =YWo (2) + 00;, (A.5.21)
oy = YW_1(2) + 004, (A.5.22)
where \
2= Hexp <—UOJ> (A.5.23)
Y Y

and Wy (-) denotes the upper branch and W_; () the lower branch of the multi-valued Lambert
W function. The rest of the derivation is left to look up in [58]. The solution to (A.5.17) is the
shrinkage operator

o renfiem(s)
T @) =40 L(0,2)<L(ona) (A.5.24)

o1 otherwise

where g1 is (A.5.21) and L (-,-) is (A.5.18). The solution to (A.5.11) is therefore
Lji1 = Uy, diag (72(1) (UOj)) Voy s

T
where 7;5;’) (00j) = 7;(;) (00j1) - 72(1) (gommin)} is the vector operator version of (A.5.24),

o0j = o (Loj), Lo is (A.5.12), and Uy; and V] are defined in (A.5.14).

The regularization parameter A

A short remark at the beginning: The approach in [58] to choose A=\, = Ay did not work well in
our case. Simulations showed better results by simply taking A, = A. If the first choice A, = Ay
was used, the singular value vector was made non sparse. This did not happen by using Ay = A.

For the CSRA algorithm the regularization parameter A may be determined by

A = 2,/ Brd (1 - ;in) Vmax (N1, Na), (A.5.25)

as introduced in Section 6.3.

The step size i

For this particular approach there is no easy way to find a valid step size. Since the function
F, (L) defined in (A.5.5) is not convex or concave a Lipschitz approach does not work in general.
A step size found to be working well is € (0, zﬁ) where M, = || A 3 which is a guaranteed
stable step size for the singular value thresholding (SVT) algorithm [45]. This seems reasonable
considering the similarities of SVT and the algorithm presented here since both follow the IT

approach. It would be also possible to apply a line search strategy as presented e.g. in [84].

However, simulations showed that it is sufficient to use a step size of u = 0.99/)4)2. This is
guaranteed stable step size and the convergence speed does not suffer considerably.
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Unique solution

In general, it is very difficult to prove a unique solution to problem (A.5.2) can be acquired by
solving (A.5.6) consecutively as we let v — 0™. However, we use the same approach as in [58],
where for an equivalent sparse problem such a convergence was proven not for a noisy but
for an equivalent noiseless optimization problem. In [58] it was shown by simulations, that this
convergence property also holds in the noisy case. In this work here, we therefore also only show
the desired convergence property to a unique solution for an equivalent noiseless optimization
problem.

Let L be the unigue solution to

mgn rank (L) subjectto A(L) =y, (A.5.26)
which is the noiseless equivalent to (A.5.2) and let L., denote, for a specific , a solution to
mgn F, (L) subjectto A(L) =y, (A.5.27)

which is the noiseless equivalent to (A.5.6). Since (A.5.26) and (A.5.27) are the same optimization
problems as discussed in [82], we can directly follow their conclusion concerning a unique solution
which states

lim L, = L.

~—0+
This result shows that the solutions L., of (A.5.27) tend towards the minimum rank solution of

(A.5.26) for v — 0F. We therefore conclude that consecutive solutions of (A.5.6) approximate
the solution to (A.5.2).

Convergence

A convergence analysis can be found in [62] which is directly applicable to the approach presented
in this chapter. Remark: In [62], the unitarily invariant function property is also stated for functions
whose domain is only the positive orthant R*. This relaxation allows for F” (o) to be concave
and more important to be differentiable at the origin. This is used in the convergence analysis. If
this would be wrong, we could not use the convergence analysis any more. Nevertheless, since
Lemma A.2 is also valid for non unitarily invariant functions, the minimization approach used here
is still valid. Remark 2: The convergence analysis uses a decreasing step size of p < ¢pforac < 1.
Since we use a static step size, the convergence proof does not hold for us any longer.

Initialization
As pointed out in the graduated non-convexity (GNC) procedure, we initially solve (A.5.6) for
~ — oo. Following the same argumentation as stated above, let L be the unique solution to

mgn I|IL||, subjectto A(L) =1y,

which is the equivalent NNM noiseless optimization problem to (A.5.3). In [82] it was shown that,
for v — oo, the following statement holds

lim argmin { 7, (L)| A(L) = y} = argmin {||L|.| A (L) = y} = L.
L

Y—00 L
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provided that NNM has a unique solution. We therefore conclude, that (A.5.6), for v — oo, can
be optimized by solving (A.5.3). For solving (A.5.3) we may use the SVT algorithm or the highly
improved version turbo singular value thresholding (TSVT) presented in Section 6.1. Furthermore,
Yo is set to o1 (Lg) = || Loll,, where Lg is the solution of (A.5.3). This is different as done
in [82], where g was set to 8a1 (Lg). Since, as explained in [82], 801 (Ly) is equivalent to the
solution obtained by the SVT algorithm, this iteration is not necessary and we start with an already
decreased . The final algorithm is listed in Algorithm 6.4.

A.6. Optimal Step Size Determination for Finding Low-Rank
Solutions via Non-Convex Bi-Factored Matrix Factorization

Low-rank matrices appear frequently in signal processing applications e.g. in the field of remote
sensing, machine learning, etc. The fundamental problem is to recover an unknown low-rank
matrix L € CV1*N2 from a limited number of noisy observations of the form

y=A(L)+mn,

where A : CN1xN2 5, CM s 3 known affine transformation, y € CM is a measurement vector,
and n € CM is additive noise. This problem can be cast as affine rank minimization (ARM)
problem:

. Ly 2
ml_inf(L) =3 ly — A(L)|l; (A.6.1)

s.t. rank(L) <,
where ||-||, denotes the ¢, norm [85]. One method to solve (A.6.1) is an iterative procedure called

the bi-factored gradient descent (BFGD) algorithm [43]. The algorithm is of the form

Uiy1 = U — pyVo P (Ut7 ‘/t) (A.6.2)
Visi =V —pvVy F (Ut, Vi) ) (A.6.3)

where the matrix L was factorized as L = UV with U € CM*", V € CN2*7, uy; and puy
denote the step sizes, t indicates the iteration step, and V z denotes the gradient with respect to
Z. For the specific case of the original objective function f (-) in (A.6.1) being both (restricted)
strongly convex and smooth, an additional convex regularizer g : C"*" — C is required as

FU,V)=f(UVY) + X (U'U -VTV), (A.6.4)

where A € R™ determines the weighting of the regularization term. The additional regularizer is
necessary in order to prevent U; and V; obtaining large condition numbers in any iteration step
which is required by the BFGD algorithm to ensure convergence. It is required that:

1. g is convex and minimized at zero point i.e. Vg(0) = 0.
2. The gradient, Vg (URU — VHV) € C™7, is symmetric for any such pair.

3. gis pg-strongly convex and Lg-smooth [43].
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Of particular interest is the question of how to choose the step sizes ugy and uy. The existence of
an optimal step width was shown in [43, 63, 53, 64], however, no equations based on parameters
known in practice are given. For the special case of ¢ (-) being the quadratic Frobenius norm

g () =1

we develop an optimal step size calculation here. The step sizes ugy and uy are chosen such that
the objective function (A.6.4) is minimized in every step subject to given gradients

Gy =VyF(U,V) (A.6.5)
Gy =VyF (U,V) (A.6.6)
as such
py = argmin F (U — uGy, V) (A.6.7)
1
py =argmin F (U, V — uGvy) . (A.6.8)
I

We conduct the minimization by setting the derivatives to zero

OF (U — uGy, V)

_0 (A.6.9)
o

OF (U.V —uGv) _ (A.6.10)
Op

The derivatives in (A.6.9) and (A.6.10) are third order polynomials in 1 and as such have in general
three arbitrary roots which may be real positive, real negative, or complex. However, for valid
step sizes, a single positive real root is needed. In the following we first illustrate the derivation
of (A.6.9) and (A.6.10) regarding gy and uy . Thereafter prove only one unique real positive root
exists in the framework of the BFGD algorithm.

Derivative regarding .y

The regularized objective function (A.6.4) using the Frobenius norm for g (-) is in extended form

1 2
F(U -Gy, V) = 5 [y = A((U = 4uGo) V)|, + AU = 1Go)™ (U = uGo) - VIV |

-~

Dy Su
(A.6.11)
and its gradient is
Gu=-A"(§)V+4\NUX (A.6.12)
g=y—- AUV (A.6.13)
X =U%W -viv, (A.6.14)
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where AH (.) is the Hermitian adjoint operator of .A. We first treat the data fidelity term Dy of
(A.6.11), which we simplify by use of (A.6.13) to

1 1
Dy =3 |y = A(U = uGo) VM|, = 5 ly = A(UV™) + nA (GuVT)];
1
=5 lls +nA GV (A.6.15)
Its derivative is
oD 01/ . . 2
o= oz (B9 2uRe (A (GuVT)} 42 A (Gu V)
— Re {§"A (Gu V™) } + u||A (Gu VT |I2, (A.6.16)

To

where we may simplify the term Tj further by utilizing the sum notation as
Ty = 3" A (Gu V") & §iavi9ujr (A.6.17)

and noticing that (A.6.12) in sum notation can be expressed as

(Gu)jr=—(A @ V), + A [UX),,
£ ngr = —aijpgjivpr + 4)\ujmxmr, (A618)

where gy jr = (Gu);, is the entry of Gy atindex (j, 7). From (A.6.18) we can isolate the term
giaijpvpr = —gujr + 4Aujmxmr
and insert it into (A.6.17) as

Ty = (~gujr + 4N @y) JUr
= —9UjrUjr T AN, T GU i
£ —|Guls + 42 (UX,Gu)p
= — |Gz + 4\ (X, UGy )y, (A.6.19)

where (-, -} denotes the Frobenius product. Inserting (A.6.19) into (A.6.16) yields

aDU 2
o = IGUllf + 4ARe {(X, U Gy), } + || A (Gu V)] (A.6.20)
Next we treat the scale difference term Sy of (A.6.11), which we simplify as

S0 = | =160 W = u6) VIV [} — U - vV

= [|x'[17. (A6.21)
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where
U/ =U — ,LLGU.

From (A.6.21) and (A.6.14) we also find
X'=X —pu(UGy + GyU) + i*GyGy.
At this point we introduce some abbreviations to further simplify (A.6.22) as

A=GHU +U"Gy
B = GGy,

SO
X' =X-puA+ B

Due to a better handling of the Frobenius norm we we again utilize the sum notation
(X’)i]. =2} = ubul; — viv

i st sj

to find the derivative as

oSy | 0 ne 8%;;1:;]
o on X" || = Aiaﬂ

_ (9:1:;; , ax;j .

&Ugj .

ol _ i\ "
ou ou

because p € R. The required derivative is

since

oz}, _ Qg _ O(U* — puGyy),; (U — pGu)g,
ou ou ou

oU* — uGsy;) .
= M IS o), + (0" - G,

= —(G)y (U — pGu),; — (U* - uGy) ; (Gy).,
=~ (G} (U ~uGv)),, ~ (U ~nGu)" Gu)
— (-GB (U — uGu) - (U - uGv)" Gu)

= (2uGyGu — GyU — U'Gy)

=(2uB - A)

9 (U - MGU)sj
o

ij

ij

ij

(A.6.22)

(A.6.23)
(A.6.24)

(A.6.25)

(A.6.26)

(A.6.27)
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where at the last step we inserted the abbreviations (A.6.23) and (A.6.24). Inserting (A.6.27) into
(A.6.26) yields

95 i
T 2ARe {l‘z‘j (2uB — A)i]}

= 2ARe {<X/, 2uB — A>F} ) (A.6.28)

By combining (A.6.20) and (A.6.28) we have in total

OF (U = pGu,V) _ 9Dy 98y
ou - ou ou
+4ARe {(X, U"Gy),} +2ARe {( X', 2uB — A) . }. (A.6.29)

Ty

— —|Gul2+u|lA(GuVY)]

We may further simplify the term T3 as

Ty = 4ARe {(X,U"Gy), } + 2ARe {(X',2uB — A)_}
=2ARe {2(X . U"Gy), + (X',2uB — A)}

and insert (A.6.22) as

Ty =2XARe {2(X, U"Gy), + (X',2uB — A) .}
= 2\Re{2(X,U"Gu), + (X — pA+ i’B,2uB — A) . }. (A.6.30)

Ty

Next we expand term 15 and further simplify it which yields

Ty =(X —pA+p’B,2uB — A),
= 2% | Bl[s — 1*(2(A, B)p + (B, A)p) + 4t (2 (X,B)p + IIAH%) —(X,A)p. (A631)

T3

The term T3 can be combined as

Ty =2 (A, B)p + (B, A)y
= 3Re{(A,B)p} +jIm{(A, B),}, (A.6.32)

where the imaginary part can be skipped since only the real part is taken in (A.6.30). Inserting
(A.6.31) and (A.6.32) into (A.6.30) yields

Ty = 2ARe{24” | B[ — 1?3 (A, B)y + 1 (2 (X,B)p + HAH%) +2(X,U"Gy), — (X, A)p}.

Ty

(A.6.33)
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Finally we can combine term T} as

Ty =2(X,U"Gy), — (X, A)p
=2(X,U"Gu), — (X,GU +U"Gy),,
= (X, U"Gy - GiU),,
= (X, C)p, (A.6.34)

where in addition to (A.6.23) and (A.6.23) the abbreviation
Cc =UGy -GHU (A.6.35)

was introduced. Combining (A.6.34), (A.6.33), and (A.6.29) yields the final form

OF (U — uGy, V)
ou

— _lGul2+ 2ARe{2u3 HBH% 342 (A, B),

+M(2 (X,B)p + | Allz + HA(GUVH)H > (X,C)p } (A.6.36)

Derivative regarding py

The derivative regarding uy from (A.6.10) is computed in an analogous manner to that of uy
from (A.6.9), however, some minor differences exist. Therefore the derivation is again shown
step by step. The regularized objective function (A.6.4) using the Frobenius norm for g (-) is in
extended form

PO,V —uGy) = [y AU W~ pe)) S A |00 — (v~ w6y (v - pv)|

Dy Sy
(A.6.37)
and its gradient is
Gy = — (A* @)U -4V X. (A.6.38)
We first treat the data fidelity term Dy, of (A.6.37), which we simplify by use of (A.6.38) as
1 2 1 2
Dy =3 y—A(U WV —ne))|| =y - A@VT) + A (UG)|;

1. 2
=5 s +pA(UGY)|,

Its derivative is

oD 91
= 2 (85 + 26 Re {FA(UGY) } + 1 A (UGH)1;)
— Re {§TA(UGH)Y + | AUGY) |5 (A.6.39)

Ts
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We may simplify the term T5 in (A.6.39) further as

Ts = P A (UGY) © 0 alontor Gy (A.6.40)
and noticing that (A.6.38) in sum notation can be expressed as
GV == (A @)"'U)  —aA(VX),,
L GVkr = — U Uor — ANVkm T (A.6.417)
From (A.6.41) we can isolate the term
yN*ia?okuor = —9Vkr — 4)\fukmxm'r
and insert it into (A.6.40) as
Ts = (—gvir — 4\VkmTmr) Gy jr
= 7g€/krgvl€7' - 4)‘g€/krvkmxmr
L |Gy — 4N GV, VX)y
=—|Gvi — N (ViGy,X), . (A.6.42)
Inserting (A.6.42) into (A.6.39) yields
ODv _ Gyl — aaRe [(VEGY, X A(UGH)|? A.6.43
W——H viF — e{< Vs >F}+“H ( V)H2' (A.6.43)
Next we treat the scale difference term Sy of (A.6.37), which we simplify as
2 2
Sv = [0 — (V= uGv)* (v - uGv) | = |[UtT - vV
= || x"|%. (A.6.44)
where
V =V — uGy.
From (A.6.44) and (A.6.14) we also find
X"=X+up(GyV +V'"Gy) - ’GyGy. (A.6.45)
At this point we introduce some abbreviations to further simplify (A.6.45) as
D =GYv +vigy (A.6.46)
E =GlGy, (A.6.47)
SO
X" =X +uD — *E. (A.6.48)
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Due to a better handling of the Frobenius norm we use the sum notation

(X”) - xz] - u:iusj - vgvz/fjv
where
U;?y = (V,):sy’
to find the derivative as
aSV _ H //H _ )\8:1:;/]* ’,L/j
o ¥ o
&E’/-* ozl
o i 1 %
—A( Sl + x;;.>
ox'.
= 2ARe { Y x;’j*} (A.6.49)
op

since

o _ i\ "
ou ou

because p € R. The required derivative is

oxl, iy, OV -Gy, (V - uGy),,

ou o ou
d(V* — uGs),, \ . OV —pGv),
== EN (V- MGV)U — (V" = uGy)y o
=(Gv); (V = uGvy)y; + (V" = nGy),; (G )y
(GY (V= uGv)),; + (V= uGy)" Gv>ij

(GH (V= uGv) + (V= Gy GV>U

(—2uGyGv + Gy V +ViGy),,
(=

2uE + D) (A.6.50)

ij

where at the last step we inserted the abbreviations (A.6.46) and (A.6.47). Inserting (A.6.50) into
(A.6.49) yields

6852/_2)\1% { "s (—2uE + D), }

=2\ Re {(X", —2uE + D)_}. (A.6.51)

By combining (A.6.43) and (A.6.51) we have in total

T Znev) OOV L OV Gyl + A UG
—AMARe {(VIGv, X),} +2ARe {(X",—2uE + D). }.  (A6.52)

Ts
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We may further simplify the last two terms of the latter as

Ts = —4ARe {(V'Gy,X),} + 2ARe {( X", —2,E + D)}
=2\Re {-2(V"Gv, X), + (X", -2uE + D).}

and insert (A.6.45) as

Ts = 2ARe {—2(V'Gvy, X)), + (X", —2uE + D)}
=2ARe{—2(V'Gv, X)), + (X + uD — *E,—2uE + D) }. (A.6.53)

Tz

Next we expand term T% and further simplify which yields

T; = (X +uD — ’E, -2uE + D),
= 24" | E|f — *(2(D, E)p + (E,D)g) + (—2 (X, E)p + IIDII%) +(X, Djp. (A6.54)

Ty

The term Ty can be combined as

Ty = 2(D,E)p + (E, D)
—3Re{(D, E)p} +jIm {(D, E)y}, (A.6.55)

where the imaginary part can be skipped since only the real part is taken in (A.6.53). Inserting
(A.6.54) and (A.6.55) into (A.6.53) yields

Ty = 2\ Re{24% | E|2— 342 (D, E)p+p1 (—2 (X,E)p+ ||D||§) —2(ViGy, X)), + (X, D) }.

Ty
(A.6.56)
Finally we can combine term Ty as
Ty =Re {-2(V'Gv,X), + (X,D)p}
=Re{-2(X,ViGy), +(X,GyV +VIGy),}
=Re {(X,GyV - V'Gy),}
= Re {(X,F)p}, (A.6.57)
where we introduced an additional abbreviation
F=GYv -vigy. (A.6.58)

Please note that switching the entries in the Frobenius product as done above is only possible
since we are only interested in the real part. Combining (A.6.57), (A.6.56), and (A.6.52) yields
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the final form

OF (U,V — uGvy)
o

— Gy ]2 427 Re{w”’ |BII% - 342 (D, E),.
1 2
b (-2 B+ D+ L [AWEDIE) + (X F) b (As59)

Unique solutions for ugy and py

As can be seen from (A.6.36) and (A.6.59), the derivatives are third order polynomials in p and as
such have in general three arbitrary roots. However, for valid step sizes, we need a single positive
real root. We prove that this is always the case in the framework of the BFGD algorithm by first
showing that only one real root exists and second that this real root is positive.

Single real root Since the regularized objective function (A.6.4) is the sum of two functions
f(-) and g (-) which are convex in U and V, (A.6.4) is convex in U and V too. Therefore it
has only one global minimum and thus only one real point where its derivative is zero. The same
holds for the restricted functions in (A.6.7) and (A.6.8). The derivatives (A.6.36) and (A.6.59) thus
can only have one real and two complex roots.

Positive real root To prove this single real root is positive, we take a closer look at the polyno-
mial ’s coefficients. The polynomial has the general form

ap® +bu? + cp+d = 0.

By use of Descartes’ rule of signs we can determine the sign of the roots, for which we only need
to know the signs of the coefficients [86]. Those are shown in Tab. A.6.1. The coefficient a is
positive. The sign of coefficient b is unknown because A and D are indefinite matrices. The
matrices B and E are positive semidefinite, however, this is not of use here. Coefficient ¢ is
almost surely positive since X = UNU — V1V s the difference of almost identical covariance
matrices. Since U and V stem from a singular value decomposition (SVD) as L = UXVH and
U =UX"?and V = VX2, X has only entries close to zero. We thus may neglect (X, B)y
and (X, E), compared to the remaining terms in (A.6.36) and (A.6.59). The same argument
holds for coefficient d where we may neglect (X, C)y and (X, F). In summary we have

+al g £ 0] p® £ Je| p = |d] = 0
which yields either one or three change of signs. According to Descartes’ rule we have for
1 change of signs: 1 positive real root and 2 negative or complex roots

3 changes of signs: 1 or 3 positive real roots, 2 or 0 complex roots, and 0 negative roots

In either case we are guaranteed to have at least one positive real root Q.E.D. In case of three
changes of signs we are guaranteed to only have one positive real root due to the convex objective
function. By taking care that d < 0, we ensure to have a positive real root. The sings of b and ¢
do not matter.
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Since we can neglect the impact of X due to the reasons stated above, we may simplify
(A.6.36) and (A.6.59) as

OF (U — uGy, V)
O

~ 4\ | B||f — 6\’ Re {(A, B)g}

+u (A AL+ [[A(GuVY)[)) - IGulE = pu (A.6.60)

OF (U,V — uGy)
O

~ 4P || B} — 6\’ Re {(D, E)p}

2
y (2)\ ID|2 + || A (UGE) \\2) — |GV = pv. (A.6.61)
The optimal step sizes (A.6.7) and (A.6.8) are thus

uy = realroot of (py) (A.6.62)
uy = realroot of (py), (A.6.63)

where real root of (-) denotes an operator which yields only the pure real root of the three possible
roots of (A.6.60) and (A.6.61).

| Coefficient | (A.6.36) or (A.6.59) | Sign |
4N || B or 4\ | B| 7 >0
b —6ARe{(A, B)p} or —6ARe {(D, E), } >0
2\ Re {2 (X,B)p + ||AH§} + A (GuvH)|?
c or >0

2ARe {—2 (X,E)p + IIDlli} +AWGY)|;

—|Gull§ + 2ARe {(X,C)y}
d or <0
—|Gv ||z + 2ARe {(X, F);}

Table A.6.1.: Signs of coefficients of (A.6.36) and (A.6.59).

Simulation Results

A Matlab program was designed to test the proposed step size calculation. The BFGD algorithm
was used to solve (A.6.1), where the step sizes were calculated in every iteration step using
(A.6.62) and (A.6.63). The dimension size was set exemplarily to N; = Ny = 70, the rank to
r = 14, the number of measurements to M = Ny Ny/2 = 2450, A = 1/8, and the entries of the
affine transformation A, Uiyue, and Vipue Were drawn from complex standard normal distributed
random samples. The columns of the matrices Uy, and Vipue Were further orthogonalized and
their respective ¢, norms were equalized such as if Uiyye and Vie Would stem from an SVD. The
initial solutions Uy and V, were obtained by perturbing Uy e and Vie by adding substantial
complex standard normal distributed noise followed by the orthogonalization and equalization
procedure described before. The results are shown on the left of Fig. A.6.1 where the relative
square data fidelity error ||g]|3 /|ly||5 for a fixed step size of uy = py = 0.001 and for the
proposed step size determination are shown. It can be seen that the error drops at a faster rate
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Figure A.6.1.: Left: Relative square data fidelity error. Right: Step sizes.

using the proposed step size determination. The determined step sizes in every iteration step are
shown on the right of Fig. A.6.1. One may deduce from the similarity of the two graphs that it
is possible to reduce the computational burden of the step size determination by using the same
step size for both py and py accepting a slightly worse convergence rate. Furthermore, one may
determine an optimal fixed step size from a reasonably converged step size sequence as apparent
in Fig. A.6.1 (right).

A.7. Derivation of Some Useful Gradients

In this section some useful gradients are derived required for compressive sensing (CS), affine
rank minimization (ARM), and the auto-clutter focus algorithm.

A.7.1. The Gradient V.2 and V.

These gradients are required for CS and ARM algorithms. Since their mathematical structure is the
same, the gradient is derived for Vxh. As the arguments are complex elements, the Wirtinger
derivatives listed in Appendix A.1 are used to determine the required gradients. At first notice,
that h(X) : C"*"2 — R is not a holomorphic function which can be seen by noticing that

O1f(X)* _ 0f(X)f(X)"
Of(X)" Of(X)"

= f(X) #0,

which is the required condition. Nevertheless, a gradient indicating a descendant direction in the
real and imaginary domain can be found as’

sy

VXf(X):<

T
"It is also possible to choose Vxh(X) = 2 (%) as a gradient, however, this is not the common form usually
chosen in the literature.
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As such, the desired derivative of the residual error term is

oy - AX)2)
VXMX%:<IWBX5)M>

Ay — A3

*
8%

(A.7.1)

where X € C"1*"2 A . C™ — C™*"2 js an affine linear transformation, and y € C™. Using the
chain rule, (A.7.1) can be expanded by

0 lly — Alzw)l; _ 0a® 9||blly —0A (zya) O35 | 0a® 3 (|[bll5)" —0 (A (zw))" 073
ox* Oa Ob dxy;  Oxf,  da*  Ob* oz*, ox*.’

ij j ij j

~~

Ty Ty
with the intermediate variables

a=ly— Al
b= Yy — .A(.Z‘kl) .

The first term T} is zero since
Orij _
ax;‘j -

Within the second term T5, the following results emerge

8@2_87&_2a
da*  Oa

* * 1/2\ * * *
a(|bll,)* _ (aHMb) _ (o) ( 1 abe> ::( b ) bt
b b o 2[/o]l, o0 20l,) ~ 2ol

—0(Axg)" _ OA (zf) _ 92 AmiTh

ox}; - o} - Oxy; = A
Combining them together yields
Olly — Azl T 4
et —g;hy—Amm>LAw

=AM (y - A(X)).
As such, in case of CS the desired gradient is

_dlly— Al

S
and like wise for the ARM case
- 2
Vih = W = A" (y — A(L)). (A7.2)
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A.7.2. The Gradient V3h

The residual error term is given by (7.2.13) as

h(L; B, om) = lly — A(L; B, o).

Since B € R, the required gradient is

Vsl (L: ) = 2Re { (A(L: ) — )" AL 0L (773

oB
The sensing operator is given by (7.2.4) as

A(L; B, om) = vec (ADH(L; B, o) BT) |

hence

A (L; B, pm) B dvec (AD_I(L;ﬂ,gpm)BT)
ap o B
~ vec (@AD*(I;BB, ¢m>BT>

= vec (Aapl(géﬁ’ tpm)BT> )

Next, the shifting operator D! is
D H(L; B, om) = Fy (UA(B,om) © (F'L))
with the shift matrix Ua (5, ¢m) being
U (B, pm) = exp (j2mnaal (5, om)) -
The required run and shift vectors are

ng =[0,1,..., Ny — 1"
_ — [AG (i) Nn: Np/2—1 (A.7.4)
uA(ﬁ? SOm) [ U(Z/ D’/B’Som)]i:—ND/Q o

and the shift amount A is given by (7.1.14) as

Ao B, om) = —f; cos(pm) + \/|@sin® (9) — fo?/B2[sin(pw).  (AT5)
As such, the required derivation of the shifting operator is

OD~(L; B, pm) _ OF (UZ(B’*O‘“) © (Fl_lL)>
0B a 9p

(MO )
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The derivation of the shift matrix is

OUL (B, om) ( O (B, pm)
— =21 | ng———

and the required derivation of the shift vector

Ot (. om) _ [aAu (i/Nps somq ot A6
a8 B op = Np/2 A7
Finally, the derivation of the shift amount is
0N (foi B, pm) _ @COS(wm) N fp2sin (jpm) (d? sin? (_19) _ sz/ﬁz)' s
op B2 33 (d2sin? (9) — fD2/52)3/2
For the special case of
dsin (¢) = fo /B, (A.7.8)

which may occur only if 8 < 1, the derivation (A.7.7) does not exist. In this case, the derivation is
simply defined to be zero as

o 5 Fo? sin(om) (@5n?(0)-2/87) o 7 .
00 (foi Bipm) _ ) 3 costom) e o ey L Asin() £ /o/B

o8 0 else

This is not of concern as long as Np > 2. If the special case (A.7.8) occurs, exactly two zeros
emerge in the vector (A.7.6). If Np > 2, the artificially introduced zeros do not disturb the
gradient result (A.7.3) as sufficient other Doppler bins where the derivation exists are available.
This was verified by numerical simulations. In summary, the derivation of the sensing operator is

6./[ L;/éﬂc)éln . 6”‘_[} /879&111 lr* 6) Q l;"ll BI

A.7.3. The Gradient V_h,

The objective function used to estimate ¢y, is given by (7.2.10) and can be formulated as

h@m(L;ﬁ7 SOIH) = f(La5790m>2

with i
LB ) = Ml

CILg.p Tl
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The mean free clutter ridge row given by (7.2.8) can also be reformulated to

lcr = lcr - ,ulcrl

171,
= lcr -1 )
® N
where
T
lor = ‘ [L/]z :
with
L'=L—puVih(L; B, ¢m). (A.7.10)
The required gradient therefore is
oh L; y Ym 8lcr 0 [L/]z !
V‘th(Pm(L;/B?SDm)_ wm(al IB SO )R’e{ ’ T (8S0 Lr) . (A711)
cr o(lL);,.) 9Pm
T1 T3
Ty
The term T3 results to
ah L; y ¥m a L; ) Y1
Glcr 8lcr
Ty
Using the quotient rule, the required derivative T} is
6||l_cr|| 7T T 3 8iTCr a lcTrlcr
8f(L7 67 ()01’1’1) — alcr 2 crgaplcrlcr - HlCTHQ galir (A 7 13)
Oler (Tgapttler)’
The first derivative in T} is
9 Hhr”2 _ 1 8F@r[cr
ol 2 ||l_crH2 Ol ey
T
- o N, (A.7.14)
e[
where
oLl 10l iy o
7&“ = 2lcr8T0r =2, N
_ 171,
o, (10 M)>_I_81®5%T_I_:1®1
B Oler B Oler B Oler B Np Voo
N
mo [l oSk o 1y
e |0y | YTa, ' < ® ND> = Np Ot
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was used. The second derivative in Ty is

8fc11rgapl(?;lcr — 177 8Zc11rgap iT 8lcTrlcr
8lcr — %ervcr 8lcr crgap alcr

= 15 lergay N + 208 gapll, (A.7.15)

r Cr?

where _ -
8l—£gap . aganlCI“ T 8lcr T N
O Olg  Jwpr, e
and T
lopler
erler _ oy
alcr

was used. Inserting (A.7.13), (A.7.14), and (A.7.15) into (A.7.12) yields for the first term T} after
some manipulations

Ty T T N 7T T
ahwm(L; B, (Prn) B 2 l_ng B lcrlcr (lcrlC_rgapN + 2lcrgaplcr) ' (A716)

alcr B (l_gl‘-gaplglilcr)Q lcT;"gaplCTI‘lCr

The second term Ty in (A.7.11) is

alcr 9 HLl]z‘a: '
o(L, )" \ 2l

T
_ | 914
| o

J

(A.7.17)

where
T
(L', = [l ieq.,

was used with i, j, k € Q. denoting the clutter ridge index set. The required derivative is

ol _oupnyt?
o, o,
_ oy P oy o (i)' outl,
oy or o) oy
9 (U2 ouel;
FIEAT
1

ll* ND
= diag [} e CNoxNp, (A.7.18)

10l ] =1

=2

where the Wirtinger derivatives need to be used since I; € C. Substituting (A.7.18) into (A.7.17)

yields for the term T,
%7 Np
LT = diag [l,] : (A.7.19)
o(lL',.) izt
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The last term T3 is

0¢Ym OPm | ;

o(L,,) _ ([8L’} )T. (A.7.20)

The required derivative is

OL'"  9(L—uViph(L;B,¢m))
3@m-_ Jpm
DA™ (A(L; B, om) — y)
O0pm

_ g QAL B, om)
= pA ( Opm >

where (A.7.10) and (A.7.2) was used. The derivative of the sensing operator is similar to (A.7.9),
however, with a different inner derivative as

. ~T
OALiBow) _ <_j2WAF1 ((nMWm)> © UL (6, om) © (F11L>) BT>

Jpm Opom
(A.7.21)
with
Oun (B, ¢m) _ [aAu <i/ND;ﬂ,som>}ND/“
O0Ym B 0¢m i=—Np/2
and

04u (gz;ﬁ’ #m) J;)Sln(@m + c0s (¢m) \/\d2 sin® () — fp2/62,

where (A.7.4) and (A.7.5) was used. Recapturing (A.7.11), the wanted derivative is

vgamhcpm (L§ B, 90111) =

8h¢m(L;5780m)Re{ e 8([L’L-CY:)T}
9 ([

Oley r), )" 9¢m
T T Ts

with Ty given by (A.7.16), T, by (A.7.19), and T3 by (A.7.20).
The Jacobi derivative required for the Levenberg-Marquardt (LM) step size determination in
Chapter 7.2.2 is

n AT
Of(L; B, om) _ Of(L; B, om) Re Oler - 0 ([L ]icr:) (A.7.22)
3g0m 8lcr (9 ([L/]icri) i’irn_,
Ty \——?;__/ T3

with T, given by (A.7.19), T5 by (A.7.20), and Ty by (A.7.13).
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Publications

Some ideas and figures have appeared previously in the following publications:

e Reinhard Panhuber and Ludger Priinte. “Step Size Determination for Finding Low-Rank
Solutions Via Non-Convex Bi-Factored Matrix Factorization.” In: 2020 28th European Signal
Processing Conference (EUSIPCO). 2021, pp. 2100-2104.

e Reinhard Panhuber and Ludger Printe. “Complex Successive Concave Sparsity Approxi-
mation.” In: 2020 21st International Radar Symposium (IRS). 2020, pp. 67-72.

e Auto-Clutter Focus Algorithm was filed for patent
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Acronyms

ABW
ACE
ACF
AF
AMF
APSF
ARM

BFGD
BPDN

CDF
CFAR
CL
CNR
CPI
CRPCA
CS
CSCSA
CSRA
CuT
CW

D.C.
DFT
DL
DPCA
DSB

antenna beam width - symbol: ABW
adaptive coherence estimator
auto-clutter focus

ambiguity function - symbol: A

adaptive matched filter

alternating projection sub sample filtering

affine rank minimization

bi-factored gradient descent

basis pursuit denoise

cumulative density function

constant false alarm rate

correlation loss - symbol: CL

clutter to noise ratio - symbol: CNR

coherent processing interval

compressed robust principal component analysis
compressive sensing

complex successive concave sparsity approximation
complex smoothed rank approximation

cell under test

continuous wave

differenct of convex

discrete Fourier transform
diagonal loading

displaced phase center antenna

delay and sum beamforming

Fraunhofer FHR
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EM electromagnetic
FFT fast Fourier transform
FIR finite impulse response
FISTA fast iterative shrinkage-thresholding algorithm
FT Fourier transform
GLRT generalized likelihood ratio test
GMTI ground moving target indication
GNC graduated non-convexity
GPS global positioning system
HT hard thresholding
ICM internal clutter motion
IDFT inverse discrete Fourier transform
[FT inverse Fourier transform
IMU inertial measurement unit
IT iterative thresholding
KA STAP  knowledge-aided STAP
LASSO least absolute shrinkage and selection operator
LFM linear frequency modulation
LIDAR light detection and ranging
LM Levenberg-Marquardt
LO local oscillator
LOS line of sight
MC Monte Carlo
MDV minimum detectable velocity
MF matched filter
MS matched subspace
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MVDR  minimum variance distortionless response
NIHT ~ normalized iterative hard thresholding
NMF  normalized matched filter
NN neural network
NNM  nuclear norm minimization
PCP principal component pursuit
PFA probability of false alarm - symbol: pga
PRF pulse repetition frequency - symbol: f;

PRI pulse repetition interval - symbol: ¢,
RCS radar cross section - symbol: o,
ReLlU  rectified linear unit
RF radio frequency
RIP restricted isometry property
RMB Reed, Mallot, and Brennan
ROIL right-orthogonally invariant linear
RPCA  robust principal component analysis
RRIP restricted rank isometry property
RTDT  round trip delay time - symbol: 7
RV random variable
RX receive
SAR synthetic aperture radar
SCM  sample covariance matrix
SCSA  successive concave sparsity approximation
SINR  signal to interference and noise ratio - symbol: SINR,
SIRV spherically invariant random vector
SNR signal to noise ratio - symbol: SNR
SPGL1 spectral projected gradient for /¢,
SRA smoothed rank approximation
SRE squared reconstruction error - symbol: SRE
SRF smoothed rank function
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SRR support recovery rate

SSF sub sampling factor - symbol: SSF
ST soft thresholding

STAP space-time adaptive processing
STAR space-time autoregressive

SVD singular value decomposition

SVP singular value projection

SVT singular value thresholding

SVT-Turbo-CS  singular value thresholding-turbo-compressive sensing

TARM turbo affine rank minimization

TCRPCA turbo compressed robust principal component analysis
TEM transverse electromagnetic

TST turbo shrinkage-thresholding

TSVT turbo singular value thresholding

X transmit

ULA uniform linear array

WSS wide-sense stationary
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Notations

14

X

X

Ty = [33]@
x; = [X],
Yi = [X]z
Lij = [Xh'j
Tijeok = [ Xk
card {S}
CN (n, %)
(f1* f2)(t)

corr { f1, fo} (1)

diag {x}

Indicator function 14 : X — {0,1} as 1a(z) =
1 ifzeA

0 else
with A being a subset of X

Scalar variable

Column vector in CV comprised from scalar entries

T
T = [1’17"' 7xN]

Geometrical 3D vector

Matrix in CN*N2 comprised from column vectors
X =@y, N

Tensor, operator, or set

The i-th entry of vector x

The i-th column of matrix X

The i-th row of matrix X € CN1*N2 where y; € CN2x1
is a column vector. Instead of y; any other lower case
letter but that of the matrix may be used as it is espe-
cially reserved for its column vector

The (4, j)-th entry of matrix X
The (4,4, - , k)-th entry of tensor X
Cardinality of set S

Complex normal distributed e.g. x is a complex nor-

2

mal distributed RV with mean p and variance o= as

z ~CN (p,0?)

Complex conjugate

Convolution  of  fi(z) and  fo(z) as
[ () fo(x—7)dr

Correlation  of  fi(z) and  fa(z)  as
S fi (@) f2 (4 1) dw

Matrix with diagonal entries from x and zero else-
where

Fraunhofer FHR
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diag {X} Vector from the diagonal entries of X

E{x} Expectation value of random variable z

XH Hermitian adjoint - if applied onto a matrix X or vector
x this coincides with Hermitian transpose or conjugate
transpose

Im {z} Imaginary part of number

dij Kronecker delta function d;; = 1 if i = j

I1Z| ¢, norm of geometric vector

1 X ||g Frobenius norm

| X Infinity norm denoting the biggest entry in magnitude
from X

|| Magnitude of scalar value

| X, Nuclear norm

| X1 Spectral norm a. k.a. operator norm

|, ¢, norm

||, ¢y quasinorm i.e. number of non zero entries in x

(X,Y)r  Frobenius product

XoY Hadamard product

(Z,7) Inner vector product

XeY Kronecker product

rank { X'} Rank of matrix X i.e. number of linear independent
rows or columns. Equivalent to the number of non
zero singular values of X

Re{z} Real part of number

|x] Round off to next integer value

|x] Round to closest integer value

[x] Round up to next integer value

sgn(z) Complex sign function sgn : C — C defined as
sen () = 0 ifz=0

i else

z Estimated value of variable x

T True value of to be estimated variable x

supp(X)  Support of matrix X i.e. a list of indices of the non

zero entries of X

240|255
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Notations

X"t Matrix transpose

vec{X} Vectorization of matrix X € C™*"2 by stacking
all columns on top of each other i.e. vec{X} =

[mg,..,x%]T

Fraunhofer FHR
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Symbols

Symbol Description Unit

A Ambiguity function (AF)

ABW Antenna beam width (ABW) deg

ay Reflectivity coefficient

A Space matrix formed by space steering vectors as A = [a (nu/Nu)]ﬁf;Ol €
CNrxx Ny

A Linear map A : CN*N2 5 CM from scene into measurement domain

a Space vector a. k. a. angular steering vector corresponding to a point target
Slope of clutter ridge in case of no missalignment i.e. 3 = fp/u =
20p/ fp/d

B Time matrix formed by time steering vectors as B = [b(np/Np)]3P—) €
CNpxNp

by Range/fast time bandwidth Hz

b Time vector a. k. a. temporal steering vector corresponding to a point target

o speed of light m/s

Can Complex down conversion coefficient with respect to given base band fre-
quency f

CL Correlation loss (CL)

CNR Clutter to noise ratio (CNR) after pulse compression and integration over
pulses and channels

Cup Complex up conversion coefficient with respect to given base band fre-
quency fi,

d Distance between consecutive channels for a ULA antenna m

or Range resolution as or = 7 m

ou Angular array resolution which for a ULA phased array is du = Ny /d

dp Fraunhofer distance dp = 2D?/\, with D > 2.5\, denoting biggest an- m
tenna apperture size

d Normalized distance between consecutive channels for a ULA antenna i.e.
d=d/\
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Symbol Description Unit
€sc EM wave scattered by a target
Eix EM wave transmitted by a TX antenna
€0 Vacuum permittivity eg = 8.8541878128(13) - 10~ 19 F/m
Nw Impedance of free space 7y, = 376.730313668(57) ~ 1207 Q
fo Instantaneous base band frequency of the radar signal Hz
fe Center frequency of radar signal Hz
/o Doppler frequency Hz
Jpe Clutter Doppler frequency Hz
Jfpe Normalized clutter Doppler frequency fpe = foe/fp
o Normalized Doppler frequency fo = fp/fp
/ot Target Doppler frequency Hz
for Normalized target Doppler frequency fot = foi/fp
Io Pulse repetition frequency (PRF) Hz
fr Instantaneous frequency of radar signal f, = f. + f1 Hz
g Space-time sample denoting the deterministic signal part of the radar signal
model

G Space-time matrix corresponding to a point target i.e. G = ab"

Grx RX antenna gain 1

Gix TX antenna gain 1

g Space-time vector corresponding to a point targeti.e. g =b® a

Je Space-time vector corresponding to a single clutter patch x.

Hy, o« Base band transfere function of an RX path

Hy, 1x Base band transfere function of a TX path

hp Flight altitute above ground m

H, o« RF band transfere function of an RX path excluding antenna

H, x RF band transfere function of a TX path excluding antenna

K Number of sparse or non-zero entries

ky Wave number corresponding to instantaneous base band frequency of rad/m
radar signal i. e.
kn =27/ Xy

ke Wave number corresponding to center frequency of radar signal i. e. rad/m
ke = 2m/A¢

ky Wave number corresponding to instantaneous frequency of radar signal i.e. rad/m
ky =21/ A
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Symbol Description Unit

L Low rank matrix

A Triangular or tent function A(x) = max(1 — |z|,0)

b Wave length corresponding to instantaneous base band frequency of radar m
signal A, = ¢o/ fp

Ac Wave length corresponding to center frequency of radar signal A\c = ¢o/fc m

Ar Wave length corresponding to instantaneous frequency of radar signal A, = m
co/ fr

M Number of measurements

140 Magnetic permeability of free space py = 1.25663706212(19) - 1076 ~ N
4 x 1077

n Noise vector

N, Number of clutter patches

Np Number of Doppler bins

N Number of Monte Carlo runs

Ny Number of pulses

Ny Number of RX channels

N Number of targets in radar scene

Nix Number of TX channels

Ny Number of cone angle or looking direction bins

wh Instantaneous base band angular frequency of the radar signal i.e. wp, = s
2 fy

We Center angular frequency of radar signal i.e. w. = 27 f. s

wp Angular Doppler frequencey i.e. wp = 27 fp s

wr Instantaneous radio angular frequency of the radar signal i.e. w, = 27 f; s

I Vector pointing to phase center of RX channel m

P. Clutter power defined as P. = E {|zc|*} W

PD Probability of detection

DFA Probability of false alarm (PFA)

R Phase offset corresponding to f. rad

®dn Phase offset occuring during down-mixing from radio frequency (RF) band rad

into base band
©m Missalignment angle between platform velocity vector and antenna = axis rad
Pm = 4(77p7fant)

Gup Phase offset occuring during up-mixing from base band into RF band rad
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Symbol Description Unit
% Azimuthal angle - part of spherical target coordinates rad
P, Noise power W
P Cone angle between the LOS vector and antenna y axis ¢ = Z(u, Yant) rad
P, Target power defined as P, = E {|z¢|*} W
Py Transmit signal power W
q Vector pointing to phase center of TX channel m
R Covariance matrix

r Range m
R, Clutter covariance matrix

P Rank of matrix

S Sparse matrix

s Deterministic signal

o Radar cross section (RCS) m?

SINR Signal to interference and noise ratio (SINR)

SNR Signal to noise ratio (SNR) after pulse compression and integration over
pulses and channels

SRE Squared reconstruction error (SRE)

SSF Sub sampling factor (SSF)

T Round trip delay time (RTDT) S
Cone angle between the LOS vector and antenna z axis 6 = Z(u, Zant) rad

Om Polar angle between platform velocity vector 7, and antenna z axis in an- rad

tenna reference frame a.k.a. polar misalignment angle with respect to a
ULA oriented along the = axis

0, Polar angle - part of spherical target coordinates rad
Ty pulse length S
tp Pulse repetition interval (PRI) S

u Directional cosine i. e. cosine of cone angle u = cos(#)

u Normalized directional cosine @ = ud

iU LOS unit vector pointing from the antenna center to scatterer

Uy LOS unit vector pointing from the antenna center to target

v y axis component of LOS vector 4 and likewise v = cos(v))

Up Platform velocity relative to the earth surface fixed reference frame m/s
Tp Platform velocity vector relative to earth surface fixed reference frame m/s
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Symbol Description Unit

Uy From the radar observed radial velocity i.e. relative to antenna reference m/s
frame

Urt From the radar observed radial velocity of a target i. e. relative to antenna m/s

reference frame

vt Target velocity relative to the earth surface fixed reference frame m/s
Ut Target velocity vector relative to the earth surface fixed reference frame m/s
w z axis component of LOS vector @ and likewise v = cos(¥)
w Filter vector
X Radar scene a.k.a. reflectivity or scatter map in angle-Doppler domain
X e CNuxNp
T Amplitude of a single clutter patch
T Vector of clutter amplitudes z.(u) corresponding to N, clutter patches

equally distributed on the interval [—1,1)

X Radar scene comprised from target contributions only

Tt Amplitude of a single target in angle-Doppler domain

Y Measurement matrix in channel-pulse domain Y € CNoxNo

y Measurement vector y € CM

Y. Measurement matrix comprised from clutter contributions only
Ye Clutter measurement vector

Yt Target measurement vector
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Glossary

Affine Rank Minimization (ARM) In affine rank minimization, one observes M measurements
asy = A(L) + n, where A : C*"2 — CM s a known linear map, L € C™*"2 s
an unknown low rank matrix, and n € CM is an error vector. The goal of affine rank
minimization (ARM) is to reconstruct L from the observed M measurements, where the
dimension ny x ng is usually much larger than the number of measurements.

Antenna Beam Width (ABW) The horizontal half power or 3dB width of the antenna main
beam - symbol: ABW.

Compressed Robust Principal Component Analysis (CRPCA) Compressed robust principal
component analysis is a signal processing technique that allows for the reconstruction of
a low-rank matrix L and a sparse matrix S from noisy measurementsasy = A (S + L)+
z. This is possible, if the so called rank-sparsity incoherence is fulfilled.

Compressive Sensing (CS) Compressive sensing is a signal processing technique that allows for
signals to be reconstructed with lower sampling rate than with Nyquist’s Law. This is
possible if the signal is sparse under some transformation and thus allows for finding
solutions to underdetermined linear systems through optimization techniques .

Ground Moving Target Indication (GMTI) The aim of GMTI is to detect targets moving relative
to the earth surface and to estimate their positions, velocities, and moving directions.
The fundamental difficulty of GMTI is the successful suppression of clutter i. e. reflections
from the earth’s surface. This is especially challenging in heterogeneous terrain e.g. if
land-water transitions, strong single scatterers such as poles and buildings, etc. occur in
the radar scene .

Internal Clutter Motion (ICM) ICM refers to interfering reflections from slightly moving objects
e.g. Trees or fields in the wind, waves in the sea, etc. This additional clutter complicates
the detection of moving targets as it increases the MDV .

Rectified Linear Unit (ReLU) In the context of neural networks, RelLU is an activation function
defined as f(x) = max(0, z) [87].

Right-orthogonally Invariant Linear (ROIL) Consider a linear operator .A with matrix form A,
the SVDof Ais A = UAEJAVjI. If V4 is a Haar distributed random matrix independent
of 3 4, we say that A is a right-orthogonally invariant linear (ROIL) operator.

Robust Principal Component Analysis (RPCA) Robust principal component analysis is a signal
processing technique that allows for the decomposition of a matrix M into a low-rank
matrix L and a sparse matrix S as M = S + L. This is possible, if the so called rank-
sparsity incoherence is fulfilled .

Fraunhofer FHR 247|255



Glossary Fraunhofer FHR

Round Trip Delay Time (RTDT) The time a wave needs to travel to a target and return - symbol:

T.
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